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PREFACE 


TO rilli 


NEW EDITION,^ 


In preparing this new edition of the second volume of the 
Woolwich Course of Mathematics for the press, it has been 
my great object, while I was careful to introduce the prin¬ 
cipal improvements which the lapse of twenty-five years since 
its first publication has rendered necessary, to deviate as 
little as possible from the original plan of my valued friend, 
the Author. The only essential deviation, therefore, will be 
found in the department of Mechanics^ where, instead of in¬ 
termingling the propositions in Statics and Dynamics, I have 
classed them separately; and have,, as I went along, intro¬ 
duced a few such new demonstrations as this more scientific 
arrangement naturally required. Under the head of Statics, 
I have inserted a few propositions on the equilibration of 
arches; and under that of Dynamics, a useful proposition or 
two in reference to central forces. Throughout the mecha- 
nical portions of the volume I have given to the symbol 
the value, 82 ^ feet, the natural and obvious measure of the 
force of gravity in our latitude; instead of feet, the 

value assigned in former editions of the Course. Tliis change 
is not a mere matter of fancy; but will be foun(bteonsiderably 
to facilitate the perusal of ah the modern books on Dyna¬ 
mical science, whether published in Great Britain or on the 
continent. 

■A 

•The table of fluents is greatly enlarged, and thfc subject 
of the pressure of earth is introduced as an application of 
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the method of fluxions, that 1 might present an investigation 
founded upon the principles of Coulomb and Prony, p« 
the cohesive force of timber, iron, and other substances, use¬ 
ful tables and rules* have been selected from the treatises of 
Mr. Barlow and Mr. Trcdgold. And indeed throughout 
the volume I have interspersed such new observations, de¬ 
monstrations, ajid rules, as will, I trust, with the aid of more 
than 100 additional questions and examples for the exercise 
of the student, augment the advantages which may accrue 
from the study of the volume to those who peruse it with a 
view to the practical applications of mathematics, whether 
in the military profession, or among surveyors, architects, 
and civil engineers. 

Olinthus Gregory. 


Royal Military Academy, Woolwich, 
November \, 1823. 
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EKRATA. 

Page IG, line 17, aid^ Or still more simply, find 10 4 thcdifF. (log. i*— log. n) 

in the log. tangents. The corresponding log. scciun 
added to log. B = log. 11 . 

19, 0,for sec. a, read tan. a + sec. a. 

26, 7 b., for 7916, read 7918. 

112, 14,/or cut i>E, lead bisect DE. 

125, '^ifor cor. I, read cor, 2. 

128, 7 b.,^r sc®, read sc®. 

217, 3, for Ca and CD, read ba and BD. 

^tfor B, read c. 

234, 12 h.,for axlo, read axle. 

2*12, Put the letter B at the bottom of the first diagrani. 

248, line 2 b.,,/or I, read h, * 

298 , ’ I b., fluxions, tead fluxion. 
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COURSE 


or 

MATHEMATICS, &c. 


PLANE EHKiONOM ]: rR V. 


DKriNlTlOXs. 

• 

1. Plank Trigonometry treats of the relations and cal- 
i-Lilations of the sides and angles of plane triangles. 

The ciremnlbrence of every circle (as before observed 
in Geom. Def 56) is supposed to be divided into 360 equal 
parts, called Degrees; also each degree into GO Minutes, 
and eacli iiiiniitc into 60 Seconds, anil so on. Hence a se¬ 
micircle contains IHO degrees, and a tpiadranl 90 degrees. 

3. The Measure of an angle (Def. 57, Gcohi.) is an arc 
of any circle contained between the two lines which form 
that angle, the angular jioint being the centre; and it is 
estimated by the number of degrees contained in that arc. 

Hence, a right angle, \)eing measured by a quadrant, or 
quarter of the circle, is an angle of 90 dc^*ecs; and the 
sum of the three angles of every triangle, or two right an¬ 
gles, is eijual to ISO degrees. Therefore, in a right-angled 
triangle, taking one of the acute angles from 90 degrees, 
leaves the other acute angle; and the sum of the^two angles, 
in any triangle, taken from 180 degrees, leaves the third 
angle; or one angle being taken from 180 degrees, leaves 
the sum of tlie other two angles. 

V«L. II. R 
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4 .f D^^cs arc marked at the top of the' figure witli a 
jgMuutcs with seconds witli ", and so on. Thus, 
12\ denote 57 degrees 30 minutes and 12 seconds. 
‘“‘.jftiTrhe Complement of an arc, is 
what it wants of a quadrant or 90'’. 

Thus, if All be a quadrant, then bu is 
the complement of the arc ab ; and, 
reciprocally, ab is the complement of 
BD. So that, if AB be an arc of 50*’, 
then its complement bd ivill be 40'\ 

0. TJic Supplement of an arc, is 
what it wants of a semicircle, or 180'*. 

Thus, if AiiE be a semicircle, then bde is the supplement of 
the arc AB; and, reciprocally, ab is the supplement of the 
arc BiiE. So that, if ab be an arc of 50*’, then its supple¬ 
ment BDE will be 130*’. 

7. The Sine, or llight Sine, of an arc, is the line draw'n 
from one extremity of the arc, per])en{lic*ular to the diameter 
which passes through the other extremity. Thus, ui’ is the 
sine of the arc ab, or of the sup])lemental arc bde. Hence 
the sine (Bf) is hall' the chord (bo) of the double are 



8 . The V^ersed Sine of an arc, is the part of the diameter 
interee})tcd between the arc and its sine. So, af is the versed 
sine of the arc ab, and ef the versed sine of the arc Kiut. 

9. The 4’angent of airare, is a line touching the circle in 
one extremity' of that are, ctnitinued from thence to meet a 
line drawn from the centre through the other extremity; 
which last line is calleil the Secant of the same arc. 'I'hus, 
All is the tangent, and cii the secant, of the arc ab. Also, 
FI is the tangent, and ci the secant, of the supjilemental artf 
BDK. And thi.s latter tangent and secant are equal to the 
I'ormer, but^arc accounted negative, as being drawn in an 
ojiposite or contrary direction to the foiancr. 

10. I'he Cosine, Cotangent, and Cosecant, of an arc, 
are tlie sine, tangent, and secant of tlie conqilcment of that 
arc, the Co being only a contraett’on ol’ the word comple¬ 
ment. Thus, the arcs ab, bd, being the comjilernents of 
each other, the sine, tangent, or secant of the one of these, 
is the cosine, cotangent, or cosecant of the other. So, bf, 
the sine of ab, is the cosine of bd ; and bk, the sine of 
bd, is the cosine of ab: in like manner, ah, the tangent 
of AB, is tlie cotangent of bd; and dl, the tangent of 
DB, is the cotangent of ab; also, cir, the .secant of ab, 
i-' the cosecant of bd ; and cl, the secant of bd, is the co¬ 
secant of AB. 



DEFIKITIONS. 


Carol. Hjpnce several important properties easily follow 
from these definitions; as, 

^ \st. That an arc and its supplement have the same*sine, 
tangent, and secant; but the two latter, the tangent and 
secant, are accounted negative when the arc is greater than 
a quadrant or 90 degrees. * 

When the arc is 0, or nothing, the sine and tangent 
are nothing, but the secant is then the radius ca, the least it 
^ can be. As the arc increases from 0, the sines, tangents, 
and secants, all proceed increasing, till *1110 arc becomes a 
whole quadrant tAD, and then the sine is the greatest it can 
be, being the radius cd of the circle; and<both the tangent 
and secant arc infinite. 

3r/, Of any arc ah, the versed sine af, and cosine bk, 
or ( F, together make up the radius ca of the circle.—The 
radius ca, the tangent ah, and the secant cii, form a right- 
angled triangle caii. So also do tlic radius, sine, and cosine, 
form another right-angled triangle cbf or cbk. As also the 
radius, cotangent, and cosecant, another right-angled tri¬ 
angle CDL. And all the.se right-angled triangles are similar 
to cacli otlier. 


11. The sine, tangcnl., or 

secant of an angle, is tlic sim*, 
tangent, or secant of the arc 
by which the angle is inca- 
‘'Ured, or of the degrees, &c. . 

in the same arc' or angle. 

12. The method of con- 
.'.tructing tlie scales of chords, 
.aiK's, tangents, and secants, 
usually engraven on iiislni- 
inents, for practice, is exhi¬ 
bited in the annexed figure. 

13. A ^''rigonornetrical 
C’anon, i.s a table showing 
the length of the sine, tan¬ 
gent, and secant, every e, 
degree and niimitc of the,^ 
quadrant, with respect to thc''^ 
radius, wliich is expressed by 
unity or 1, with any number 
of ciphers. The logarithms 
of these sines, tangents, and 
secants, are also ranged in the 
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tables; and these gire most commonly used, as jliey perform 
the calculations by only addition and subtraction, instead of 
the rilultiplication and division by tlie natural sines, &c, ac¬ 
cording to the nature of logarithms. SUfch tables of log. 
sines and tangents, as well as the logs, of common numbers, 
greatly facilitate trigonortietrical computations, and are now 
very common. Among the most correct are those published 
by the author of this Course. 


PllOBLEM J. 

To compute the ^Natural Sine and Cosine of a Given Arc. 

This problem is resolved after various ways. One of these 
is as follows, viz. by means of the ratio between the diameter 
and circumference of a circle, together with the know n series 
for the sine and cosine, hereafter demonstrated. Thus, the 
scmicirciimference of the circle, whose radius is 1, being 
41592053589793 &c, the proportion will therefore be, 
as the number of degrees or minutes in the semicircle, 
is to the degrees or minutes in the proposed are, 
so is 3’14159265 &c, to the length of the said arc. 

This length of the arc being denoted by the letter a\ and 
its sine and cosine by s and c; then wdll these two be ex¬ 
pressed l)y the two following series, viz. 




2.3.4.5 


-IL-, Sic 

2.3.4.5.(;.7 ^ 


= “-T + 


c = 1 + 


It ^ 

-+ &C 

120 5010 ^ 

~ 2.3.4.57r 


_ 1 , (I a" ^ ^ 

Exam. 1. If it be required to find the sine and cosine of 
1 minute. Then, the number of minutes in 180*^ being 
10800, it will be first, as 10800 ; ^ : 3*14159205 &c. : 
•0002908882086p5 = the length of an arc of one minute. 
Therefore, in this case, 

a= *0002908882 
and-^a=*= *000000000004 &c, 
the diff. is 5 = *0002908882 the sine of 1 minute. 

Also, frMTi 1 
take = 0 


0000000423079 &c. 


leaves c = *9999999577 the cosine of 1 minute. 
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Exam. 2. iFor the sine and cosine of 5 degrees. 

Here as 180« : ; 314159265 &c. : 08726646 = « the 

' length of 5 degrees. Hence a = *08726646 

- X =-‘00011076 
+ = *00000004 

these collected give s = *08715574 the sine of 5". 

And, for the cosine, 1 = 1- , 

- = - 00380771 

+• = 00000241 

these collected give c = *99619470 the cosine of 5'’. 

After the same manner, the sine and cosine of any other 
arc may be computed. Jlut the greater the arc is, the slower 
the series will converge, in which case a greater number of 
terms must be taken, to bring out the conclusion to the same 
degree of exactness. 

Or, having found the sine, the cosine will be found from 
it, by the property of the right-angled triangle cbf, viz, the 

cosine cf = v/cb® — bf®, or e = Vl - .y®. 

There are also other methods of constructing the canon 
of sines and cosines, which, for brevity’s sake, arc here 
omitted: sonic of them, however, are explained under 
the analytical trigonometry in *the third volume of this 
Course, 


rnoBLEM II. 

I'o compute the Tangents and Secants. 

Thf, sines and cosines being known, or found by the 
Ibregoing problem; the tangents and secants will be easily 
found, from the principle of similar triangles, in the follow¬ 
ing manner; 

In the first figure, where, of the arc ab, bf is the sine, 
cF or BK the cosine, tAii the tangent, ch the secant, I)L the 
cotangent, and ci, the cosecant, the radius^being ca or cb or 
CD ; the three similar triangles cfb, cah, cdl, give the fol- 
h)wing proportions: 

l5<, CF : FB :: CA : ah; whence the tangent is known, 
being a fourth proportional to the cosine, sine, and radius. 

2a, CF : CB :: CA : CH ; whence the sesant is known 
being a third proportional to the cosine &nd radius: or, 
being, indeed, the reciprocal of the cosine when the radius 
is unity. 
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3J, BF ; Fc ; : ci) ; dl; whence the cotangent is known, 
being, a fourth proportional to the sine, cosine, and ratiius. 

Or, AH : AC :: CD : DL; whence it appears that the co¬ 
tangent is a third proportional to the tangent and radius; 
or tlie reciprocal of the tangent to radius 1. 

BF : BC : : cn ; cl; whence the cosecant is known, 
being a third proportional to the sine and radius; or the re¬ 
ciprocal of the sine to radius 1. 

As for the log. syics, tangents, and secants, in the tables, 
they are only the logarithms of the natural sines, tangents, 
and secants, calcida<ed as above. 

Having given an idea of the calculation and use of sines, 
tangents, and .secants, we may now proceed to re.solvc the 
several cases of'IVigonometry; previous to which, however, 
it may be proper to add a few preparatory notes and ob¬ 
servations, as below. 

Note 1. There are three methotls of resolving triangles, 
or the cases of tiigononietry ; namely, Geometrical (’on- 
struction, Aritlimetical Computation, and Instrumental 
Operation ; of which the first two will here be trcateii. 

Jn the First Method^ The triangle is constructed, by 
making the parts of the given niagnituiles, namely, the .sides 
from a scale of equal parts, and the angles from a scale of 
chords, or by some other instrument. Then mea.suring the 
unknown parts by the same scales or instruments, the solu¬ 
tion will be obtained near the truth. 

In the Second Method^ Having stated the terms of the 
proportion according to the proper i-ule or theorem, resolve 
it lilie any other proportion, m which a fourth term is to he 
found from three given terms, by multiplying the second 
and third together, and dividing the product by the first, 
in working with the naUiral numbers; or, in working with 
the logarithms, add the logs, of the second and third terms 
together, and from the sum take the log. of the first term ; 
then the natural number answering to the remainder is the 
fourth term sought. • 

Note 2. Every triangle has .six parts, viz. three sides and 
three angles. And in every triangle propo.sed, there must 
be given three of these parts, to find the other three. Also, 
of the three parts that are given, one of them at least must 
be a side; because, with the same angles, the sides may be 
greater or lesstin any proportion. 

Note 3. All‘the cases in trigonometry, may be comprised 
in three varieties only; viz. 

UY, When a side and its opposite angle are given. 



THEOREM I. 


7 


When Jwo sides and the contained angle are given. 
Sd, Wlicn the three sides are given. 

For tlicrc cannot p)ssibly be more than these three varie¬ 
ties of cases; for eAch of whicli it will therefore be proper to 
give a separate theorem, as follows: 


TIIKOREM I. 


When a Side and ita Opposite Angle awe two of the Given 
• Parts. 


Then the unknown parts will be found l)y this theorem ; 
viz. The sides of the triangle have the same proportion to 
each other, as the sines of their opposite Angies have. 

That is, As any one side, 

Is to the sine of its opposite angle; 

So is any other side, 

To the sine of its opposite angle. 

Demonstr. For, let abc be the pro- 
|x)scd triangle, having ab the greatest 
side, and bc the least. Take ad = 

BC, considering it as a radius; and let 
fall the perpendiculars de, cf, which 
will evidently be the sines of the an¬ 
gles A and B, to the radius ad or bc. 

Now the triangles ade, At;F, ar(? ('quiangular; they therefore 
have their like sides proportional, namely, ac. : c'F : : ad 
or BC ; DE; that is, the side ac is to the sine of its opposite 
angle b, as the side bc is to the sine of its opposite angle a. 

Note 1. Jn practice, to find an angle, begin the proportion 
with a side opposite to a given angle. And to find a side, 
begin with an angle opposite to a given side. 

Note An angle found by this rule is ambiguous, or un¬ 
certain whether it be acute or obtuse, unless it be a right 
angle, or unless its magnitude be such as to prevent the 
ambiguity; because the sine answers to two angles, which 
are supplements to each other; and accordingly the geome¬ 
trical construction forms two triangles with the same parts 
that are given, as in the example below; and when there is 
no restriction or limitation included in the question, either 
of them may be taken. The number of degrees in the table, 
answering to the sine, measure the acute angle; but if the 
angle be obtuse, subtract those degrees from 180‘’, and the 
remainder will be the obtuse angle. Wheft a given angle is 
obtuse, or a right one, there can be no ambiguity; for then 
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neither of the other angles can be obtuse,*and the geo¬ 
metrical construction will term only one triangle. 


EXAMPLE I. 


In the plane triangle 'aiu', 

I AB 345 yards 
Given < uc 232 yards 
( Z A 37« 20' 

Required the other parts. 

* 1. Geometrically. 



Draw an inde/inite line; on which set off ab = 345, 
from .some convenient scale of equal parts.—Make the angle 
A = 37 %.—With a radius of 2f‘32, taken from the same 
scale of equal parts, and centre b, cross ac in the two 
points, e, c. —Lastly, join ue, itc, and the figure is con¬ 
structed, which gives two triangles, and shows that the 
case is ambiguous. 

Then, the sides ac measured by the scale of equal parts, 
and the angles b and c measured by the line of chords, or 
other instrument, will be found to be nearly as below; viz. 

AC 174 Z.ii27" zcllS";. 

or 374*- or 78| or 64 *. 


2 . Arithmctkaliy. 

First, to find the angles at e. 

As side nc 232 - . log. 2*3654880 

To sin. op. z A 3T 20' - - 9*7827958 

So side AB 345 - - 2*537819 J 

To sin. op. z c 115“ 36' or 64“ 24' 9 9551269 

add • z A 37 20 37 20 

the sum 152 56 or 101 44 
taken from 180 00 180 00 

leaves z u 2 7 04 or 78 16 


Then, to fincj the side ac. 

As sine z a 37“ 20' 

To op. side bc 232 
o , C27“ 04' 

To op. side ac • 174*07 
or 374*56 


log. 9*7827958 
2*3654ii80 
9-658037J 
9*9908291 
2*2407293 
2*5735213 
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EXAMPLE II. 


In the piano triangle abc, 
I AB 365 poles 
Given ^ z. A 5T’12' 

(zb 24 45 
llcquircd the other parts. 


1 z c 98° 3' 
Ans.< AC 154-33 

( BC 30986 


EXAMPLE III. 


t 

In the plane triangle abc, 

i AC 120 feet 
Given < bc 112 feet 
( z A 57" 27" 

Uc(piired the other parts. 


r Z B 64»34' 21" 
or 115 25 39 
J z c 57 58 39 
or 7 7 21 
AB 112-65 feet 
1 or 16-47 feet 


TIIKOIIEM II. 

When two Sides and their Contained Angle are given. 

First find the sum and the difference of the given sides. 
Next subtract tlie given angle from 180", and the remainder 
will be the sum of the two other angles; then divide that 
by 2, \vhich will give the half sum of the said unknown an¬ 
gles. Then say. 

As the sum of the two given sides, 

Is totlie difference of the same sides; " 

So is the tang, of half the sum of their op. angles, 

To the tang, of half the diff. of the same angles. 

Add the half difference of the angles, so found, to their 
half sum, and it will give the greater angle, and subtracting 
the same will leave the less angle; because the half sum of 
any two quantities, increased by their half diflerence, gives 
the greater, and diminished by it gives the less. 

All the angles bcidg thus known, the unknown side will 
bc found by the former theorem. • 

Note. Instead of the tangent of the half sum of the un¬ 
known .angles, in the third term of the proportion, may bc 
used the cotangent of half the given angle, which is the 
same thing. 

Demon. Let abc be a plane triangle, o^^hich ac, cb, 
and the included angle c arc given: c being acute in the 
first figure, obtuse in the second. 
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On A(’, the longer side, set off’cD = cb thdshorter; join 

c 



c 



HD, and bisect it in e ; also, bisect ad in n, and join (ii;, ci:, 
j)rodiieing the latter to r. 

NoW .*(aC + cb) = l(f2GD -f- = ('(i 

and .^(ac — cb) = [(2ag) = ag 

also l{\ + 11 )= *(CDB + CBD) = CBD 
and i(n — a) = aiu: — { simi = abd ; 

also, because ce bisects the base of the isosceles triangle (lU), 
it is perpendicular to it: 


Di: 


Thcretorc ec = taneent of cud ) , j. 

^ ^ c to radius 

ef = tangent of abd J 

Lastly, because in the triangle acf, ge is jiarallel to at 
(Geom. th. 82) we have 


(G : GA : ; CE ; EF; that is, 

t(AC + cb) ; -t(AC — cb) : : tan. ;(b + a) : tan. ;(b — a) ; 

or, since doubling both the antecedent and conseipient ol' 
the first ratio docs not change the mutual relation ol’ its 
terms, we have 


AC + CB : AC — CB ; : tan. j(b + a) : tan. [(b — a), q i:.I). 


EXAMPLE I. 

In the plane triangle abc, 
i AB 345 yards 
Given< ac 174'07 yards 
C Z A 37" 20' 

llequire/1 the other parts. ^ 

1. Geometrically, 

Draw AB = 345 from a scale of equal jtarts. Make the 
angle A = 37'^»20'. Set off* ac = 174 by the scale of equal 
parts. Join bc, and it is done. 

Then the other parts being measured, they arc found to 
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l)c nearly as follow; viz. the side «c yards, the angle 
ij 27*', and the angle c 


A rithmetlcally. 


The side au 345 
the side ac 174-07 
their sum 519*07 
their differ. 170*93 


rom 

take I A 
sum of c and b 
half sum of do. 


As sum of side^ ab, ac, - - 519*07 log. 

To diff. of sides AB, AC, - - 170*93 

So tang, half sum Z s c and « 71" 20 

To tang, half did*. Z s c and b 44 16 

these added give z v. 115 36 
and subtr. give Zb 27 4 


180" 00' 
37 20 
142 40 
71 20 


2*7152259 
2-23281 S3 
10-^12979 
9*9888903 


Then, by the former theorem, 
As sin. z c 115° 36'or 64*» 24' 

To its op. side ab 345 - 
So sin. ol‘ z a 37" 20' - 
I'o its op. side bc 232 - 


log. 9-9551259 
2-5378191 
9-7827958 
2-3654890 


EXAMPLE II. 

In the plane triangle abc, 
f AB 365 })oles 
(liven : ac 154-33 
( z A 57" 12' 

Jlequired the other parts. 

EXAMPLE III. 

In the plane triangle abc-, 

C AC 120 yards 
Given, bc 112 yards 
( z c 57" 58' 39'' 

Hequired the otRer parts. 

THEOREM Ill. 

lyhcn the Three Sides of a Triaiiglc are given. 

First, let fall a perpendicular from the greatest angle on 
the opposite side, or base, dividing it into tw© segments, and 
the whole triangle into two right-angled triangles; then the 
projAortion will be, 


f AB 112-65 
Ans.{ z A 57" 27' 0" 
f z B 64 34 21 


lie 309-86 
Alls.; z B 24" 45' 
( zc 98 3 
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TO 


As the base, or sum of the segments, ' 

Is to the sum of the other two sides; 

So is the difference of those sides, > 

To the diff. of the segments of the base. 

Then take half this .deference of the segments, and add 
it to the half sum, or the half base, lor the greater segment 
and subtract the same for the less segment. 

Hence, in each of the two right-angled triangles, there^, 
will be known twq sides, and the right-angle opposite to one 
of them ; consequently the other angles will be found by the 
first theorem. 

Dcm&kstr. ify them*. 85, Geom. the rectangle of the sum 
and difference of the two sides, is equal to the rectangle of 
the sum and difference of tlie two segments. Therefore, 
b}^ forming the sides of these rectangles into a projxjrtion by 
theor. 76, Geometry, it will appear that the sums and dif¬ 
ferences are projxjrtional as in tliis theorem. 

N. B. Before you commence a solution of an example to 
this case, ascertain w'hcther the triangle be right-angled or 
not, by determining whether the .sejuare of the longest side 
be equal or unequal to the sums of the squares of the other 
two. If equal, the example may l)e referred to the notes to 
theorem iv. 


EJvAMPLt: I. 


In the plane triangle abc, 


Given 
the sides 


{ 


AB 845 yards 
AC 235i 
Bc 17407 


To find the angles. 



1. Geometrically. 

Draw the base ab = 345 by a scale of ccjual parts. With 
radius S32, and centre a, describe an |irc; and with radius, 
174, and centre b, describe another arc, cutting the former 
in c. Join ac, ffc, and it is done. 

Then, by measuring the angles, they will be found to bc 
nearly as follows, viz. 

z A 270, i B 37'’!, and z c US"!. 

/ 

* 2. Arithmeticaily. 

Having let fall the perpendicular cp, it will bc, 
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As the base : ac + bc :: ao — bc ; ap — bp, 
that is, as 345 : 406 07 : : 57*96 : 68*18 = ap - bp, 

its half is - 34'09 • 

the half base is 172*50 

the sum of these is 906*59 = ap 
and their difiP. is 138*41 = bp. 

Then, in the triangle apc, right-angled at p, 

As the side ac - - 232 - log. 52*3654880 

• To sin. op. - - 90^ - . - lO OOOOtKK) 

So is the side ap - - 906*59 - - 2*3151093 

To sin. op. zacp - - 62^56' - 9*9496213 

which taken from - 90 00 * 

leaves the /.a 27 04 

Again, in the triangle dpc, right-angled at p, 

As the side dc - - 174*07 - log. 2*2407239 

To sin. op. ZP - - 90" - - 10*0000(K)0 

So is side bp - - 138*41 - - 2*1411675 

To sin. op. z BCP - - 52* 40' - - 9*90044'36 

wliich taken from - 90 00 

leaves the Zb 37 20 

Also the z acp 62“ 56' 

added to Z bcp 52 40 

gives the whole z acb 115 36 

So that all the three angles are as follow, viz. 

Ihc Z A 27'= 4/; the Z.B 37° 20; the z c 115° 36'. 
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The three foregoing theorems include tdl the 6ascs of 
plane triangles, both right-angled and oblicjue. But there 
are. other theorems suited to some particular forms of 
triangles (see vol. iii.), M'hich are sometimes more expeditious 
in their use than the general ones; one of which, as the 
case for which it serves so frequently occurs, may be here 
explained. 

TllEOKEM IV. 

When a Triangle is Bight-ang'lcd; anif of flic vfiknoion 

parts may found by the follozcingproportions: virj. 

As radius 

Is to either leg of tlie triangle ; 

So is tang, of its adjacent angle, 

To its opposite leg; 

And so is secant of the same angle, 

To the hypothenuse. 

Demonstr, ab being the given leg, in the 
right-angled triangle abc; with the centre 
a, and any assumed radius Ai), describe an 
arc DE, and draw df peqiendicular to ab, 
or parallel to bc. Tlicii it is evident, from 
the definitions, that df is tlie tangent, and 
AF the secant of the arc de, or of the 
angle a wliicli is measured by that arc, to the radius ad. 
Then, because of tlie parallels iic, df, it will be, - - - - 
as ad : AB : : DF : uc and : : af ; ac, which is the same as 
the theorem is in words. 

Note. The radius is equal, either to the sine of 90% or the 
tangent of ; and is cxjiressed by 1, in a table of natural 
sines, or by 10 in the log. sines. 

IX AMPLE 1. 

In the right-angled triangle Aiy::, 

( the leg AB 162 ) m /• 1 1 

Given -j ^ ^ [■ io find ac and bc. 

]. Geometrically. 

Make ab —- 162 erpial parts, and the angle a = 53° 7' 48''; 
then raise thfe perpendicular bc, meeting ac in c. So shall 
.I.C measure 270, and bc 216. 
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As radius 
T() leg AB 
So tang. L A 
To leg BC 
So secant L a 
Toliyp. AC 


2. Arithmetically. 

162 - 
T 48" 
216 - 
530 48 "* 

270 - 


log. 10 0000000 
2-209M50 
101249371 
2*3344521 
10*2218477 
2*4313627 


I 3. Instriimentally. 

Extend the compasses from 45° to 53*-^, on the tangents. 
Then that cxteiti will reach from 162 to 216 on the line of 
numbers. * 


EXAMPLE II. 


In the right-angled triangle abc. 


^ the leg AH 180 a ^ ac 392 0146 

fthe A (i2 ■ 4(V < BC 348-2464 

To find the other two sides. 

Note, There is sometimes given another method for right- 
angled triangles, which is this: 


ABC being such a triangle, make one 
leg AB radius; that is, with centre a, 
and distance ab, describe an arc be. 

Then it is evident that the other leg bc 
represents the tangent, and the hypo- 
then use AC the secant, of the arc bf, or 
of the angle a. 

In like manner, if the leg bc bc made 
radius; then the other leg ab will re¬ 
present tlie tangent, and the hypothonnsc ac the secant, of 
the ai'c no or angle c. 

Hut il‘ the hypothenusc bc made radius; then each log 
will rejirescut the sine of its opposite angle; namely, the leg 
MJ the sine of the are ae or angle c, and the leg bc the sine 
of the arc cn or angle a. 

I’hc'n the gencrahriilc for all these cases is this, namely, 
that the sides of the triangle bear to each other the same 
j>ropoi'tion as the parts which they represent. 

And this is called, Making every side radius. 

Noic 2. ^Vhen there are given two sides of a right-angled 
triangle, to hnd the third side; this is to be found by tlie 
property of the squares of the sides, in thqprcm 31, (Icom. 
viz. that the s{|uarc of the hypotliemise, flr ‘longest side, is 
equal to boll* the squares of the two other sides together. 
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Therefore, to find tlic longest side, add the-squares of the 
two sliorter sides together, and extract the square root of 
that sum; but to find one of the shorter sides, subtract the 
one ^uare from the other, and extrhet the root of the 
remainder. • Or, when the hypothenusc, ii, and either the 
base, B, or the perpendicular, r, are given: then half the 
sum of log. (ii 4 “ 3 .nd log. (h r) = log. b ; and half 
the sum of log. (h + b) and log. (h — b) = log. p. 

When B and p are given, the following logarithmic, 
operation may spmetiincs be advantageously ei^loycKl; 
VIZ. Find n the number answering to thq log. dim, 2 log. 
p— log. b ; and jnake b -fN = m : tnen, 4 (log. m + log. b) = 
log, H, the hypothenusc. 

The truth of this rule is evident: for, from the nature 

jr P* 

of logarithms, — = n ; whence « -p n = b -f — = 

q. p 2 

—-— = M; and 4 (log- + log* b) = 4 l^^S- = 4 log* 

(b® + p’) = log. a/(b" -{- p") = log. II. 

also, as many right-angled triangles in integer 
numbers as we please may be found by making 

4 - = hypothenusc 

Tfi- — 71- = per|)endicular 
2 n?n = base 

ni and n being taken at pleasure, m greater than ?i. 

Before we proceed to the subject of Heights and Distancc.s 
we shall give, 

A CONCISE investigation OF SOME OF THE MOST USEFUL 
TRIGONOMETRICAL fORMUL.E. 

Let AD, AC, AD, be three arches, such that bc = ci), and 
o the centre. Join ao, oc, bd. Draw deq, and 01 per¬ 
pendicular, and BiM jj to OA. Join mq and bisect it by the 
radius on ; and draw aii jj to bi>. 

Then is All = sin. ac 
OH = cos. AC ; 
also DE = EQ = sin. ad 
EK = oi*= sin. AB 
QK = sin. AD -P sin. ab 
DK = sin. AD — sin. ab 
BI = IM = cos. AB 
OE = 151 = cos, AD 
MK =‘COB. AB 4 - cos. AD 
BK = cos. AB ~ cos. AD 
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Because the angles at k are right angles: 

arc BD 4- arc Ma = 180®, and arc dc + arc mn = 90"’ 

MP = Pa = OG = cos. DC = cos. BC ; 
also, because ac = [(ab + ad) — ^baq = angle aoc (at 
centre) = bdq (at circumf.) — 'bmq (on same arc) 
triangles aoii, bdk, qmk, are equiangular. 

Hence— 

• • 

I. OA : Alt : : MU : QK; * 

that is, rad. : sin.«AC : : 2 cos. bc : sin. ad sin. ab 

II. AD : DH : : BD : DK ; • 

or, rad. : cos. aq :: 2 sin. bc ; sin, ad — sin. ab 

III. AO : OH ;: OM : MK ; 

or, rad. : cos. ac : : 2 cos. bc : cos. ab + cos. ad 

IV, AO : AH : : DB : bk ; 

or, rad. : sin. ac : : 2 sin. bc : cos. ab — cos. ad ; 

also, 

V. BK . KM = DK . KQ, that is (cOS. AB — COS. AD) 

(cos. AB 4- cos. ad),= (sin. ad — sin. ab) (sin. ad + sin. ab). 

By reducing the above four proportions into eej^uations, 
making rad. = 1, we obtain two distinct classes of formulae, 
thus: — 

First Class. AC = f7, CB = 6; then ad=o + 6, AB=a — 6, 

1. sin. (a + &) -f sin. (a — d) = ^ sin. a cos. b 

2. sin. (a + ^) — sin. (a — b) = 2 cos. a sin. b 

3. cos. (a — b) cos. (a + ft) = 2 cos. a cos. ft 

4. cos. (a — ft) — cos. (« + ft) = 2 sin. a sin. ft 

Second Class, ad = o, ab = ft; then ac = ^(o + ft), 

BC = -i-(a - ft). 

5. sin. a + sin. ft = 2 sin. ^(a -f ft) cos. -{a — ft) 

6. sin. a — sin. ft = 2cos. i(a 4- ft) sin. -’ (a — ft) 

7. cos. ft 4* cos. a ^ cos. 4- ft) cos. 4(a — ft) 

8. cos. b — cos. a = 2 sin. \{a + ft) sin. 4(a — ft) 

The first class is useful in transforming the products of 
sines into simple sines, and the contrary. 

The second facilitates the substitution of sums or differ¬ 
ences of sines for the products, and the contran^ 

Taking the sum and the difference of equah^s 1 and 2, 
also of 3 and 4, remembering that sin. s= cos. tan. we obtain 
the following: 

VOL, II. 


c 
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Third Chiss. 

9. sin. (a-f A) = sin. a cos. /;+sin* hcos. a 

= cos. a cos. b (tan. a + tan. h) 

10. sin. (a — b) = §in. « cos. 6 — sin. b cos. a 

= cos. a cos. b (tan. «—tan. b) 

11. cos. (a+ 6) = cos. a cos. 6 —sin. a sin. b 

= cos. a cos. (1 — tan. a tan. b) 

• • T 

12. cos. (a —h) = cos. a cos. a sin. b 

= cos. a cos. b (1 +tan. a tan. b). 

From these? making a = b, we readily obtain tlie ex¬ 
pressions for sines and cosines ot‘ double arcs; also dividing 
equation 9 by 11, and equation 10 by 12, we obtain ex¬ 
pressions for the tangents of a 4- ^ and a — b. Thus we 
have:— 


Fourth Class. 


13. sin. 2a = 2 sin.« cos. a = 2 cos.- a tan. a 

14. cos. 2u = cos." a — sin.'* a — cos." a (1 — tan.^«) 

sin. . .. • tan. «4-tan. 

1 — tan. a tan. b 


15. 

16 . 


cos. 

.sin. 

cos. 


(« -f- b) — tan. (a -t- b) —* 


17. tan. 


{a — b) — tan. [a 
2 tafi. a 


h) 


tan. a —tan. b 
1 1- Ian. a tan. b 


18. cot. = 


i — tan.- a 
1—tan.2 a 
2 tan. a 


Substituting in the second class, 
for sin. -\{a + b), cos. t (a -f b) tan. \{a + 6), 
and for sin. 4(a — b), cos. \{a—h) tan. ~{a — 5), we have:— 

Fifth Clms. 

19. cos. 6 +cos. a = 2cos. \{(i + b) cos. \{a—b ).—Seeequa.7. 

20. cos. 6-cos. a=tan. i(a + ii) tan. {[a — b) 2 cos. 4(n+6) 

cos. -’(a^6) = tan. 6) tan. ;(a—6) (cos. 6-1-cos. a) 

21 . sin. a-f sin. 6 = tan. ?(^/ + 6) 2 cos. [(a+6) cos. i{a — b) 

= tan. 4(a + 6) (cos. a-f cos. 6) 

22 . sin, a—sin. 6 = tan. \{^a — b) 2 cos. l-(a + 6) cos. ?(« —6) 

^ =tan. ^{a — b) (cos. a+cos. b) 
sin. a-f sin. 6 t&n.Ma-i-b) „ 

as. - -—~ i = .-Tr^-4: from 21 snd 88. 

Sin. Sin, 6 tan. f(«— 6 ) j v 



24. 

25. 


« UI' irKlGHTS distances. 


sin. «4-sin. A , ,v ^ 

-;-= tail. 'An A- from 21. 

cos. tf 4-cos.^6 

sin. « —sin. 5 

-- -- tan. 'Aa — b): from 22. 

cos. a -h cos. h -' . ' 
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Exampics for Exercise. 


I. Demonstrate that in any right-angled plane triangle 
tlie following properties obtain : viz. • 


/ 1 \ P^rp. 

(1.) = tan. ang. at base. (2.) =tan. ang. at vertex. 

^ . ])erp. . . ^^ base 

(f).) , —~ — sin. ang. at base. (4.) ,-=sin. ang. at vertex. 

^ hyp. ” hyp. 

^ hyp. hyp. 

(.'5.) - = sec. ang. at base, (o.)-=sec. ang. at vertex. 

' ' base ° ^ perp. ° 

2. Demonstrate that sec. a = tan. (45'’ -f iA). 

3. Demonstrate that sec. 2 a = t——— r—» and that 

1—tan.® A 


base 


cosec. 2a = 


l-}-tan.*A sec.® A 
2 tan. A ” 2 tan. a** 


4. Given ax^ =■ u//® -f- D.r® ; to find x and y the sine and 
cosine of an arc. 

5. Demonstrate that of any arc, tan.® — sin.^ = tan.® sin.®. 
G. Demonstrate that if the tan. of an arc be = if the 


sine of the .same arc is = , 

w-t-i 


OF HEIGHTS AND DISTANCES, &c. 

Bv tile mensuration and protraction of* lines and angles, 
arc determined the lengths, heights, depths, an^^distauccs of 
bodies or objects. • 

Accessible lines are measured by applying to them some 
certain measure a number of times, as an inch, or a foot, or 

c 2 
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yard. Hut inaccessible lines must be measured by taking 
angles, or by such-like method, drawn from the principles 
of geometry. 

When instruments arc used for taking the magnitude of 
the angles in degrees, the lines are then calculated by trigo¬ 
nometry : in the other methods, the lines are calculated IVom 
the principle of similar triangles, or some other geometrical 
property, without regard to the measure of the angles. 

Angles of elev&tion, or of depression, are usually taken 
cither with a theodolite, or with a quadrant, divided into 
degrees and minutes, and furnished with a plummet suspended 
from tlie centre, and two open sights fixed on one of the 
radii, or else with telescopic sights. 



To take an An^'Ic of Altitude and Depression xeith the 

Quadrant. 

Let A be any object, as the sun, 
moon, or a star, or the top of a 
tower, or hill, or other eminence: 
and let it be required to find the 
measure of the angle aiic, which a 
line drawn from the object makes 
above the horizontal line Bc. 

Place the centre of the quadrant 
in the angular point, and move It 
round tliere as a centre, till with one eye at n, the other 
being shut, you perceive the object a through the sights; 
then will the arc gh of the quadrant, cut off* by the plumb- 
line BH, be the measure of the angle abc as required. 

The angle au(' of depression of fi_G 

any object a, below' the horizontal 
line BC, is taken in the same manner; 
except that here the eye is applied to 

the centre, and the measure of the ' ’-.A 

angle is the arc c.h, on the other side 
of the plumb-line. • 

The follow'i^ig examples are to be constructed and calcu¬ 
lated by the rules of Trigonometry. 



EXAMPLE I, 

Having ,c".easured a distance of 200 feet, in a direct hori¬ 
zontal line, from the bottom of a steeple, the angle of eleva¬ 
tion of its top, taken at that distance, was found to l()e 47® 30'; 
Hence* it is required to find the height of the steeple. 



and nisTANcrs- 


«•/» 
<w 1 

Construction. 

Draw an indefiinlie line; on which set off ac = 200 equal 
parts, for the measured distance. Erect the indefinite per¬ 
pendicular Au; and draw cii so as to make the angle c = 
47^ 30', the angle of elevation ; and it is done. Then ab, 
measured on the scale of equal parts, is nearly 

Calculation. 

As radius 
To AC 200 - 

So tang. Z.(:47‘’30' 

To ab 218-20 required 

Or, hy the nat. tangents, wc have ac x tan. bca = 
200 X 1 091308 = 218-2616 = ab. 

EXAMPLE IT. 

What was the perpendicular height of a cloud, or of a 
balloon, when its angles of elevation were 35^ and 64'’, as 
taken hy two observers, at the same time, both on the same 
side of it, and in the same vertical plane; the distance be¬ 
tween them being half a mile or 880 yard-) ? And what was 
its distance from the said two ob.servers ? 

Construction. 

Draw au indefinite ground line, on which set off the 
given distance ab = 880; then a and n arc the places of 
the observers. Make the angle a = 35'*, and the angle 
B = 64'’; then the intersection of the lines at c will be the 
place of the balloon : whence the perpendicular cn, being let 
fall, will be its perpendicular height. Then by measure¬ 
ment are found the distances and height nearly as follow, 
viz. AC 1631, BC 1041, DC 936. 

Calculation. 

First, from Z n 
take Z A . 
leaves z AC B 29 






n 


OF HEIGHTS 


Then in the triangle alc, 

sin. z ACB 29" - - - 9-6855712 

To op. side ab 880 - - - 2 9414S2T 

So sin. Z.A 85" - - - 9 7585918 

To op. side B(’ 1041*125 - - 8*0175028 

Assm.^ACB 29" - - - 9-6855712 

To oi>. side ab 880 - _ - 2-9444827 

So sin. Z. B 116" or 64" - - - 9*9586602 

To op. side Acl 631 *442 - - - 8*2125717 

And in* the triangle ucn, 

As sin. Z.I) 90" _ - - 10*0000(K)0 

To op. side Br 1041*125 - - 3*0175028 

So sin. z. B 64" _ _ - 9*9586602 

To op. side CD 985*757 - - 2*9711680 


EXAMI'LK III. 

Having to find the height of an o!>elisk standing on the 
top of a declivity, I first measured from its bottom a distance 
of 40 feet, and there found the angle, fanned hy the obllcpic 
plane and a line imagined to go to the top of the obelisk, 
41*^; but after measuring on in the same direction 60 feet 
farther, the like angle was only 28" 45'. What then was 
the height of the obelisk ? 

Coiifitritcih'ii. 

Draw an indefinite line for the sloping plane or declivity, 
in which assume any ]»oint a fi)r the bottom of the obelisk, 
from which set off the distance ac - 40, and again cn — 60 
equal parts. Then make the angle c = 41", and the angle 
D = 23° 45'; and the point b wliere the two lines meet will 
be the top of the obelisk. Therefore ab, joined, will be its 
height.—Draw also the liorizontal line dk perp. to ab. 

CalcnhUimi. 

From the z c 41 ° 00’ 
take the „z d 28 45 
leaves the Z duo 17 15 
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Then' in the triangle duc. 

As sin. ^DBc 17« W - - - 9-4720856 

To op. side DC 60 - - - 1-7781513 

So sill. ^D 23 45 ... 9-6050320 

To op. side CB 81 -488 - - - 1-9110977 


And in the triangle auc, * 

As sum of sides cb, ca ISIT488 - 2 0845333 
To diff. of sides (!n, ca 41*488 *- 1-6179225 

So tang. i{A + b) - 69“ 30' - 10 4272623 


To tang. t(A — fi) - 42 24^ - • 9*9606516 


the diff. of these is /Icba 27 
the sum is .d cab 111 .54’ 


l.astly, as sin. z.cba 27“ 5'* 
* To op. side ( a 40 
So sin. iilc - 41“ 0' 

To oj). slflf \n .57-623 


9-6582842 

1-6020600 

9-8169429 

1-7607187 


Also the / A nr. ~ hac — 90' -- 21“ 54'^ 


EXAMBLi; IV. 

Wanting to know the distanec between two inaccessible 
trees, or other objects, from the top of a tower 120 feet 
high, which lay in the same right line with the two objects, 
I took the angles formed by the perpendicular wall and lines 
conceived to be drawn from the top of tlio tower to the 
bottom of each tree, and found them to be 33 ami 64“],. 
What is the distance between the two objects? 


(Construction. 


Di aw the indefinite ground line 
Bi), and perpendicular to it ba = 
120 equal parts. Then draw the 
two lines ac, ad, making the two 
angles bac, bad, equal to the 
given nicasiires 33"’ and 64“ J. So 
sliall c and d be the places of the 
two objects. 
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Calculation. 

First, in the right-angled triangle isibc, 

As radius - _ - _ _ lO OOOOOOO 

To AB - 120 - - _ 2-0791812 

Sotang. ZBAC 330 - - 9*8125174. 

Tobc - 77929 - - - 1-8916986 

Then in the right-angled triangle abd, 

As radius - - - - - - 10 0000000 

Toab - - 120 - - 2-0791812 

So tang. /.BAF - 64“ 30' - 10-3215039 

Tobd - 251 585 - - 2-4006851 

From which take sc 77-929 
leaves thedist. cd 173 656, as required. 

Or thus, by the natural tangents, 

From nat. tan. dab - - 64*’30' = 2 0965436 

Take nat. tan, cab - - 33 0 = 0-6494076 < 

Difference . - _ 1-4471360 

If drawn into ab - - 120 

The result gives cn - - = 173-65632 


EXAMPLE V. 

Being on the side of a river, and wanting to know the 
distance to a house which was seen on the other side, I mea¬ 
sured 200 yards in a straight line by the side of the river; 
and then, at each end of this line of distance, took the hori¬ 
zontal angle formed between the house and the other end of 
the line; which angles were, the one of them 68’ 2', and 
the other 73“ 15', What were the distances from each end 
to the bouse ? 


Conairuction. * C/^ 

Draw the line ab = 200 equal parts. / \ 

Then draw ac so as to make the angle / \ 

A = 68° 2', and bc to make the angle 
B, x= 73° 15'. So shall the point c bc the 
place of the hoi^ required. ^^ 

The calculation, which is left for the student's exercise, 
gives AC = 306-19, BC =; 296-54. 
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Exam. vi. From the edge of a ditch, of 36 feet wide, 
surrounding a fort, having taken the angle of elevation‘of 
the top of the wall, itf was found to be 62° 4(y: required the 
height of the wall, and the length of a ladder to reach from 
my station to the top of it ? . f height of wall 69*6'l!, 

y i- ■*^"®-ilad3cr,78 4feet. 

Exam. vii. Required the length of a shoar, which being 
^o strut 11 feet from the upright of a building, will support 
a*jamb 23 feet 10 inches from the ground? 

^ Ans. 26 feet 3 inches. 

Ex.am. vrii. A ladder, 40 feet long, can befo placed, that 
it shall reach a window 33 feet from the ground, on one side 
of the street; and b^ turning it over, without moving the 
foot out of its place, it will do the same by a window 21 feet 
high, on the otner side: required the breadth of the street.? 

Ans. 56 649 feet. 

Exam. ix. A maypole, wliose top was broken off by a 
blast of wind, struck the ground at 15 feet distance from the 
foot of the pole: what was the height of the whole maypole, 
supposing the broken piece to measure 39 feet in length ? 

Ans. 75 feet. 

Exam. x. At 170 feet distance from tlie bottom of a tower, 
the angle of its elevation was found to be 52° 30': required 
the altitude of the tower.? Ans. 221-55 feet. 

Exam. xi. From the top of a tower, by the sea-side, of 
143 feet high, it was observed that the angle of depression 
of a ship’s bottom, then at anchor, measured 35°; what 
was the ship’s distance from the bottom of the wall.? 

Ans. 204-22 feet. 

Exam. xir. What is the perpendicular hei;^ht of a hill; 
its angle of elevation, taken at the bottom of it, being 46°, 
and 200 yards farther off, on a level with the bottom, the 
angle was 31°.? Ans, 286-28 yards. 

Exam. xiii. Wanting to know the height of an inacces-* 
sible tower; at the least distance from it, on the same hori¬ 
zontal plane, I took its angle of elevation equa^o 58°; then 
going 300 feet directl)'’ from it, found the angle there to be 
only 32° : required its height, and my distance from it at the 
first station.? \ S 307-53 

\ distance 192-15 

Exam. xiv. Being on a horizontal plane, and Wanting to 
know the height of a tower placed on the top of an inacces¬ 
sible hill; I took the angle of elevation of the top of the hill 
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40°, and of the top of the tower 51° ; then nieasuniifr in a 
lino directly from it to the distance of 200 feet farther, I 
found the angle to the top of the tovverto be 60° 45'. What 
is the height of the tower Ans. y3‘66148 feet. 

Exam. xv. From a window near the bottom of a house, 
which seemed to be on a level with the bottom of a steeple, 
I took the angle of elevation of the top of tlie steeple equal 
40° ; then from another window, 18 feet directly above tlx 
former, the like angle was 67° 60': required the height 
and distance of the steeple. . ( height 210'4l' 

( di^tance 250-70 

Exam. xvi. Wanting to know the height of, and niy 
distance from, an object on the other side of a river, which 
appeared to be on a level with the place where I stood, 
close by the side of the river; and not having room to 
measure backward, in the same line, because of the im¬ 
mediate rise of the bank, I placed a mark whore 1 stood, 
and ineasuicd in a direction from the object, up the ascend- 
ing ground, to the distance of 261 feet, where it was evi¬ 
dent that I was. above the level of tlie top of the object ; 
there the angles of depression were found to be, viz. of the 
mark left at the river’s side 42°, of the bottom of the object 
27°, and of its top 19°. Required the height of the object, 
and the distance of llic mark from its bottom ? 

. f height 57-26 
f distance 150-50 


Exam, jcvii. If the height of the mountain 
euk of Teneriffe be 2' links, a.s it is very near 


called the 

Peak of Teneriffe be 2' uiiks, a.s it is very ncarlv^ and the 
angle taken at tlie top of it, as formed between a ])linnl)-line 
and a line conceived to touch the earth in tlie horizon, or 
farthest visible point, be 88° 2'; it is required from thesis 
measures to determine the magnitude of the whole earth, 
and the utmost distance that can be seen on its surface from 
the top of the mountain, supposing tlie form of the earth lo 
be perfectly globular ? 

. i dist. 165*946 ^ 

* Alls. V j- lyni/' < miles. 

. t diain. 7910 y 


Exam, xviii. Two ships of war, intending to cannonade 
a foiitj are, by the shallowness of the water, kept so far from 
it, titat tl^y suspect, their guns cannot reach it with effect. 
In order therefore to measure the distance, they separate 
from each other a quarter of a mile, or 440 yards; then each 
.ship observes and measures tlic angle which the other ship 
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and the fort subtends, which angles arc 83® 45' and 85® 15'. 
What is the distance between each ship and the fort ? • 

• . f yards. 

\ 2J^98 ()5 

Exam. xix. Wanting to know the breadth of a river, I 
measured a base of 500 yards in a straight line close by one 
side of it; and at each end of this line I found the angles 
^subtended by the other end and a tree, close to the bank on 
*the other side of the river, to be 53® atid 79® 12,'. What 
was the perpenc^ciilar breadth of the river ? 

Ar.fs. 529'48 yards. 

Exam. xx. Wanting to know the extent of a piece of 
water, or distance between two headlands ; I measured from 
each of them to a certain point inland, and found the two 
distances to be 735 yards and 840 yards; also the horizontal 
angle subtended between these two lines was 55® 40'. AVhat 
was the distance required ? A ns. 741 *2 yards. 

Exam. xxi. A jtoint of land was observed, by a ship at 
sea, to bear east-by-soutli; and after sailing north-east 12 
miles, it was found to bear soutli-east-bv-east. It is required 
to determine the place of that headland, and the ship’s di¬ 
stance from it at the last observation ? Ans. 20*0728 miles. 

Exam. xxii. W.anting to know the di.stance between a 
house .and a mill, which were seep at a distance on the other 
s'de of a river, I measured a base line along tlie side where 
I was, of 000 yards, and at each end of it took the angles 
subtended by the other end and the house and mill, which 
were as follow, viz. at one end the angles were 58° 20' and 
95° 20’, and at the other end the like angles were 53® 30' 
and 98® 45'. Wliat llien was the distance betAveen the house 
and mill ? Ans. 902*5866 yards. 

Exam, xxiii. Wanting to know my distance from an in¬ 
accessible object o, on the other side of a river; and having 
no instrument for taki^^ angles, but only a chain or cord for 
measuring distances; from each of two stations, a and b, 
which were taken at 500 yards asunder, I measured in a 
direct line from the object o 100 yards, vizJf’AC and bd each 
equal to 100 yards; also the diagonal ad measured 550 
yards, and the diagonal bc 560. What was the distance of 
the object o from each station a and b ? 

. f AO 536*81 
BO 500*47 

Exam. xxiv. In a garrison besieged arc three remarkable 
objects, A, B, c, the distances of wTiich from each other arc 
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discovered by means of a map of the place, and are as fol¬ 
low,* viz. AB 266^, At: 530, bc 327 [- yards. Now, having to 
erect a battery against it, at a certain spot without the place, 
and being desirous to know whether my distances from tlie 
three objects bc such, as tliat they may from thence be bat¬ 
tered with effect, I took, with an instrument, the horizontal 
angles subtended by these objects from the station s, and 
found them to be as follow, \iz. the angle asb 13° 30', and 
the angle use 29°.50'. Required the three distances, sa, * 
SB, sc; the object b being situated nearest to me, and be¬ 
tween the two qthers a and c. i sa 757'14 

Ans.; SB 53710 
C sc ()55‘30 

► ^ 

Exam. xxv. Reejuired the same as in the last example, 
when the object u is the farthest from my station, but still 
seen between the two others as to angular position, anil those 
angles being thus, the angle asb 33° 45', and usi’ 22° 30', 
also the three distances, ab 600, ac 800, bc 400 yards.?' 

Lsa 710 3 
Ans.< SB 1041’85 
(sc 934-14 

Exam. xxvi. If db in the figure at pa. 2 represent a 

{ )ortion of the earth’s surface, and n the point where the 
evelling instrument is placed, then i.b will be the difference 
between the true and the -apparent level; and you are re¬ 
quired to demonstrate that, for distances not exceeding 5 or 
6 miles measured on the earth’s surfiice, bl, estimated in 
feet, is equal to 4 of square of bd, taken in miles. 


MENSURATION OF PLANES. 

The Area of any plane figure, is the measure of the 
spape contained'^idthin its extremes or bounds; without any 
regard to thickness. 

This area, or the content of the plane figure, is estimated 
by the number of little squares that may be contained in it; 
the side of those bttle measuring squares being an inch, or a 
foot, or a yai<J,«or any other fixed quantity. And hence the 
area or content is said to be so many square inches, or square 
feet, or square yards, &c. " 
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Thus, if the figure to be measured be 
the rectangle abcd, and the little square 
E, whose side is one inch, |)e the mea¬ 
suring unit proposed: then as often as 
the said little square is contained in the 
rectangle, so many square inches the 
rectangle is said to contain, which in the 
present case is 12. 



PROBLEM I* 

t 

To Jind the Area of any Parallelogram; whether it be a. 
Sqiuirc, a Rectangle, a Rhombus, or a Rhomboid, 

McLTrrLY the length by the perpendicular breadth, or 
height, and the product will be the area *. 


EXAMPLES. 

Ex. 1. To find the area of a parallelogram, the length being 
12'25, and breadth or height 8'5. 

12'25 length 
8*5 breadth 


6125 

9800 


104-125 area. 


* The truth of this rule is proved in the Geom. theor. 81, 
cor. 2. 

The same is otherwise proved thus: Let the foregoing rect¬ 
angle be the figure proposed ; and let the length and breadth be 
divided into several parts, each equal to the linear measuring 
unit, being here 4 for the length, and 3 for the breadth; and let 
the opposite points of division be connected by right lines.— 
Then it is evident that these lines divide the rectangle into 
a number of little squares, each equal to the square measuring 
unit E; and further, that the number of thes&4ittle squares, or 
the area of the figure, is equal to the number of linear mea¬ 
suring units in the length, repeated as often as there are linear 
measuring units in the breadth, or height; that is, equal to the 
length drawn inio the height; which here is 4 x 3 or 12. 

And it is proved (Georn. theor. 25, cor. 2), th^it any oblique 
parallelogram is equal to a rectangle, of cquaf length and per¬ 
pendicular breadth. Therefore the rule is general for all paral¬ 
lelograms whatever. 
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Ex. 2. To find the area of a square, whose side is 35*25 
chains. Ans. 124 acres, 1 rood, 1 perch. 

Ex. 3. To find the area of m rectan’gular board, whose 
length is feet, and breadth 9 inches. Ans. 9|^ feet. 

Ex. 4. To find tlie content of a piece of land, in form of 
a rhombus, its length being 6*20 chains, and perpendicular 
breadth 5*45. Ans. 3 acres, 1 rooa, 20 perches. 

Ex. 5. To find the number of square yards of painting in 
a rhomboid, whose‘ length is 37 feet, and height 5 feet 3 
inches. Ans. 21 /, square yards. 


I’liOnLEM II. 

To find the Area of a Triangle, 

Rule 1. ^Multiply the base by the perjicndiciilar height, 
and take half the product for the area^. Or, multiply the 
one of these tlimensions by half the other. 


EX \MPLUS. 

Ex. I. To find the area of a triangle, whose base is C25, 
and perpendicular height 520 links ? 

Here C25 x 200 = 1,02500 square links, 

or e(jual 1 acre, 2 roods, 20 })erches, the answer. 

Ex. 2. How many square yards contains the triangle, 
whose base is 40, and perpendicular 30 feet } 

Ans.”00^ square yards. 

Ex. 3. To find the number of equare yards in a triangle, 
whose base is 49 feet, and height 25^- feet ? 

Ans. 68;.’, or 68-7301. 

Ex. 4. To find the area of a triangle, whose base is 18 feet 
*4 inches, and height 11 feet 10 inches.'* 

Ans. 108 feet, inches. 

Rule ii. When two side.s and their contained angle are 
given: Mullipl^^ the two given sides together, and take half 
their product: Then say, as radius is to the sine of the given 
angle, so is that half product, to the area of the triangle. 


* The trutli 6f this rule is evident, because any triangle is 
the half of a parallelogram of equal base and altitude, by Geom. 
theor. 26. * 



OK PLANKS. 


SI 


Or, multiply that half product by the natural sine of the 
said angle, for the area *. 

Ex. 1. Wliat is the area of a triangle, whose two sides are 
30 and 40, and their contained angle 28° 57' ? 

Bj/ Natural Numbers. By Logarithms. 

First, -i. X 40 X so = 600, 

then, 1 : 600 : : '484046 sin. 28° 57' log. 9 684887 
, 600 2*778151 


Answer 290*4276 the area answ. to 2*463038 

Ex, 2. How many scjuarc yards contains the triangle of 
w'hich one angle is 45°, and its containing sides 25 and 211- 
feet? ^ Ans. 20*86947. 

Rule hi. When the three sides are given; Add all the 
three sides together, and take half that sum. Next, subtract 
each side severally from the said half sum, obtaining three 
remainders. Then multiply the said half sum and those 
three remainders all together, and extract the square root of 
the last product, lor the area of the triangle-f-. 


C 

'N. 


* For, lot An, ac, he the two given sides, 
including the given angle a. Now |ab x 
cn is the area, by the first rule, cp being ./i 

the perpendicular. But by trigonometry, 
as sin. or radius ; ac ; : sin. /_A : cp, I \ 

which is therefore = ac x sin. /_a, taking A JJ 

radios = 1. Therefore the area |ab x cp 
is = ^AB X AC X sin. Z.A, to radius I j or, 
as radius : sin. a :: ^ab x ac : the area, 

t I'or, let b denote the base ab of the triangle abc (see the 
last hg.), also a the side ac, and c the side bc. Then, by theor. 3, 


aa —cc 


= AP — PB the diff. of 


Trigon. as 6 : a -f- c ; : a — c 

V 

the segments; 

- - aa—cc bb + aa — cc 

thcref, lb d-- TH -= *^^6 segment ap j 


26 


26 


hence h / ac '^ — ap“ = the perp. cp, that is, 

. 66 + afl—cc® 

Vioa-( - 2 i—>>= - - • 

2a®6®—o<+26*c^-. b* + 2a«c®—c' 

V--= CP. 

But 4ab X CP is the area, that is. 
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If the sides of the triangle be large, then add the logs, of 
the half sum, and of the three remainders together, and half 
tlieir sum will be the log. of the area. 

Ex..l. To find the area of the triangle whose three sides 
area0„30, 40. 


20 

45 


45 

45 

30 

20 


30 

40 

40 

— 


— 

— 


,25 

1st rem. 

15 2d rem. 

5 3d rem 

2)90 

— 


— 

— 

• 45 half,sum 




Then 45 x 

25 X 

15 X 5 

= 84375, 



The root of which is a90’4707, the area. 

Ex. 2. Plow many square yards of plastering are in a 
triangle, whose sides are 00, 40, 50 feet ? Ans. 663-. 

Ex. 3. How many acres, &c. contains the triangle, whose 
sides are 2569, 4900, 5025 links.'’ 

Ans. 61 acres, 1 rood, 39 perches. 


I'EOBLKM III. 

To Jind the Area of a Trapezoid. 

Ai»d together the two parallel sides; then multiply their 
sum by the perpendicular breadth, or the distance between 
them; and take half the product for the area. Ey Geom. 
theor. 29 . ,. 


X CP = 


V 


-I-2A V— 


aa — bb—cc-\-2bc — aa-^bb-\-cc-\-%c. 

= ■/(-j-X- ^ -) (A) 


,fl+A+c —a+i + c a- 

= VC—n— X -rr-X 


2 


‘b+c a-p4—c 


==v^ {« X (^ — a) X (s — b) X (s — c) which is the rule, 
•whereas denotes half the sum of the three sides. 

The expression marked (A), if we put s = b + c, and d for 
b — Cfis equivalent to > (a'i — d^) {s^ — d^) [ ; which, in most 

cases, furnishfes-a more commodious rule for practice than rule 
III. here given; especially if the computer have a table of 
squares at hand, 
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Ex. 1. In a trapezoid, the parallel sides are 750 and 1235, 
and the perpendicular distance between them 1540 links: to 
find the area. 

1225 

750 

1975 X 770 = 152075 square links = 15 acr, 33 perc. 

Ex. 3. How many square feet arc contained in the plank, 
wfiosc length is 13 leet G inches, the breadtl^at the greater 
end 15 inche^ and at tlie less' end 11 inches ? 

Ans. 13|-| feet. 

Ex'. 3. In measuring along one side ab of a quadrangular 
field, that side, and tlie two perpendiculars let lull on it from 
the two opposite corners, measured as follow : required the 
content. 

Ap = 110 linkh 

AO = 715 
AB =1110 
CP = 352 
0 (j = 595 

Ans. 4’acres, 1 rood, 5-792 perches. 

rilOISLEM IV. 

ToJind the Area gfany^ Trapc.'::iiim. 

Divide the trapezium into two triangles by a diagonal; 
then find the areas of these triangles, and add them to- 

s, let fall two perpendiculars on the diagonal from 
the other two opjiositc angles; then add these two perpen¬ 
diculars together, and multiply that sum by the diagonal, 
taking half the product for the area of the trapezium. 

Ex. 1. To find the area of tlie trapezium, whose diagonal 
is 42, and the two perpendiculars on it 16 and 18. 

Here 16 + 18 = 34, its half is 17- 
Then 42 x 17 = 714 the area. 

Ex. 2 . IIow many square yards of paving jre in the tra¬ 
pezium, whose diagonal is 65 feet, and,.the two perpen¬ 
diculars let fall on it 28 and 33'- feet ? ^ Ans. 222 ,-' 3 : yaj'ds. 

3. In the quadrangular field’ABCD, on account of ob¬ 
structions there could only be taken the following measures, 
viz. the two sides bc 265 and ad 220 yardsf tlie diagonal 
AC 378, and the two distances of the perpendiculars from the 
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ends of the diagonal, namely, ae 100 , and cf 70 yards. 
Required the construction of the figure, and the area in 
acres, when 4810 square yards make an acre ? 

Ans. 17 acres, 2 roods, 21 perches. 


• rROBLEM V. 

To find the Area of an Irregular Poh/gon. 

Draw diagohals dividing the proposed polygon into tra¬ 
peziums and triangles. Then find the areas of' all tliesi? 
separately, aiid add them toget,licr for tlie content of the 
whole polygon. 

Example. To find the content of the irregular figure 
ABCDEFGA, ill which are given the follouing diagonals and 
perpendiculars; namely, 

AC 65 
FD 52 
GC 44 
GtnW 
an 18 
GO 12 
E/> 8 

j>q 23 

Ans. 1878}. 



PRORLEM VI. 

To find the Area of a Regular Polygon. 

Rule i. Multiply the perimeter of the polygon, or sum 
of its sides, by the perpendicular drawn from its centre on 
one of its sides, and take half the product for the area *. 

Ex. 1. To find the area of a regular pentagon, each side 
being 25 feet, and the perpendicular from the centre on each 
side 17*2047737. 

Here 25 x 5 = 125 is the perimeter. 

And 17^047737 x 125 -= 2150-5967125. 

Its half 1075*298356 is the area sought. 


* This is only in effect resolving tlie polygon into as many 
equal triangles as it has sides, by drawing lines from the centre 
to all tliwe angles; then finding their areas, and adding them all 
together. 
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Rule n. Square the side of the polygon; then multiply 
that square by the tabular area, or multiplier set against its 
name in the following table, and the product will be the 
area*. 


No. of 
Sides. 

Names. 

Areas, or 
Multipliers. 

• 

Radius of cir- 
cum. circle. 


• 

Trigon or triangle 

0*4330127 

^ 0-5773503 


Tetragon or square 

1 *0000000 

0-7071008 


Pentagon 

1*7201774 

0*8500508 

6 

Hexagon 

2-.^. 9 807 02 

i-ooooooo 

7 

Heptagon 

3*0339124 

1-1523821- 

8 

Octagon 

V8281271 

1-3065028 

9 

Nonagon 

<>•1818242 

1-4019022 

10 

Decagon 

7 •0942088 

1-0180340 

11 

Undecagon , 

9-3050399 

J-7747321- 

12 

Dodecagon 

11-1901 y> t 

1-9318517 


Exam. Taking here the same example iis before, namely, 
a pentagon, whose side is 25 feet. 

Then 25® being = 625, 

And the tabular area 1*7204774; 

Theref. 1*7204774 x 625 = 1675*298375, as before. 

Ex. 2. To find the area of the trlgon or equilateral tri¬ 
angle, whose side is 20. Ans. 173*20o0S. 

Ex. 3. To find the area of the hexagon whose side is 20. 

Ans. 1039'2301«. 

Ex. 4. To find the area of an octagon whose side is 20. 

Ans. 1931*37084. 

Ex. 5. To find the area of a decagon whose side is 20. 

Ans. 3077*68352. 

Note, If AB = 1, and n the number of sides of the poly¬ 
gon, then area of polygon = » times area of the triangle 
ABC = M AD . DC = n AD tan. CAD (to rad ad)%= tan. cad 


* This rule is founded on the property, that like polygons, 
being similar figures, are to one another as the sq.uares of tlieir 
like sides; which is proved in the Georn. thcorf89. Now, the 
rnultipliers in the table, are the areas of the i*espcctive polygons 
to the side 1. Whence the rule is manifest. 

D 2 
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= 4« cot. ACD = ^71 cot, 1 lie ra- 

'* * 11 

clius of the circumscribing circle, to side I, 

is evidently eiiual to i sec. cai>. IMulti- 

plying, therefore, the radius of the table by 

the numeral value of any pro])osed side, the 

product is the radius of a circle in which 

that polygon may be inscribed; and IVom 

readily lie constructed. 



PRORLEM vn. 

To find the Diameter and C'ircinnfcrcnee of'any Circle, the 

one from the other. 

This may be done nearly by either of' the four following 
proportions, 

viz. As 7 is to 22, so is tlie diaincfer to the circumference. 
Or, As ] is to 3 M lt), so is tlie di.iin. to the circumf. 

Or, As 113 to 355, so is the diain. to the circumf.'^ 

And, as 1 : 318301) ;; the circunil'. ; the diameter. 


^ For let AucD be any circle, v\husc centre 
is E, and let ab, re be an\ two equal arcs. 

Draw' the several chords as in the iigure, and 
join BE; also draw the diameter da, which 
produce to f, till bf be equal to the oJjord jjd. 

Then the two isosceles triangles oeb, dbf, 
are equiangular, because they have the angle 
at D common; consequently oe : on :: un ; j)k. 

But the two triangles afi$. dcu are identical, 
or equal in all respects, because they have the 
angle f = the angle aoc, being each cfiual to 
the angle adb, these being .subtended by the 
equal arcs ab, bc ; also the exterior angle fab of the quadrangle 
abcd, is equal to the opposite interior angle at c; and the two 
triangles have also the side bf = the side un; therefore the 
side AF is also equal to the side nr. Hence the proportion 
above, .viz. db :: db : df = r>A + af, becomes dk : db :: 

DB : 20 E 4- nc. Then, by taking the rectangles of the extremes 
and means, it is dR® = Sde® -}- be . dc. 

Now, if the radius de be taken = 1, this expression becomes 
1 >B* = 2 + JDC, and hence the root db =: ^2 4 - dc. That is, 
if the measure of the supplemental chord of any arc be increased 
by the number*2, the square root of the sura will be the supple¬ 
mental chord of half that arc. 

Now, to apply this to the calculation of the circumference of 
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Ex. 1. To iind the circumference of the circle whose dia¬ 
meter is 30. 

liy the first rule, as 7 : 32 :: 20 : , the answer. 

Ex. 2. If the circumference of the earth be 24877*4 miles 
what is its diameter ? 


the circle, let the arc ac be taken equal to J of the circum¬ 
ference, and be successively bisected by the; above theorem: 
Jims the chord ac of ~ of the circumference, is the-side of the 
inscribed regular hexagon, and is therefore equal to the radius 
AE or 1: hence, in the right-angled triangle a«d, it will be dc 

= v'AD'^ ~ AC- = = V'J = 1 -7320308076, the sup¬ 

plemental chord of 4 of the periphery. 

Then, by the foregoing theorem, by always bisecting the 
arcs, and adding 2 to the last square root, there will be found 
the supplemental chords of the 12th, the 24'th, the 48tb, the 
96th, <Src., parts of tlie periphery; thus, 


3-7320508076 = 1 •9318516525 ] 

1 

^ 1 - 

■J 3 

./3-9318516525 = 1-9828897227 i 

O 

2 “’t:: 

1 

2 4 

^3-9828897227 = J-9957178465 ! 

o ® 

1 

.I/3-9957l781(;r> = 1-99892917f3 i 


1 

V S' 

.v/3-9989291743 = 1-9997322757 ' 

f 

T'<7 T 

.^3-9997322757 = 1-9999330678 


TfT 

.^3-9999330(578 = 1-99998326(59 j 


1 

v/3-9999832(j69 =. J 

cS 1 

' . j 

'■ T5-iTs: J 




Since then it is found that 6 99‘)983266'9 is the square of the 
supplemental chord of the 1336th part of the periphery, let this 
number be taken from 4, which is the square of the diameter, 
and the remainder 0 0000167631 w ill he the square of the chord 
of the said J53Gth part of the periphery, and consequently the 
root .,/0-0(K)0] 67331 =0-004090()112 is the length of that chord; 
this number then being multiplied by 1536 gives 6 2831788 for 
the perimeter ol‘ a regular polygon of 1536 sides inscribed in the 
circle; which, as the sides of the polygon nearly coincide with 
the circumference of the circle, must also express the length of 
the circumference itself, very ncarl}'. 

, But now, to show how near this determination s r T 
is to the truth, let aqp =0'0040906112 represent 
one side of such a regular polygon of 1536 sicliig, I / 
and SRT a side of another similar polygon de- \ / 

scribed about the circle; and from jthe centre e \ / 

let the perpendicular equ be drawn, bisecting ap \ / 
and ST in q and u. Then since A(iis==4AP= \ / 
0’002()453056, and ea = 1, therefore ?= ea® W 
*7 aq® = •9999958167, and consequently its it)ot j; 
gives EQ 5= *9999979084; then because of the 
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By the 2d rule, as S'HIS : 1 :: 24877*4 : 7918*7 nearly 
the diameter. 

By the 3d rule, as 355: 113:: 24877*4 : 7918*7 nearly. 
By tlie 4th rule, as 1: *318309 :: 24877*4 : 7918*7 nearly. 


I'ROBLEM VIII. 

Tojhid'thc Lnigth any Arc of'a Circle. 

Mui.tiply die decimal *017453 by the degrees in the 
given arc, and *tliat product by the radius of the circle, i’or 
the length of the arc*. 

Ex. I. To find the length of an arc of 30 degrees, the 
radius being 9 feet. Ans. 4*7115. 

Ex. 2. To find the length’ of an arc of 12° ICK, or 12°^, 
the radius being 10 feet. Ans. 2*1231. 


parallels ap, st, it is eq : er . . ap : st ;; as the whole inscribed 
perimeter; to the circumscribed one, that is, as *9999979084 :1 
. 6 2831788 . 6*2831920 the perimeter of the circumscribed 
polygon. Now', the circumference of the circle being greater 
than the perimeter of the inner polygon, but less than that of the 
outer, it must consequently be greater than 6*2831788, 

* but less than 6*2831920, 

and must therefore be nearly equal to 4 their sum, or 6*2831854, 
which in fact is true to the last figure, which should be a 3, in¬ 
stead of the 4. 

Hence the circumference being 6*2831854 wdien the diameter 
is 2, it will be the half of that, or 3*1415927, wlien the diameter 
is 1, to w'hich the ratio in the rule, viz. 1 to 3*1416, is very near. 
Also the first ratio in the rule, 7 to 22 or 1 to 3y = 3*1428 &c. 
is another near approximation. But the third ratio, 113 to 
355, = 1 to 3*1415929, is the nearest. 

* It having been found, in the demonstration of the foregoing 
problem, that when the radius of a circle is 1, the length of the 
whole circumference is 6*2831854, which consists of360 degree's; 
therefore as 362° ‘ 6*2831854 ;; 1 “ : *017453, &c. the length of 
the arc of 1 degree. Hence the decimal *017453 multiplied by 
any number of degrees, will give the length of the arc of those 
degrees. And because tlic circumferences and arcs are in pro¬ 
portion as the diameters, or as the radii of the circles, therefore 
as the radius 1 is to any other radius r, so is the length of the 
arc above meationed, to *017453 X degrees in the arc X r, 
which is the length of that ai'c, as in the rule. 
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PROBLEM IX. 


Tojind tlie Area of a Circle*. 

Rule 1. Multiply half the circumference by half the 
diameter. Or multiply the whole circumference by the 
whole diameter, and take f of the product,* 

Rule ii. Square the diameter, and multiply that square 
by the decimal *7854, for the area. 

Rule iii.^ Square the circumference, and multiply that 
square by tlie decimal ■07958. 

Ex. 1. To find the area of a circle whose diameter is 10, 
and its circumference 31 •416. 

By Rule 1. By Rule 2. By Rule 3. 

31-4,16 -7854 31-416 

10 10*= 100 31-416 


4)31416 


78-54 


986-965 

•07958 


78-54 


So that the area is 78-54 by all the three rules. 

Ex. 2. To find the area of a circle, whose diameter is 7, 
and circumference 22. * Ans. 38|. 

Ex. 3. How many square yards are in a circle, whose 

diameter is 3| feet? Ans. 1*069. 

* » 

Ex. 4. To find the area of a circle, whose circumference 
is 12 feet. Ans. 11*4595. 


* The first rule is proved in the Geom. theor. 94. 

And the 2d and 3rd rules are deduced from the first rule, in 
this manner.-—By that rule, dc 4 is the area, when d denotes 
the diameter, and c the circumference. But, by prob. 7, c is = 
3’l^‘16d; therefore the said area dc -f. 4, becomes d x 3-1416d 
-f. 4 = -7854^% which gives the 2d rule.—Al^p by. the same 
prob. 7, d is = c -i- 3-1416; therefore again the same first area 
dc -j- 4, becomes c-f-3*1416 xc-f-4 = c’^-r 125664, which is 
= c* X '07958, by taking the reciprocal of 12*5664, or changing 
that divisor into the multiplier *07958; which gives the 3d rule. 

Coral. Hence the areas of different circles are in proportion to 
one another, as the square of their diameters or"as the squartf of 
their circumferences; as before proved in the Geom. theor. 9S. 
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PllOBLEM X. 

To find the Area of a. Circular Ring^ or of the Space iw- 
eluded between the Circumferences of two Circles; the one 
being contained within the other. 

Take the difference between the areas of the two circles, 
as found by the last problem, for the area of the ring.—Or, 
which is the same thing, subtract the square of the less dia¬ 
meter from the square of the greater, and multiply their dif¬ 
ference by *7854.—Or lastly, multiply tlic supi of the dia- 
nieters by the difference of the same, and that product by 
*7854; wliich'is still the same thing, because the jiroduct of 
the sum and difference of any two <juantities, is equal to the 
difference of their squares. 

Ex. 1. The diameters of two concentric circles being 10 
and C, required the area of tlie ring contained between their 
circumferences. 

Here 10 -f 0 = 10 the sum, and 10 — 0 = 4 the diff. 
Therefore -TSot x 10 x 4 *7851 x 04 = 5()*f2050, 

the area. 

Ex. 2. What is the area t)f the ring, llie diameters of 
whose Itounding circles are 10 and iiO P Ans. 


I'ROIU.F.M M. 

< 

To find the Area of the Sector if" a Circle. 

Rule i. IVIult ii'i.y the radium, or half the diameter, by 
lialf the arc of the sector, lor the area. Or, multiply the 
’whole diameter by the whole arc of the .sector, and take ^ 
of the product. The reason of which is the same as for the 
first rule to problem 9? for the whole circle. 

Rule ii. Compute the area of the whole circle: then say, 
as 360 is to the degrees in the arc of the sector, so is the 
area of the whole circle, to the area of the sector. 

This is evident, because the sector is proportional to the 
length of the arc, or to the degrees contained in it. • 

Ex. 1. To iind the area of a circular sector, vhose arc con¬ 
tains 18 degrees; the diameter being 3 feet. 

1. By the l.st Rule. 

First, 8*1416 x 8 = 9'4248, the circumference. 

•And 360 : 18 :: 9*4248 : *47124, the length of the arc. 
Then *47124 x 8 -j- 4 = 1 *41872 ~ 4 = •35348, the area. 
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2. By the 2(1 Rule. 

First, *7854 x 3' = 7'0686, tlic area of the whole circle. 
I’hcn, as 3(10 : 18 :: 7 0G86 : *35343, the area of the 
sect(jr. 

Ex. 2. To find the area of a sector, whose radius is 10, 
and arc 20. Ans. 100. 

Ex. 3. Required the area of a sector, whose radius is 25, 
a^id its arc containing 147° 29^ Ans. 804*3986. 

t 

FRODLEM XII. • 

Tojifid the Area of a Segment of a Circle. 

Hitle 1 . Find the area of tlic sector having the same arc 
with the segment, by the last problem. 

Find also the area of the triangle, formed by the chord of 
the segment and the two* radii of the sector. 

Then add these two together for the answer, when the 
segment is greater than a semicircle: or subtract them when 
it is less than a semicircle.—As is evident by inspection. 

Ex. 1. To find the area of the segment acbda, its chord 
Au being 12, and the radius ae or CE 10. 

First, As ae : sin. L » 90° :: ad ; sin. 

36° 52^ = 36*87 degrees, the degrees in the 
/. AEC or arc ac. Their double, 73*74, are 
the degrees in the whole arc Acn. 

Now *7854 X 400 = 314*16, tfie area of 
the whole circle. 

Therefore 360° : 73*74 314*16 : 64*3504, area of the 

* sector ACRE. 

Again, ae- ■— ad- = v/ 100 — 36 = V 64 = 8 = de. 

Theref. ad x de = 6 x 8 = 48, the area of the triangle 

AEB. 

Hence sector acbe — triangle aeb = 16*3504, area of 
seg. acbda. 

Rule ii. Multiply the square of the radius of the circle 
by either half the difference of the arc acb and sine (botli 
to the radius 1), or half the sum of the arc and its sine, ac¬ 
cording as the segment is less or greater than a semicircle; 
the product will be the area. 

1 he reason of this rule, also, is evident from an inspection 
of the diagram. , 

Exam, the ^nio as before, in which ab = 12, ae = 10} 
and from the former computation are acb = 73° 44y. 
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Then, by Hutton’s Mathematical Tables, pp. 340, &c, 
arc 73® 44'?, to radius 1 = 1'2870059 
sin. 73® 44'4, to radius 1 = ’9600010 


2) -3270069 
*1635034 

whence, *1635084 x 10" = 16*35034, the area of the seg¬ 
ment ; very nearly as before. ^ 

Ex. 2. What is the area of the segment, whose height is 
18, and diameter of the circle 50 ? Ans. 636*375. 

Ex. 3. Required the area of the segment whose chord is 
16, the diameter being 20? Ans. 44*728. 

PROBLEM xui. 

To measure long Irregular Figures. 

Take or measure the breadth at Ijoth ends, and at several 
places, at equal distances. Then add together all these in¬ 
termediate breadths and half the two extremes, which sum 
multiply by the length, and divide by the number of parts, 
for the area *. 


* This rule is made out as follows : 

—Let ABCD be the irregular piece; 
having the several breadths ad, ef, 

OH, IK, Bc, at the equal distances ae, 

EG, Gi, IB. Let the several breadths 
in order be denoted by the corre¬ 
sponding letters a, b, c, d, e, and the whole length ab by/; then 
compute the areas of the parts into which the figure is divided 
by the perpendiculars, as so many trapezoids, by prob. 3, and 
add them all together. Thus, the s.um of the parts is, 

a-f-6 A-j-c c-f-d d+e 

X AE+ X EO -h X GI + -a— X 



4 4 A 

i A • i ^ 


a+b 

T" 


X |/ + X + 


c-\~d 

T" 


X }/ +. 


d+f* 

“T" 


X }/ 


s= 4'A”|-C'|-d-}--3c) (w* -p A -f- c -f- d){/, 

which is the whole area, agreeing with the rule: m being tlie 
"ari&metical mean between the extremes, or half the sum of 
thm bc^, and 4 the number of the parts. And the same for 
any other number of parts whatever. ^ 
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Note. If the perpendiculars or breadths be not at equal 
distances, compute aU the parts separately, as so many trape¬ 
zoids, and adtl them all together for the whole area. 

Or else, add all the perpendicular breadths together, and 
divide their sum by the number of them for the mean 
breadth, to multiply by the length; which will give the 
whole iwrea, not far nrom the truth. 

Ex. 1. The breadths of an irregular figure, at five equi¬ 
distant places, being 8*2, 74, 9'2, 10% 8*6; and the whole 
lengtli39; required the area. 

S-2 3*52 sum. 

8-6 39 


2 ) 16 8 sum of the extremes. 3168 
84 mean of the extremes. 1056 


74 4 ) 1372'8 


9*2 343-2 Ans. 

10-2 - 

35*2 sum. 

2. The length of an irregular figure being 84, and the 
breadths at six equidistant places 17 4, 20*6,14-2,16*5, 20-1, 
24-4; what is the area ? * Ans. 1550’64. 


PROBLEM XIV. 

To Jind the Area of an Ellipsis or Oval, 

Multiply the longest diameter, or axis, by the shortest; 
then multiply the product by the decimal *7854, for the 
area. As appears from cor. 2, theor. 3, of the Ellipse, in 
the Conic Sections. 

Ex. 1. Required tlie area of an ellipse whose two axes 
arc 70 and 50. Ans. 2748*9. 

Ex. 2. To find the area of the oval whose t^o axes are 
24 and 18. Ans. 339*2928. 


PEOBLEM XV. 

To Jind the Area of an Elliptic Segment, 

Find the area of a corresponding circular segment, having 
the same height and the same vertical axis or diameter. Then 
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say, as the said vertical axis is to the other axis, parallel to 
the segment’s base, so is the area of the circular segment 
before found, to the area of the elliptic segment sought. 
This rule also comes from cor. 2, theor. 3, of the Illlipse. 

Ex. 1. To find the area of the elliptic segment, whose 
height is 20, the vertical axis being 70, ana the parallel 
axis 50. Ans. C48'13. 

Ex. 2. Rc(j^uircd the area of an elliptic segment, cut ofl' 
parallel to the shorter axis; the height being 10, and the 
two axes 25 and 35. ' Ans. 162*03. 

Ex. 3. I’b find the area of the elliptic segment, cut ofl' 
parallel to the longer axis; the height being 5, and the axes 
25 and 35. Ans. 97*81-25. 


PliOIU.KM XVI. 

To find the Area of a Parabola^ or its Segment. 

Multiply the base by the perpendicular height; then 
take two-thirds of the product lor the area. As is proved 
in theorem 17 of the Parabola, in the Conic Sections. 

Ex. 1. To find the area of a })arabola; the height being 2, 
and the base 12. 

Here 2x12 = 24. Then y of 24 == 16, is the area. 

Ex. 2. Required the area of the parabola, w hose height is 
10, and its base 16. Ans. 106j. 


MENSURATION OE SOLIDS. 

By tl»e Mensuration of Solids arc determined the sjiaees 
included by contiguous surfaces; and the sum of tlie mea¬ 
sures of these including surfaces is the whole surface or 
superficies of the body. 

The mo%Rure of a solid, is called its solidity, cajiacity, or 
content. 

Solids are measured by cubes, whose sides arc inches, or 
feet, or yards, &c. And hence the solidity of a body is said 
to be so many cubic inches, feet, yards, &c. as will fill its 
' capacity or gjiace, or another of an equal magnitude. 

The least solid measure is the cubic inch, other cubes 
being taken from it according to the proportiop in the fol- 
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lowing table, wliicti is formed by cubing the linear pro- 
jK)r lions. 


Table of Cubic or Solid Measures. 


17^8 cubic indies make 
27 cubic feet 
1()6 cubic yards 
C4()()0 cubic polos 
512 cijiic furlongs 


1 cubic foot 
1 cubic yard 
1 cubic pole 
1 cubic furloifg 
1 cubic mile. 


i*iiobli:m I. 

To Jiml the Saperjicies of a Prism or Cylinder. 

MiiLTirr.Y the perimeter of one end of the prism by the 
length or height of the solid, and the product will be the 
surface of all its sides. To which add also the area of the 
tw'o ends of the prism, when required 

Or, compute the areas of all the sides and ends separately, 
and add them all together. 

Ex. 1. To find the surface of a cube, the length of each 
side being 20 feet. Ans. 2400 feet. 

Ex. 2. To find the whole surfaco of a triangular prism, 
whose length is 20 feet, and each side of its end or base 18 
inches. Ans. 91-918 feet. 

Ex. 8. To find the convex surface of a round prism, or 
cylinder, whose length is 20 feet, and the diameter of its 
base is 2 feet. Ans. 125'()G4. 

Ex. 4. What must be paid for lining a rectangular cistern 
with lead, at Gd. a pound weight, the thickness of the lead 
being such as to weigh 71b. for each S(|uai-e foot of surface; 
the inside dimensions of the cistern being as follow, viz. the 
length 8 feet 2 inches, the breadth 2 feet 8 inches, and depth 
2 feet 6 inches ? Ans. 3/. 5^. 91^/. 


fhe truth of this will easily appear, by considering that the 
sides of any prism are parallelograms, whose common length is 
the same as the length of the solid, and their breadths taken all 
together make up the perimeter of the ends of the same. 

And the rule is evidently the same for the surface of a 
cylinder. 
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PROBLEM II. 

To Jind the Surface of a Pyramid or Cone. 

Multiply the perimeter of the base by the slant height, 
or length of the side, and half the product will evidently be 
the surface of the sides, or the sum of the areas of all the 
triangles which form it. To which add the area of the end 
or base, if requisite. 

Ex. 1. What is the upright surface of a triangular pyra¬ 
mid, the slant height being 20 feet, and each side of the 
base 3 feet ? Ans. 90 feet. 

Ex. 2. Required tlie convex surface of a cone, or circular 
pyramid, the slant height being 50 feet, and the diameter of 
its base 8- feet. A us. 667 59. 


problem III. 

To Jind the Surface of the Frustum of'a Pyramid or Concy 
being the lower part, when the top is cut off' by a plane 
parallel to the base. 

Add together the perimeters of the two ends, and multi¬ 
ply their sum by the slant height, taking half the proiluct 
for the answer.—As is evident, because the sides of the solid 
are trapezoids, having the opposite sides parallel. 

Ex. 1. How many square feet are in the surface of the 
frustum of a square pyramid, whose slant height is 10 feet; 
also each side of the base or greater end being 3 feet 4 inches, 
and each side of the less end 2 feet 2 inches ? Ans. 110 feet. 

Ex. 2. To find the convex surface of the frustum of a 
cone, the slant height of the frustum being \2~ feet, and 
the circumferences of the two ends 6 and 8*4 feet. 

Ans. 90 feet. 


PROBLEM IV. 

To Jindjthe Solid Content of any Prism or Cylinder. 

Fjnd the area of the base, or end, whatever the figure 
of it may be; and multiply it by the length of the prism or 
cylinder, for the solid content 


* This rule appears from the Geom. theor. 110, cor. 2. The 
same is more particularly shown as follows: Let'^hc annexed 
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Note. For a cube, take the cube of its side by multiplying 
this twice by itself; and for a parallelopipedon, multiply the 
length, breadth, and depth all together, for the content. 

Ex. 1. To find the solid content of a cube, whose side is 
24 inches. Ans. 13824. 

Ex. 2. How many cubic feet are in a block of marble, its 
lepgth being 3 feet 2 inches, breadth 2 feet, 8 inches, and 
thickness 2 feet 6 inches ? Ans. 21^. 

Ex. 3. How many gallons of water will thtf cistern con¬ 
tain, whose dimeifsions are the same as in the last example, 
when 282 cubic inches are contained in one gallon ? 

Ans. 129^-?-. 

Ex. 4. Required the solidity of a triangular prism, whose 
length is 10 feet, and the three sides of its triangular end or 
base are 3, 4, 5 feet. Ans. 60. 

Ex. 5. Required the content of a round pillar, or cylinder, 
whose length is 20 feet, and circumference 5 feet 6 inches. 

Ans. 48*1459 feet. 


rectangular parallelopipedon be the 
solid to be measured, and the cube 
(' the solid measuring unit,* its side 
being 1 inch, or 1 foot, &c.; also, let 
the length and breadth of the base 
ABCD, and also the height ah, be 
each divided into spaces equal to the 
length of the base of the cube p, 
namely, here 3 in the length and 2 
in the breadth, making 3 times 2 or 
6 squares in the base ac, each eqial 
to the base of the cube p. Hence it 
is manifest that the parallelopipedon will contain tlj^ cube p, as 
many times as the base ac contains the base of the cube, re¬ 
peated as often as the height ah contains the height of the 
cube. That is, the content of any parallelopipedon is found, by 
multiplying the area of the base by the altitude of that solid. 

And because all prisms and cylinders are equal to parallelo- 
pipedons of equal bases and altitudes, by Geora.lheor. 108, it 
follows that the rule is general for all such solids, whatever the 
figure of the base may be. 
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PROBLEM V, 

» 

To fitul the Content of any Pyramid or Cone. 

Find the area of the base, and multiply that area by the 
perpendicular height; then take of the product for the 
content *. ■' 

Ex. 1. RequircKl the solidity of a square ]f)yraniid, each 
side of its bdbe being 30, and its perpendicular height 25. 

• Ans. 7500. 

Ex. 2. To find the content of a triangular pyramid, whose 
perpendicular height is 30, and each side of the base 3. 

Ans. 38 971143. 

Ex. 3. To find the content of a triangular pyramid, its 
height being 14 feet 0 inches, and the three sides of its base 

5, 6, 7 feet. Ans. 71 0352. 

• 

Ex. 4. What is the content of a pentagonal pyramid, its 
heightjbeing 12 feet, and each side of its base 2 fect ^ 

Ans. 27*527(>. 

Ex. 5. What is the content of the hexagonal pyramid, 
whose height is 6-4 feet, and each side of its base u inches ? 

Ans. 1'38564 feet. 

Ex. 6. Required the content of a cone, its height being 
10-*- feet, and the circumference t)f its base 9 feet. 

Ans. 22*56093. 


PROBLEM VI. 

To find the Solidity of a Frustum of a Cone or Pyramid. 

• 

Add into one sum, the areas of the two ends, and the 
mean projjprtjonal between them: and take of that sum 
for a mean area; which being multiplied by the perpen-’ 


• This rule follows from that of the prism, because aiw py¬ 
ramid is 4 of a prism of equal base ahd altitude; by Geom. 
theor. 115, cor. 1 and 2. ^ 
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dicuUtr height, or length of the frustum, will give its 
content •. 

This genwal ruje iiiAy be otherwise expressed, as 
follows, when the ends gf the frustum arc circles or regular 
polygons. In this latter case, square one side of each poly¬ 
gon, and also multiply the one side by the oilier; acid all 
thesg three products together; then multiply their sum by 
the tabular area proper to the ]>olygon, and take one-third of 
the produet for tlic mean area, to be multijilied^hy the length, 
to give the solid content. And in tiie case of the frustum 
of a cone, the'ends being circles, stjuare the diameter or the 
circumference of each end, and also multiply ^he same two 
dimensions tfigether; then take the sum of the tlirec pro¬ 
ducts, and multiply it by the proper tabular number, viz. by 
‘7854 when the diameters are used, or by *07958 in using 
the circumferences; then taking one-third of the product, 
to multiply by the length, for tlic content. 


!' cjiL' \ 

/ / r\i'\ 
/>!-\ 


* Let ARC’D be any pyramid, of which rcdcifp. 
is a frustum. And put r/-' for the area of the 
base RCD, A® the area of the top fk;, k the 
height in of the frustum, and clhe heiglit ai of 
the to{) part above it. 'I'hen e -j- // =;; ah it. tlie 
height of the whole [lyrannd. 

ilence, by the last prob. -|-^^) is the 

content of the wlmle pyramid arc d, and ]/j'r 
the content of the top part ai fg; ihereforc the 
difference fa-(c + /t) — is the content of the frustum 
BCDGFE. But the quantity c being no dimension of the frus¬ 
tum, it must be expelled from this formula, by substituting its 
value, found in the following manner. By Geom. theor.*ll2i 
n’ : A* : : (c -f 4)® : c2, or ff : i : : c -f- A : r, hence (Geom. th. 
69) a — b : b : : h : c, and a b : a 

r. bh . . ah 

tore c =-and r -f a =- - ; 

0—0 0—0 


h . c + h \ hence there. 
then these values of c and 


r 4* ^ being substituted for them in the expression for the 
content of the frustum gives that content 

, o oh , bh , a® —V , 

= X -- r = ih X - 7- =3 Ih X (o^-f ab + b*) ; 

a —0 0—0 a —0 

which is the rule above given; ab being the mean between 
fl® and 6*. 

Note. If D, d, be the corresponding linear dimensions of the 
ends, S their difference, m the appropriate multiplier, h the 
heigfit of the frustum, then is the content = infh{3vd -f 5); 
which a convenient practical expression. 

VOI.. II. K 
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MENStllATIOh 


Ex. 1. To find the number of solid feet in a piece of 
timber, whose bases are squares, eac!i side of the greater 
end being 15 inches, and each side of,the less end 6 inches; 
also, the length or tlie perpendicular alliiude 24 feet. 

Ans. 19^. 

Ex. a. Required the content of a pentagonal frustum, 
whose height is 5 feet, each side of the base 18 inches; and 
each'side of the top or less end 6 inches. Ans. 9‘dl925 feet. 

Ex. 3. To fhid the content of a conic frustum, the alti¬ 
tude being 18, the greatest diameter 8, and ,the least dia¬ 
meter 4. * Ans. 527*7888. 

Ex. 4. What is tiie .sedidity of tlic frustum of a cone, the 
altitude being 25, al.so tlie circuntrereiuo at the greater end 
being 20, and at the less end 10 i Ans. 404*214). 

Ex. 5. If a cask, whicli is two equal conic frustum.s joined 
together at the bases, have its bung diameter 28 inehes, the 
head diameter 20 inehes, and length 40 inches; how many 
gallons of wine will it hold? Ans. 790613. 


I'HOBl.E.U VII. 

To Jiml the Surface of a Sphere, or any Segment. 

Ruli^ I. the circumference of the sphere 

by its diameter, and tliQ product will he the whole surface 
of it *. ^ 


* These rules come from the following theorem.s for the sur¬ 
face of a sphere, viz. That the said surface is equal to the curve 
surface of its circumscribing cylinder; or that it is equal to !• 
great circles of the same sphere, or of the same d/ameter; which 
are tlius proved. 

Let ABC!) he a cylinder, circumscribing 
the sphere efgii ; tlie former generated 
by the rotation of the rectangle rjuui 
about the axi.s or diameter rii; and the 
latter by the rotation of the semi<'ircle 
FGii about titt same diameter fii. Draw 
two lines kl, mn, perpendicular to the 
axis, intercepting the parts lk, op, of the 
cylinder and sphere ; then will the ring 
or cyllndric surface generated by the rofa- 
tion of LN, be^equal to the ring or spherical surface generated 
by the arc op. For, first, suppose the parallels kl and mn to 
be indefinitely near together; drawing lo, and also oq parallel 
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Rule ii. Smiare tlie diameter and multiply that square 
by 3-1416, for the surface. 

Rule hi. Square the circumference;-then either mul¬ 
tiply that square by the decimal -3183, or divide it by 3-1416, 
for the surface. 

Note. For the surHice of a segment or frustum, multiply 
the whole circumference of the sphere by the height of the 
part required. 

Ex. 1. Required the convex superficies of a’spherc, whose 
diameter is 7,<ind circumference 22. Ans. 154. 

Ex. 2. Required the superficies of a globe, wiTose diameter 
is 24 ijiches. Ans. 1809*5616. 

Ex. 3. Required the area of the whole surface of the 
earth, its diameter being 7957|^ miles, and its circumference 
25000 miles. Ans. 198943750 sq. miles. 

Ex. '1'. The axis of a sphere being 42 inches, what is the 
convex superficies of the segment whose height is 9 inches ? 

. . Ans. 1187-5248 inches. 

Ex. 5. Required the convex surface of a spherical zone, 
whose breadth or height is 2 feet, and cut from a sphere of 
12^. feet diameter. Ans. 78 54 feet? 


to LN. Then the two triangles iko, oqp, being equiangular, it 
is, as OP : ooor r,x : : lo or kl ; ko : ; circLunfcrence described 
by Ki. : circumf. described by ko ; therefore the rectangle op X 
cireumf. of ko is equal to the rectangle ln x circumf. of kl ; 
that is, the ringxlescribed by op on the sphere, is equal to the 
ring described by ln on the cylinder. 

And as this is every where the case, therefore the sums of any 
corresponding number of these are also equal; that is, the whole 
surface of the sphere, described by the w hole semicircle fgh. Is 
equal to the whole curve surface of the cylinder, described by 
the height nc; as well as the surface of any segment described 
by Fo‘, equal to the surface of the corresponding segment de¬ 
scribed by BL. 

Carol, i. Hence the surface of the sphere is cquul to 4 of its 
great circles, or e(|unl to t)»e circumference efgii, or of DC, 
multiplied by the height bc, or by the diameter fh. 

Coral. 2. Hence also, the surface of any such part as a seg¬ 
ment or frustum, or zone, is equal to the same circumference of 
the sphere, multiplied by the height of the saifi part. And 
consequently such spherical curve surfaces are to one another 
in the same proportion as their altitudes. 

■K Q 

111 
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MENSURATIOX 


PROBLEM VIII. 

To Jitid the Soliditi^ ^a Sphere or Globe, 

Rule i. Multiply tlie^ surface by the diameter, and take-J 
of the product for the content*. Or, which is the same 
thing, multiply the square of the diameter by the circum¬ 
ference, and take ^ of the product. 

Rule ii. Take the cube of the diameter, and multiply*it 
by the decimal *5236, for the content. 

Rule hi. t Cube the circumference, and multiply by 
•01688. 

Ex. 1. To find the solid content of the globe of the earth, 
supposing its circumference to be 25000 miles. 

Ans. 263750000000 miles. 

Ex. 2. Supposing that a cubic inch of cast iron weighs 
•269 of a lb. averd. what is the weight of an iron ball of 
5*04 inches diameter ? 


PROBLEM IX. 

To find the Solid Content of a Spherical Segment. 

-f- Rule i. From 3 times the diameter of the sphere 

* For, put d = the cliafneter, c — the circumference, and s z= 
the surface of the sphere, or of its circumscribing cylinder also, 
a = the number ii i41C. 

Then, is = the base of the cylinder, or one great circle of 
the sphere; and d is the height of the cylinder; therefore ^ds i.s 
the content of the cylinder. But 4 of the cylinder is the sphere, 
by th. 117, Geom. that is, of \ds, or {ds is the sphere; which 
is the first rule. 

Again, because the surface a is = ad '^; therefore ^ds — \ad'^ 
= -5236^% is the content, as in the 2d rule. Also, d being 
=: e -h a, therefore ^ad^ = -j- a* = '01688, the 3d rule for 

the content. 

t By corol. 3, of theor. 117, Geom. it 
appears that the spheric segment pfn, is 
equal to the^ilFerence between the cylin¬ 
der ABLo, and the conic frustum /vb.mq. 

But, putting c? = AB or fh the diameter 
of the sphere or cylinder, A=fk the height 
of the segment, r = pk the radius of its 
base, and a=i31416; then the content of 
the cone abi is = X Jfi = 
and by the similal* cones abi, qmi, at 
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take double the height of the segment; then multiply the 
remainder by the square of the height, and the procfuct by 
the decimal -5236, for the content. 

♦ 

Rule ii. To 3 times the square of the radius of the 
segment’s base, add the square of its height; then multiply 
the sum by the height, and the product by *5236, for the 
content. 

Ex. 1. To find the content of a spherical* segment, of 2 
feet in height,,cut from a sphere of 8 feet diameter. 

Ans. 41*888. 

Ex. 2. What is the solidity of the segment of a sphere, 
its height Ijeing 9, and the diameter of its base 20 ? 

Ans. 1795*4244. 


Note. The general rules for measuring the most useful 
figures having been now delivered, we may proceed to apply 
them to the several practical uses in life, as follows. 


FI'* : Ki^ ; : : VW’ X ( —, . - [ f = the cone qwi j 

•g-a 

therefore the cone abi •— the cone qmi = x 

(' " Vr Y ~ — \adh* + irr/i* is = the conic frustum abmq. 

'id ^ 

And ~ad^h is = the cylinder ablo. 

Tlien the diflerence of these two is ^adh'^ — = \ah^ X 

(3d — 2/<), for the spheric segment pfn; \vhich is the first rule. 
Again, because = fk x kh (cor. to theor, 87, Geom.) 

or r* = h{d — 4), therefore d = — -f- 4, and ‘6d ^ 2h =i 

h • 



li 


; which being substituted in the former 


3r^ A. • 

rule, it becomes -^04^ X -r— = -fa4 x (3r^ -f 4®), which 

h 

0 

is the 2d rule. 

Note. By subtracting a segment from a half sphere, or from 
another segment, the content of any frustum or zone may be 
found. • 
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SECTION I. 

DESCRIPTION AND USE OF THE INSTRUMENTS. 

1. OF THE CHAIN. 

Land is measured with a chain, called Gunter's Chaili, 
from its inventor, the length of whicli is 4 ])oles, or 22 yards, 
or 66 feet. Jt consists of 100 equal links; and the length 
of each link is therefore of a yard, or of a fool, tir 
7*92 inches. 

Land is estimated in acres, roods, and perches. An acre 
is equal to 10 square chains, or as much as 10 chains in length 
and 1 chain in breadth. Or, in yards, it is 220 x 22 := 4840 
square yards. Or, in poles, it is 40 x 4 = 160 square poles. 
Or, in links, it is 1000 x 100 = 100000 square links : these 
being all the same quantity. 

Also, an acre is divided into 4 parts called roods, and a 
rood into 40 parts called perches, which are square poles, or 
the square of a pole of 5 ^ yards long, or the square of \ of a 
chain, or of 25 finks, which is 625 square links. So that the 
divisions of land measure will be thus: 

625 sq. links = 1 pole or perch 
40 perches = 1 rood 
4 roods — 1 acre. 

The lengths of lines, measured with a chain, arc best set 
down in links as integers, every chain in length being 100 
links; and not in chains and decimal's. Therefore, aflter the 
content is found, it will be in square links ; then cut off five 
of the figures on the right hand for decimals, and the rest 
will be acres. These decimals are then multiplied by 4 for 
roods, and the decimals of these again by 40 for }jerches. 

Exam. Suppose the length of a rectangular piece of ground 
be 792 links, and its breadth 385; to find the area in ncre.s, 
roods, and perches. 

792 3-04920 

•-385 4 


^ 3960 -19680 
6336 40 
2376 - 


- 7-87200 

3-04920 -- 

Ans. 3 acres, 0 roods, 7 perches. 
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2. OF THE PLAIN TABLE- 

This instruniont,consists of a plain rectanj^ular board, of 
any convcjiient size: the centre of'.wliicii, when used, is fixed 
by means of Screws to a three-lej^p^^eJ stand, liaviiiir a ball 
and socket, or otluT joint, at the top, by means of which, 
v\hen the le^s are llxetl on the ground, t!ie table is inclined 
in any direction. 

• To the table belong \arious )>arts, as follow. 

1. A frame of wood, made to lit round its edges, and to 
be taken oir,*for the convenience ol‘putting a sheet of paper 
on the table. One side of this frame is usually divided into 
equal parts, for drawing lines across the table, parallel or 
perpendicular to the sides; and the other side of the frame 
IS divided into 360 degrees, to a centre in the middle of the 
table; by means of which the table may be used as a theo¬ 
dolite, &c. 

2. A magnetic needle anti compass, either screwed into the 
sid c oj the table, or fixed beneath its centre, to point out the 
tlirections, and to he a check on the sights. 

3. An index, which is a brass two-foot scale, with either 
a small telescope, or open sights set perpendicularly on the 
ends. I'licse sights and one edge of th.e index are in the same 
plane, and that is called the fiducial edge of the index. 

To use this instrument, take a sheet of paper which will 
cover it, and wet it to make it expand ; then spread it flat on 
the table, pressing down the frame on the edges, to stretch 
it and keep it fixed there; and when the pajier is become 
dry, it will, by contracting again, stretch itself smooth and 
flat from any cramps and unevenness. On this paper is to 
be draw'n the plan or form of the thing measured. 

T'hus, begin at any proper part of the ground, and make 
a |M)int on a convenient part of' the ])aper or table, to repre¬ 
sent that place on the ground; then fix in that point one 
leg of the comjiasses, or a fine steel {)in, and apply to it the 
fiducial edge of the index, moving ft rountl till through the 
sights you ])erceive some roinarkahle object, as the corner of 
a field, &.C.; and from the station-point draw a line with the 
point of the compasses along the fiducial edge index, 

which is called setting or taking the object: then set another 
object or corner, and draw its line ; do the same by another; 
and so on, till as many objects are taken as may be thought 
fit. Then measure from the station towards as many of the 
objects as may be necessary, but not moi^e, tal;^ing th^* requi¬ 
site offsets to corners or crooks in the hedges, laying the 
measures down on their respective lines on the table. Then 
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at any convenient place measured to, fix the table in the 
same position, and set tlie objects which appear from that 
place; and so on, as before. And thus continue till the 
work is finished, measuring such lines only as are necessary, 
and determining as many as ma}'^ be by intersecting lines of 
direction drawn from different stations. 

Of sltiflhig the Paper on the Plain Table. 

When one paper is full, and there is occasion for more, 

' draw a line in any manner through the farthest point of the 
last station line, to which the work can be convenientlv laid 
doWh; then /ake the sheet off' the table, and fix another 
on, drawing a line over it, in a part the most convenient for 
the rest of the work; then fold or cut the old sheet by the 
line drawn on it, applying the edge to the line on the ne\v 
sheet, and, as they lie in that position, continue the Last sta¬ 
tion line on the new paper, placing on it the rest of the 
measure, loginning at where the old sheet left off. And so 
on from sheet to sheet. 

When the w’ork is done, and you would fasten all the 
sheets together into one piece, or rough plan, the aforesaid 
lines are to be accurately joined together, in the same man¬ 
ner as when the lines were transferred from the old .sheets 
to the new ones. But it is to be noted, that if the said join¬ 
ing lines, on the old and new sheets, have not the same in¬ 
clination to the side of the tabic, the needle will not point to 
the original degree when the table is rectified; and if the 
needle be required to respect still the same degree of the 
compass, the easiest way of drawing the line in the same 
position, is to draw them both ]>arallel to the same sides of 
the table, by means of -the equal divisions marked on the 
other two sides. 

3. OF THE THEOIJOLIIE. 

The theodolite is a brazen circular ring, divided into 860 
degrees, &c. and having an index with sights, or a telescope, 
placed on the centre, about which the index is moveable; 
also a compass fixed to the centre, to point out courses and 
check the sights; the whole being fixed by the centre on a 
stand of a convenient height for u.se. 

In using this instrument, an exact account, or field-book, 
of all measures and things necessary to be remarked in the ’ 
plan, must be kept, from which to make out the plan on re¬ 
turning home from the ground. 

Begin at suph piirt of the ground, and measure in such 
directions as are judged most convenient; taking angles or 
directions to ol^ects, and measuring such distances as appw 
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neoessary, under the same restrictions as in the use of the 
plain table. And it is safest to fix the theodolite in the ori¬ 
ginal position at every station, by means of fore and bac^ 
objects, and the compass, exactly as in using the plain table; 
registering the number of degrees cut off by the index when 
directed to each object; and, at any station, placing the 
index at the same degree as when the direction towards that 
station was taken from the last preceding one, to fix the 
theodolite there in tlie original position. , 

The best method of laying down the aforesaid lines oi 
direction, is to describe a pretty large circle; then quarteir it, 
and lay on it the several numbers of degrees iut off by the 
index in each direction, and drawing lines from the centre to 
all these marked points in the circle. Then, by means of a 
parallel ruler, draw from station to station, lines parallel to 
the aforesaid lines drawn from the centre to the respective 
points in the circumference. 

4. OP' THE CKOSS. 

The cross consists of two pair of sights set at right angles 
to each other, on a staff having a sharp point at the bottom, 
to fix in the ground. 

The cross is very useful to measure small and crooked 
nieces of ground. The method is, to measure a base or chief 
line, usually in the longest direction of the piece, from corner 
to corner; and while measuring it, finding the places where 
jierpcndiculars would fiill on this line, from the several cor¬ 
ners and bends in the boundary of the piece, with the cross, 
hy fixing it, by trials, on such parts of the line, as that 
through one pair of the sights both ends of the line may 
ajipear, and through the other pair the corresponding bends 
or corners; and then measuring the lengths of the said per¬ 
pendiculars. 

BEMAEKS. 

Besides the fore-mentioned instruments, which are most 
commonly used, there are some others; as. 

The perambulator, used for measuring roads, and other 
great distances, level ground, and by the sides of rivers. It 
has a wlieel of 84 feet, or half a pole, in circutaference, by 
the turning of which the machine goes forward: and the 
distance measured is pointed out by an index, which is moved 
round by clock-work. 

Levels, with telescopic or other sights, are used to find the 
level between place and place, or how much one place 
is higher or lower than another. And in measuring mw 
sloping or oblique line, either ascending or descending, a snuul 
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pocket level is useful for showinff how many links for each 
chain are to be deducted^ to reo^uce the line to the hori- 
zontal'length. 

An offset-staff is a very useful instrument, for measuring 
the offsets and other short disUinces.’ It. is 10 links in length, 
being divided and marked at each of the 10 links. 

Ten small arrows, or rods of iron or wood, are used to 
mark the end of every chain length, in measuring lines. 
And sometimes pickets, or staves with flags, are set up as 
marks or objects of direction. ^ 

Various scales are also used in protracting and measuring 
on the plan or paper; such as plane scales, line of chords, 
protractor, compasses, reducing scale, parallel and perjHMi- 
dicular rules, &c. Of plane scales, there should be several 
sizes, as a chain in 1 inch, a cliain in I of an inch, a chain 
in Y an inch, &c. And of these, the best for use are those 
that are laid on the very edges of the ivory scale, to mark off* 
distances, without compasses. 

SECTION II. 

THE PRACTICE OF SURVEYING. 

This part contains the several works proper to be done in 
the field, or the ways of measuring by all the instruments, 
and in all situations. 


TKOBLEM I. 

To Meamre a Line or Distance. 

To measure a line on the ground with the chain : Having 
provided a chain, with 10 small arrows, or rods, to fix one 
into the ground, as a mark, at the end of every chain; two 
persons take hold of the chain, one at each end of it; and 
all the 10 arrows are taken by one of them, who goes fore¬ 
most, and is called the leader; the other being called the 
follower, for distinction’s sake. 

A picket, or station-staff*, being set up in the direction of 
the line to hz measured, if there do not appear some marks 
naturally in that direction, they measure straight towards it, 
the leader fixing down an arrow at the end of every chain, 
which the follower always takes up, as he comes at it, till 
aU the ten arrows are usm. They are then all returned to 
the leader, tl) use^^over again. And thus the arrows are 
changed feom the one to the other at every 10 chains length, 
till the whole line is finished; then the number of changes 
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of the arrows shows the number of tens, to which the fob 
lower adds the arrows he holds in his hand, and the number 
of links of another 'chain over to the mark or end of the 
line. So, if there have been 3 changes of the arrows, and 
the follower hold 6 arrows, and the end of the line cut off 
45 links more, the whole length of the line is set down in 
links thus, 3645. 

When the ground is not level, but either ascending or de¬ 
scending ; at every chain length, lay the offsot-staff, or link- 
staff, down ir^ the slope of the chain, on which lay the small 
pocket level, to show how many links or parts^the slope line 
IS longer than the true level one ? then draw the chain for¬ 
ward so many links or ^rts, which reduces the line to the 
horizontal direction. 


raoBLEM II. 


To take Angles and Bearings. 


Let u and c be two objects, or two 
pickets set up perpendicular; and let it 
DC required to take their bearings, or 
the angles formed between them at any 
station a. 



1. With the Flahi Table. 

The table being covered with a paper, and fixed on its 
stand; plant it at the station a, and fix a fine pin, or a foot 
of the compasses, in a proper point of the paper, to repre¬ 
sent the place a : Close by the side of this pin lay the fiducial 
edge of the index, and turn it about, still touching the pin, 
till one olnect b can be seen through the sights: then by the 
fiducial edge of the index draw a hue. In the same manner 
draw another line in the direction of the other object c. 
And it is done. 


2. With the Theodolites ^c. 

Direct the fixed sights along one of the lines, as ab, by 
turning the instrument about till the mark b is seen through 
tliese sights; and there screw the instrument fast. Then 
turn the moveable index round, till through its sights the 
other mark c is seen. Then the degrees cu* by the index, 
on the graduated limb or ring of the instrument, show the 
quantity of the angle. 
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3. With the Ma,gnctic Needle and Compass* 

Turn the instrument or compass so, that the north end 
of the needle point to the flower-de-luce. Tlien direct the 
sights to one mark as b, and note the degrees cut by tlie 
needle. Next direct the sights to the other mark c, and 
note again the degrees cut by the needle. Then their sum 
or difference, as the case may be, will give the quantity of 
the angle bac.^ 

4. By Measurement with the Ckahiy^Sjc. 

Measure one chain length, or any other length, along 
both directions, as to b and c. T^n measure the distance 
be, and it is done.—This is casil^ransferred to paper, by 
making a triangle Abe with these three lengths, and then 
measuring the angle a. 


PKOBLEM III. 


To Survey a Triangular Field abc. 
1. By the Chain. 



AP 794 

AB 1321 

PC 826 


Having set up marks at the corners, which is to be done 
in all cases where there are not marks naturally; measure 
with the chain from a to p, where a perpendicular would 
fall from the angle c, and set up a mark at p, noting down 
the distance ap. Then complete the distance ab, by mea¬ 
suring from p to B. Having set down this measure, return 
to p, and measure the perpendicular pc. And thus, having 
the base and perpendicular, the area from them is easily 
found. Or having the place p of the perpendicular, the 
triangle is easily constructed. 

Or, measure all the three sides with the chain, and note 
them down. From which the content is easily found, or the 
figure is conaferucted. 


i 2. By taking some of the Angles* 

Measure two sides ab, ac, and the angle a between them. 
Or m^ure one side ab, and the two a^acent angles a and 
B. From dlthhr of thei^ ways the figure is easily planned; 
then by measuring the perpendicular cp on the ^n, and 
multiplying it by half ab, the content is found, ^ 
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PROBLEM XV. 


To Measure a Four-sided Field. 


'1. By the Cham, 

AE 214 210 DE 
af362 306 bf 
AC 592 



D 


Measure along one of the diagonals, as a(? ; and either 
the two perpendiculars de, nr, as in the last problem; or 
else the sides ab, bc, cn, da. From either of which the 
figure may be planned and computed as before directed. 

Otherwise^ hy the Chain. 


AP 110 352 rc 
Au 745 595 (ID 
AB 1110 



aTP u 4. 


Measure, on the longest side, the distances ap, aq, ab ; 
and the perpendiculars pc, qd. 


2. By taking some of the Angles. 

Measure the diagonal ac (see the last fig. but one), and 
the angles cab, cad, acb, acd. —Or measure the four sides, 
and any one of the angles, as bad. 


Thus. 
AC 591 
cab 37«2(y 
CAD 41 15 
acb 72 25 
acd 54 40 


Or thus. 
AB 486 
BC 394 
CD 410 
da 462 
BAD 78° 35' 


PROBLEM V. 

To Surv^ any Field by the Chain only. 

Having set up marks at the corners, where tfecessary, of 
the proposed field abcdefg, walk over the ground, and con¬ 
sider how it can best be divided into triangles and trapeziums; 
and measure them separately, as in the last two problems. 
Thus, the following figure is divided into the two trapeziums 
abcg, gdep, and the triangle gcd. Thenj iif the first tra¬ 
pezium, beginning at a, measure the diagonal ac, and the 
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two perpndiculars got, an. Then the baSe gc, and the 
perpendicular ng. Lastly, the diagonal df, and the two 
perpendiculars j?e, og. All which measures write against 
the corresponding parts of a rough figure drawn to resemble 
the figure surveyed, or set them down in any other form 
you moose. 


Thus. 


Am 135 
Kii 410' 
AC 550 

130 OTG 

180 WB 

cq 152 

230 qn 

CO 440 


Fo 237 

120 OG 

vp 288 

80 pv. 

FD 520 



B 



Or thus. 

Measure all the sides ah, bc, cd, dk, kk, fu, ua ; and 
the diagonals ac, cg, gd, df. 

Othcru'lse. 

Many pieces of land may bc very well surveyed, by mea¬ 
suring any base line, either within or without them, with 
the perpendiculars let fall on it from every corner. For 
they are by those means divided into several triangles and 
trapezoids, all whose parallel sides, are perpendicular to the 
base line; and the sum of these triangles and trapeziums will 
be equal to the figure proposed if the base line fall wdthln 
it; if not, the sum of the parts which are without being 
taken from the sum of the whole which are both within and 
without, will leave the area of the figure proposed. 

In pieces that are not very large, it will be sufficiently 
exact to find the points, in the base line, where the several 
perpendiculars will fall, by means of the cross^ or even by 
judging by tlie eye only, and from thence measuring to the 
corners for the lengths of the perpendiculars.—And it will 
be most convenient to draw the line so as that all the per¬ 
pendiculars may fall within the figure. 

Thus, in the following figure, beginning at a, and mea¬ 
suring along me line ,ag, the distances and perpendiculars on 
the nght and left are as below. 
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Ab 315 350 5b 
AC 440 70 ec 

Ad 585 320 dD 
AC 610 50 eE 

Af 990 470/f 

AG 1020 0‘ 



rilOBLEM VI. 


* To Measw'C the Offsets, 

Ahildmn being a crooked hedge, or brook, Sec. From 
A measure in a straight direction along the side of it to b. 
And in measuring along this line ab, observe when you are 
directly opposite any bends or corners of the boundary, as at 
f, d, c, &c.; and from these measure the perpendicular 
offsets chy di, he. with the offset-staff, if they are not very 
large, otherwise with the chain itself; and the'Vork is done. 
The register, or field-book, may be as follows : 


Offs. 

left. 

iBase line ab 
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rh 

62 

I 45 

AC 

di 

Si< 

i 220 

Ad 
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634 


an 

91 

785 

AB 



Af. 


PROBLEM VII. 

To Survciy any Field rvith the Plain Table. 

1. From one Station. 

Plant the table at any angle as 
c, from which all the other angles, 
or marks set up, can be seen; turn 
the table about till the needle point 
to the flower-de-luce; and there 
screw it fast. Make a point for c 
on the paper on the table, and lay 
the edge of the index to c, burning 
it about c till through the sights 
you see the mark d : and by the edge of the ipdex draw a 
dry or obscure line: then measure the distance cd, and lay 
that distance down on the line cd. Then turn the index 
about the point c, till the mark e be seen through the sights. 


D 
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by which draw a line» and measure ihe di&tai>ce to s, laying 
it on the line from c to e. In like manner determine the 
positions of ca and cb, by turning the sights successively to 
A and B; and lay the lengths of those lines down. Then 
connect the points, by drawing the black lines cn, de, ea, 
AB, BC, for the boundaries of the field. 

2. From a Station xcitlmi tlte Field. 

When all the other parts cannot 
be seen from one angle, choose some 
place 0 within, or even without, if 
more convenient, from which the 
other parts can be seen. Plant the 
table at 0, then fix it with the needle 
north, and mark the point 0 on it. 

Apply tlie index successively to 0, 
turning it round with the sights to 
each angle, a, n, c, d, e, drawing dry lines to them by the 
edge of the iilBex; then measuring the distances oa, ob, Sec. 
and laying them down on those lines. I^astly, draw the 
boundaries ab, bc, cd, de, ea. 

0. f^oing Round the Figure. 

When the figure is a wood, or water, or when from some 
other obstruction you cannot measure lines across it; begin 
at any point a, and measure around it, cither within or 
without the figure, and draw the directions of all the sides, 
thus: Plant the table at a; turn it with the needle to the 
north or flower-de-luce; fix it, and mark the point a. Aj)ply 
the index to a, turning it till you can see the point e, and 
there draw a line: then the point b, and there draw a line ; 
then measure these lines, and lay them down from a to e and 
B. Next move the table to b, lay the index along the line 
ab, and turn the table almut till you can sec the mark a, and 
screw fast the table; in which position also the needle will 
again point to the flower-de-luce, as it will do indeed at every 
station when the table is in the right position. Here turn 
the index about b till through the sights you sec the mark c; 
there draw a line, measure bc, and lay the distance on that 
line after you have set down the table at c. Turn it then 
again into its proper position, and in like manner find the 
next line cd. And so on quite around by e, to a again. 
Then the proof of the work will be the joining at a : for if 
the work be all right, the last direction ea on the ground, 
wiU posa ex^tly through the point a on the paper; and the 
measurad distance will also reach exactly to a. If these do 
not> coincide^ or nearly so, some error has been committed, 
and the work mii.st he examined ox’er again. 
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PROBtEM VIII. 

T'o Survey a Field with the Theodolite^ ^c. 

1. Frohi One Point or Station* 

When all the angles can be seen from one point, as the 
angle c (first fig. to last prob.) place the instrument at c, and 
turn it about, till through the fixed sights you see the mark 
n, and there fix it. Then turn the moveable index about 
till the mark a be seen through the sights, and note the de¬ 
grees cut on the insstrument. Next turn the index suc¬ 
cessively to E and D, noting the degrees cut off' at each; which 

f ives all the angles bca, bce, bcd. Lastly, (Measure the 
nes CB, CA, ci;, cd ; and enter the measures in a field-book, 
or rather against the corresponding parts of a rough figul-e 
drawn by guess to resemble the field. 

2. From a Point Within or Without. 

Plant the instrument at o (last fig.), and turn it about till 
the fixed sights point’ to any object, as a ; and there screw it 
fast. Then turn the moveable index round till the sights 
point successively to the other |K)lnt8 e, d, c, b, noting the 
degrees cut off at each of tliem; which gives all the angles 
round the point o. Lastly.measurc the distances oa, o b, oc, 
on, OE, noting them down as before, and the work is done, 

8. 11 j/ gohtg Pound the Field. 

By measuring round, either 
within or without the field, pro¬ 
ceed thus. Having set up marks 
at B, c, &c. near the corners as 
usual, plant the instrument at 
any point a, and turn it till the 
fixed index be in the direction 
ab, and there screw it fast: then 
turn the moveable index to the 
direction af ; and the de^ees cut will be the angle a. 
Measure the line ab, and plant the instrument at b, and 
there in the same manner observe the angle a. Then mea¬ 
sure Bc, and observe the angle c. Then measure the di¬ 
stance CD, and take the angle d. Then measure de, and 
take the angle e. Then measure ef, and take the angle f. 
And lastly measure the distance fa. * 

To prove the work ; add all the inward angles, a, b, c, 
&c. together; for when the work is right, their sum will be 
equal to twice as many rwbt angles as the figure has sides, 
wanting 4 right angles. But wh^ therjs is an angle, as Ff 
that bends inwards, and you measure tlie external .angle, 
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which is less than two right angles, subtract it from 4 right 
angles, or 360 degrees, to give the internal angle greater than 
a semicircle or 180 degrees. 

Otherwise, 

Instead of observing the internal angles, we may take the 
external angles, formed without the figure by producing tlie 
sides farther out. And in this case, when the work is right, 
their sum altogether will be equal to 360 degrees. But when 
one of them, as r, runs inwards, subtract it from the sum of 
the rest, to leave 360 degrees. • 

* PROBLEM IX. 

To Survejj a Field with Crooked Hedges, 4-c. 

With any of the instruments, measure the lengths and 
positions of imaginary lines running as near the sides of the 
field as you can; and, in going tuong them, measure the 
offsets in the manner before taught; then you will have the 
plan on the paper in using the plain table, drawing the 
crooked hedges through the ends of the offsets; but in sur¬ 
veying with the theodolite, or other instrument, set down 
the measures properly in a field-book, or memorandum- 
book, and plan them aftdt returning from the field, by lay¬ 
ing down all the lines and angles. 



So, in surveying the piece abcue, set up marks, a, b, c, d, 
dividing it so as to have as few sides as may be. Then begin 
at any station, a, ahd measure the lines ab, be, cd, da, taking 
their positions^ or the angles a, b, Cf d; and, in going along 
the lines, measure all the offsets, as at m, n, o, p. See. along 
ei^xy station-line. 

Atid this is done either within the fields or without, as 
riiAY he most cemvenient. When there are obstructions 
imod, water, hills, &c. then measure without, as 
in the next Mlowing i^re. 
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To Survey a Fields or any other Thing, by Txm Sta^m^. 

This is performed by choosing two stations from which 
all the marks and objects can be seen; then measuring the 
distance between the stations, and at each station t^ing 
the angles formed by every object from the station line or 
distance. 

The two stations may be taken either within the bounds, 
or in one of the sides, or in the direction of two of the ob¬ 
jects, or quite at a distance and without the bounds of the 
objects or part to be surveyed. 

In this manner, not only grounds may be surveyed, with¬ 
out even entering them, but a map may be taken of the 
principal parts of a county, or the chief places of a town, 
or any part of a* river or coast surveyed, or any other inac¬ 
cessible objects; by taking two stations, on two towers, or 
two hills, or such-like. 



PBOBLBU XI. 

To Survey a Loerge Eetate, * 

Ijp tlw5 estate be very large, and contain a gteei number of 
fi^ds> it cannot well be done by sinrveying all the iS^da 

r 2 
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singly, and then putting them together; nor am it be done 
by taking all the angles and boundaries that enclose it. For 
in these cases, any small errors will be so much intireased, as 
to render it very much distorted. But proceed as below. 

, 1. Walk over the estate two or three times, in order to 
get a perfect idea of it, or till you can keep the figure of it 
pretty well in mind. And to help your memory, draw an 
eye-draught of it on paper, or at least of the principal parts 
of it, to guide you; setting the names within the fields in 
that draught. * 

2. Choose two or more eminent places ih the estate, for 
stations, from which all the principal parts of it can be seen; 
selecting these stations as far distant from one another as 
convenient. 

3. Take such angles, between the stations, as you think 
necessa^, and measure the distances from station to station, 
always in a right line: these things must be done, till you 
get as many angles and lines as are sufficient for determining 
all the points of station. And in measuring any of these 
station-distances, mark accurately where these fines meet 
with any hedges, ditches, roads, fanes, paths, rivulets, &c.; 
and where any remarkable object is placed, by measuring 
its distance from the station-line; and where a perpendicular 
from it cuts that line. And thus as you go along any naain 
station-line, take offsets to the ends of all hedges, and to any 
pond, house, mill, bridge, &c. noting every thing down that 
IS remarkable. 

4. As to the inner parts of the estate, they must be deter¬ 
mined, in like manner, by new station-lines: for, after the 
main stations are determined, and every thing adjoining to 
them, then the estate must be subdivided into two or three 
parts by new station-lines; taking inner stations at profier 
places, whfire you can have the best view. Measure these 
station-lines as you did the first, and all their intersections 
with hedges, and offsets to such objects as appear. 'IMieii 
proceed to survey the adjoining fields, by taking the angles 
that the sides make with the station-line, at the intersections; 
and measbeihg the distances to each corner, from the inter¬ 
sections. «For the station-lines will be the bases to all the 
future operations; the situation of all parts being entirely 

* dependent on them; and therefore they should be taken of 
as great length as possible; .and it is best for them to run 
iditog some of the hedges or boundaries of one or more fields, 
or to pMs through some of their angles. All things being 
deteratiiied fin* these stations, you must take more inner 
slktiom^aod continue to divide and Subdivide till at ^st you 
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come to single fields: repeating the same work for the inner 
stations as mr the outer ones, till all is done; and close the 
work as often as yoy can, and in as few lines as possible. 

5. An estate may be so situated that the whole cannot be 
surveyed together; because one part of the estate cannot be 
seen from another. In this case, you may divide it into 
three or four parts, and survey the parts separately, as if 
they were lands belonging to different persons; and at last 
join them together. 

6. As it is necessary to protract or lay down the work as 
you proceed in it, you must have a scale of a due length to 
do it by. To get such a scale, measure the wffole len^h of 
the estate in chains; then consider how many inches long 
the map is to be; and from these will be known how many 
chains you must have in an inch ; then make the scale ac¬ 
cordingly, or clioose one already made. 

PROBLEM XII. 

To Survey a County, or large Tract of Land. 

1. Choose two, three, or four eminent places, for stations; 
such as the tojis of high hills or mountains, towers, or churdh 
steeples, which may be seen from one anotlier; from which 
most of the towns and other places of note may also be seen; 
and so as to be as far distant from one another as possible. On 
these places raise beacons, or long poles, with flags of dif¬ 
ferent colours flying at them, so as to be visible from all the 
other stations. 

2. At all the places which you would set down in the map, 
plant long poles, with flags at them of several colours, to 
distinguish the places from one another; fixing them on the 
tops of church steeples, or the tops of houses; or in the 
centres of smaller towns and villages. 

These marks then being set up at a convenient number of 
places, and such as may be seen from both stations; go to 
one of these stations, and, with an instrument to take angles, 
standing at that station, take all the angles betweep the other 
station and each of these marks. Then go t^ the other 
station, and take all the angles between the first station and 
each of the former marks, setting them down with the 
others, each against its fellow with the sdme colour. You 
may, if convenient, also take the angles at some third station, 
which may serve to prove the work, if the three lines inter¬ 
sect in that point where any mark stands. The marks must 
stand till the observations are finished at both stations; and 



70 


LAND 


then they may be taken down, and set up at new places. 
The same operations must be performed at both stations, for 
these new places; and the like for others. The instrument 
for taking angles must be an exceeding good one, made on 
puipose with telescopic sights, and of a good length of 
radius. 

S, And though it be not absolutely necessary to measure 
any distance, because, a stationary line being laid down from 
any scale, all the other lines will be proportional to it; yet 
it is better to measure some of the lines, to ascertain the 
distances of places in miles, and to know how many geome- 
tiical miles there are in any length; as also from thence to 
make.a scale to measure any distance in miles. In measuring 
any distance, it will not be exact enough to go along the 
high roads; which, by reason of their turnings and windings, 
hardly ever lie in a right line between the stations; which 
must cause endless reductions, and require great trouble to 
make it a right line; for which reason it can never l)e exact. 
But a better way is to measure in a straight line with a chain, 
between station and station, over hills and dales, or level 
fields and all obstacles. Only in case of water, woods, 
towns, rocks, banks, &c. where we cannot pass, such parts 
of the line must be measured by the methods of inaccessible 
distances; and besides, allowing for ascents and descents, 
when they are met with. A good compass, that shows the 
bearing of the two stations, will always direct us to go 
straight, when the two stations cannot be seen ; and in the 
progress, if we can go straight, offsets may be taken to any 
remarkable places, likewise noting the intersection of the 
station>line with all roads, rivers, >itc. 

4. From all the stations, and in the whole progress, we 
must be very particular in observing sea-coasts, river-mouths, 
towns, castles, houses, churches, mills, trees, rocks, sands, 
roads, bridges, fords, ferries, woods, hills, mountains, rills, 
brooks, parks, beacons, sluices, fl(x>dgates, locks, &c., and in 
general every thing that is remarkable. 

5. After we have done with the first and main station¬ 
lines, which command the whole county; we must then 
take inner stations, at some places already determined ; which 
will divide the whole into several partitions: and Irom these 
stations we must determine the places of as many of the 
remaining towns ’as we can. And if any remain in that 
part, we must take more stations, at some places already 
determined ;vloom which we may determine tne rest. And 
thus go through all the parts of the county, taking station 
after station, till we have determined the whole. Aqd in 
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general the station distances must always pass through such 
remarkable points as have been determined before, by the 
former stations. 


PROBLEM XIII. 

To Survey a Town or City. 

This may be done with any of the instruments for taking 
angles, but best of all with the plain table, where every 
minute part is drawn while in sight. Instead of the common 
surveying or Gunter’s chain, it will be best, for*this purpose, 
to have a chain 50 feet long, divided into 50 links of one 
foot each, and an offset-staff* of 10 feet long. 

Begin at the meeting of two or more of the principal 
streets, through which you can have the longest prospects, 
to get the longest station-lines: there having fixed the in¬ 
strument, draw lines of direction along those streets, using 
two men as marks, or poles set in wooden pedestals, or per¬ 
haps some remarkable places in the houses at the farther 
ends, as windows, doors, corners, &c. Measure these lines 
with the chain, taking offsets with the staff*, at all corners of 
streets, bendings, or windings, and to all remarkable things, 
as churches, markets, halls, colleges, eminent houses, &c. 
Then remove, the instrument to another station, along one of 
these lines; and there repeat the same process as before. 
And so on till the whole is finished. 



Thus, fix the instrument at a, and draw lines in the 
direction of all the streets meeting there; then measure ab, 
noting the street on the left at m. At the second station b, 
draw the directions of the streets meeting there; and mea¬ 
sure from fi to c, noting the places of the streets at n and o 
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as you pass by them. At the third station c, take the di¬ 
rection of all the streets meeting there, and measure cd. At 
D do the same, and measure de, noting the place of the 
cross streets at p. And in this manner go through all the 
principal streets. This done, proceed to the smaller and 
intermediate streets; and lastly to the lanes, alleys, courts, 
yards, and every part that it may be thought proper to re¬ 
present in the plan. 


PROBLEM XIV. 

'fo lay down the Plan of any Survey, 

If the survey was taken with the plain table, we have a 
rough plan of it already on tlie paper which covered the 
table. But if the survey was with any other instrument, a 
plan of it is to be drawn from the measures that were taken 
m the survey; and first of all a rough plan on paper. 

To do tills, you must have a set ol proper instruments, 
for laying down both lines and angles, &c.; as scales of va¬ 
rious sizes, the more of theni, and the more accurate, the 
better, scales of chords, protractors, perpendicular and pa¬ 
rallel rulers, &c. Diagonal scales arc best for the lines, 
because they extend to three figures, or chains, and links, 
w'hich are 100 parts of chains. But in using the diagonal 
scale, a pair of compasses must be employed, to take oft* the 
lengths of the principal lines very accurately. But a scale 
with a thin edge divided, is much readier for laying down 
the perpendicular offsets to crooked hedges, and for marking 
the places of those off'sets on the station-line; which is done 
at only one application of the edge of the scale to that line, 
and then pricking oft* all at once the distances along it. 
Angles are to be laid down, either with a good scale of 
chords, which is perhaps the most accurate way, or with a 
large protractor, which is much readier when many angles 
are to be laid down at one point, as they are pricked off all 
at once round the edge of the protractor. 

In general, all lines and angles must be laid down on the 
plan in same order in which they were measured in the 
neld, and m' which they are written in the field-book; lay¬ 
ing down first the angles for the position of lines, next the 
lengths of the lines, with the places of the offsets, and then 
the lengths of the offsets themselves, all with dry or obscure 
lines; then « black line drawn through the extremities of 
all the offsets, will be the edge or bounding line of the field, 
&c. After the principal bounds and lines arc laid doj^n. 
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and made to fit or close properly, proceed next to the smaller 
objects, till you have entered every thing that ought to ap¬ 
pear in the plan, as houses, brooks, trees, hills, gates, stiles, 
roads, lanes, mills, bridges, woodlands, &c. &c. 

The north side of a map or plan is commonly placed 
uppermost, and a meridian is somewhere drawn, with the 
compass or flower-de-luce pointing north. ^Iso, in a vacant 
part, a scale of equal parts or chains is drawn, with the title 
of the map in conspicuous characters, and embellished with 
a compartment. Hills are shadowed, to distinguish them in 
the map. Colour the hedges with different colours; repre¬ 
sent hilly grounds by broken hills and valleys; draw single 
dotted lines for foot-paths, and double ones for horse or car¬ 
riage roads. Write the name of each field and remarkable 
place within# it, and, if you choose, its contents in acres, 
roods, and perches. 

In a very large estate, or a county, draw vertical and ho¬ 
rizontal linos through the map, denoting the spaces between 
them by letters placed at the top, and bottom, and sides, for 
readily finding any field or other object mentioned in a 
table. 

In mapping counties, and estates that have uneven grounds 
of hills and valleys, reduce all oblique lines, measured up¬ 
hill and down-hill, to horizonal straight lines, if that was 
not done during the survey, before they were entered in the 
field-book, by making a proper allo^vance to shorten them. 
For which purpose there is commonly a small table engraven 
on some of the instruments for surveying. 


THE NEW METHOD OF SURVEYING. 

PROBLEM XV. 

To Survey and Plan by the New Method. 

In the former method of measuring a large estate, the ac¬ 
curacy of it depends both on the correctness of the instru¬ 
ments, and on the care in taking the angles. ?i) avoid the 
errors incident to such a multitude of angles, other methods 
have of late years been u.sed by some few skilful surveyors: 
the most practical, expeditious, and correct, seems to be the 
following, which is performed, without taking angles, by 
measuring with the chain only. * 

Choose two or more eminences, as grand stations, and 
measure a principal base line from one station to another; 
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noting every hedge, brook, or other remarkable object, as you 
pass by it; measuring also such short perpendicular lines to 
the bends of hedges as may be near at hand. From the ex¬ 
tremities of this base line, or from any convenient parts of 
the same, go off with other lines to some remarkable object 
situated towards the sides of the estate, without regarding 
the angles they make with the base line or with one another; 
still remembering to note every hedge, brook, or other ob¬ 
ject, that you pass by. These lines, when laid down by iti- 
tersections, will, with the base line, form a grand triangle on 
the estate; several of which, if need be, being thus mea¬ 
sured and laid down, you may proceed to form other smaller 
triangles and trapezoids on the sides of the former: and so 
on till you finish with the enclosures individually. By which 
means a kind of skeleton of the estate may firsts be obtained, 
and the chief lines serve as the bases of such triangles and 
trapezoids as are necessary to fill up all the interior parts. 

The field-book is ruled into three columns, as usual. In 
the middle one are set down the distances on the chain-line, 
at which any mark, offset, or other observation, is made; 
and in the right and left hand columns are entered the off¬ 
sets and observations made on the right and left hand re¬ 
spectively of the chain-line; sketching on the sides the shape 
or resemblance of the fences or boundaries. 

It is of great advantage, both for brevity and perspicuity, 
to begin at the bottom uf the leaf, and write upwards; de¬ 
noting the crossing of fences, by lines drawn across the mid¬ 
dle column, or only a part of such a line on the right and 
left opposite the figures, to avoid confusion; and the corners 
of fields, and other remarkable turns in the fences where off¬ 
sets are taken to, by lines joining in the manner the fences 
do; as will be best seen by comparing the book with the 
plan annexed to the field-book following, p. 76. 

The letter in the left-hand corner at the beginning of every 
line, is the mark or place measured/J'om ; and that at the 
right-hand corner at the end, is the mark measured to: but 
when it is not convenient to go exactly from a mark, the 
place measured from is described sv^h a distance from one 
marh towaitids another; and where a former mark is not mea¬ 
sured to, the exact place is ascertained by saying, turn to the 
right or left hand, such a distance to such a mark, it being 
always understood that those distances are taken in the 
chain-line. 

The characters used are, f for tv/rn to the right hand,'\ 
for tu/rn to the left hand, tmd placed over an offset, 
to show that it is not taken at right angles with the chain- 
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line, but in the direction of some straight fence; being 
chiefly used when crossing their directions; which is a better 
way of obtaining thejr true places than by offsets at right 
angles. 

\Vhen a line is measured whose position is determined, 
either by former work, (as in the case of producing a given 
line, or measuring from one known place or mark to another) 
or by itself (as in the third side of the triangle), it is called 
a fast linCj and a double line across the book is drawn at the 
conclusion of it; but if its position is not determined (as in 
the second side of the triangle), it is called a loose line, and a 
single line is drawm across the book. When a fine becomes 
determined in position, and is afterwards continued farther, 
a double line half through the book is drawn. i 

When a loose line is measured, it becomes absolutely ne¬ 
cessary to measure some other line that will determine its 
position. Thus, the first line ah or bh, being the base of a 
triangle, is always determined; but the position of the second 
side f0 does not become determined, till the third side is 
measured ; then the position of both is determined, and the 
triangle may be constructed. 

At the beginning of a line, to fix a loose line to the mark 
or place measured from, the sign of turning to the right or 
left hand must be added, as at h in the second, and J in the 
third line; otherwise a stranger, when laying down the 
work, may as easily construct me triangle hjh on the wrong 
side of the line ah, as on the right one: but this error 
cannot be fallen into, if the sign above named be carefully 
observed. 

In choosing a line to fix a loose one, care must be taken 
that it does not make a very acute or obtuse angle; as in the 
triangle par, by the angle at b being very obtuse, a small 
deviation from truth, even the breadth of a point at p or r, 
would make the error at B, when constructed, very con¬ 
siderable ; but by constructing the triangle pay, such a de¬ 
viation is of no consequence. 

Where the words leave off are written in the field-book, it 
signifies that the taking of offsets is from thence disconti¬ 
nued ; and of course something is wanting betwefjn that and 
the next offset, to be afterwards determined by measuring 
some other line. 

The field-book for this method, and the plan drawn from 
it, are contained in the four following pages, engraven on 
copper plates; answerable to which the pupilto draw a 
plan from the measures in the field-book, of a larger size, 
viz. to a scale of a double size will be convenient, such a 
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scale being also found on most instruments. In doing this, 
begin at the commencement of the field-book, or bottom of 
the first page, and draw the first line ah in any direction at 

E leasure, and then the next two sides of the first triangle hhj 
y sweeping intersected arcs; and so all the triangles in 
the same manner, after each other in their order; and after¬ 
wards setting the perpendicular and other offsets at their 
proper places, and through the ends of them drawing the 
bounding fences. 

Note. That the field-book begins at the bottom of the first 
page, and reads up to the top; hence it goes to the bottom 
of the next fiage, and to the top; and thence it passes from 
the bottom of tlie third page to the top, which is the end of 
the field-book. The several marks measured to or Iron), 
are here denoted by the letters of the alphabet, first the small 
ones, a, 6, c, c/, &c, and after them the capitals A, 7i, C, 77, 
&c. But, instead of these letters, some surveyors use the 
numbers in order, 1, 2, 3, 4, &c. 


OF THE OLD KIND OF FIELD-I500K. 

In surveying with the plain table, a field-book is not used, 
as every thing is drawn on the table immediately w'hen it is 
measured. But in surveying with the theodolite, or any 
other instrument, some'kind of a field-book must be used, 
to write down in it a register or account of all that is done 
and occurs relative to the survey in hand. 

This book every one contrives and rules as he thinks fittest 
for himself. The following is a specimen of a form which 
has been formerly used. It is ruled in three columns, as 
in the next page. 

Here 0 1 is the first station, where the angle or bearing 
is 105^ 25'. On the left, at 73 links in the distance or prin¬ 
cipal line, is an ofl'set of 92; and at 610 an offset of 24 to a 
cross hedge. On the right, at 0, or the beginning, an offset 
25 to the comer ©f the field; at 248 Brown’s boundary 
hedge commences; at 610 an offset 35; and at 954, the end 
of the firsWine, the 0 denotes its terminating in the hedge. 
And so on for the other stations. 

A line is drawn under the work, at the end of every sta¬ 
tion line, to prevent confusion. 
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Form, of this Field-book. 


• 

Offsets and Remarks 
on the left. 

Stations, 

Bearings, 

and 

Distances. 

Offsets and Remarks 
on the right. 

80 

O 1 ^ 
1050 25 

00 

25 corner 

92 

73 



21-8 

Brown’s Ijedge 

a cross hedge 21 

610 

35 


954 

00 

house corner 51 

O 2 

53^^ 10' 

25 

21 


120 

29 a tree 

34 

734 

40 a stile 


O 3 

67^ 2(r 

61 

35 

a brook 30 

248 



639 

16 a spring 

foot path 16 

810 

cross liediTO 18 

973 ' - 

20 a pond 


Tlion the plan, on a small scale drawn from the above 
field-book, will be as in tlie following figure. iSut the pupil 
may draw a plan of 3 or 4 times the size on his paper book. 
The dotted lines denote the 3 chain or measured lines, and 
the black lines the boundaries on the right and left. 



But some skilful surveyors now make use of a different 
methtxi for the field-book, namely, beginning at the bottom 
of the page and writing upwards; sketching also a neat 



78 


LAND 


boundary on either hand, resembling the parts near the 
measured lines as they pass along; an example of which was 
given in the new nietnod of surveying, in the preceding 

fn smaller surveys and measurements, a good way of set¬ 
ting down the work, is to draw by the eye, on a piece of 
paper, a figure resembling that which is to be measured; 
and 80 writing the dimensions, as they are found, against 
the corresponding parts of the figure. And this method 
may be practised to a considerable extent, even in the larger 
surveys. 


SECTION III. 

OF COMPUTING AND DIVIDING. 


PIIOBLEM XVI. 

To Compute tlic Contents of Fields. 

1. Compute the contents f)f the figures as divided into 
triangles, or trapeziums, by the proper rules for these figures 
laid down in measuring; multiplying the perpendiculars by 
the diagonals or basest both in links, and divide by 2; the 
quotient is acres, after having cut off'five figures on the right 
for decimals. Then bring these dc'ciraals to roods and 
perches, by multiplying first by 4, and then by 40. An 
example of which is given in the description of the chain, 
pag. 5S. 

% In small and separate pieces, it is usual to compute their 
contents from the measures of the lines taken in surveying 
them, without making a correct plan of them. 

3. In pieces bound^ by very crooked and winding hedges, 
measured by offsets, all the parts between the onsets are 
most accurately measured separately as small trapezoids. 

4. Sometimes such pieces as that last mentioned are com¬ 
puted bj£ finding a mean breadth, by adding all the offsets 
together, and dividing the sum Jjy the number of them, ac¬ 
counting that for one of them wnere the boundary meets 
the station-line (which increases the-number of them by 1, 
for the divisor, though it diies not increase the sum or quan¬ 
tity to be divided); then multiply the length by that mean 
breath. 

5. But in larger pieces and whole estates, consisting of 
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many fields, it is the common practice to make a rough plan 
of the whole, and from it compute the contents, quite inde¬ 
pendent of the measures of the lines and angles that were 
taken iiig^fiurveying. For then new lines are drawn in the 
fields on the plans, so as to divide them into trapeziums and 
triangles, the bases and perpendiculars of which are measured 
on the })lan by means of the scale from which it was drawn, 
and so multiplied together for the contents. In this way, 
the work i,s very expeditiously done, and sufficiently correct; 
for such dimensions are taken as afford the most easy method' 
of calculation ; and among a number of parts, thus taken 
and aj)plit'd to a scale, though it be likely that*some of the 
parts will be taken a small matter too little, and others too 
great, yet they will, on the whole, in all probability, very 
nearly balance one another, and give a sufficiently accurate 
result. After all the fields and particular parts are thus 
computed separately, and added all together into one sum; 
calculate the whole estate independent of the fields, by di¬ 
viding it into large and arbitrary triangles and trapeziums, 
and add these also together. Then if this sum be equal to 
the former, or nearly so, the w'ork is right; but if the sums 
have any considerable difference, it is wrong, and they must 
be examined, and re-computed, till they nearly agree. 

G. But the chief art in computing, consists in finding the 
contents of pieces bounded by curved or very irregular lines, 
or in reducing such crooked sides of 'fields or boundaries to 
straight lines, that shall enclose the same or equal area with 
those crooked sides, and so obtain the area of the curved 
figure by means of the right-lined one, which will commonly 
Imj a trapezium. Now this reducing the crooked sides to 
straight ones, is very easy and accurately performed in this 
manner:—Apply the straight edge of a thin, clear piece of 
lantern-horn to the crooked line, which is to be reduced, 
in such a manner, that the small parts cut oft* from the 
crooked figure by it, may be equal to those wliich are taken 
in: wliich equality of the parts included and excluded you 
will presently be able to judge of very nicely by a little prac¬ 
tice ; then with a pencil, or point of a tracer, draw a line by 
the straight edge of the horn. Do the same byithe other 
sides of the field or figure.^ So shall you have a straight¬ 
sided figure equal to the curved one; the content of which, 
beincT computed as before directed, will be the content of the 
crooked figure proposed. 

Or, instead of the straight edge'of the horn, st horse-hair, 
or fine thread, may be aj.)p]ied across the crooked sides in 
the same manner; and the easiest way of using the thread, is 
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to string a small slender bow with it, either of* wire, or cane, 
or whale-bone, or such-like slender elastic matter; for the 
bow keeping it always stretched, it caij be easily and neatly 
applied with one hand, while the other is at libertyifco make 
two marks by the side of it, to draw the straight line by. 

EXAMPLE. 

Thus, let it be required to find the contents of the same 
figure as in Prob. ix, page 66, to a scale of 4 chains to an 
inch. 



Draw the 4 dotted straight lines ad, dc, od, da, cutting 
off equal quantities on both sides of them, which they do as 
near as the eye can judge: so is the crooked figure reduced 
to an equivalent right-lined one of 4 sides, abcd. Then 
draw the diagonal bd, which, by Applying a proper scale 
to it, measures suppose 1256. Also the per}>endicular, or 
nearest distance from a to this diagonal, measures 456; and 
the distance of c from it, is 428. 

Then, half the sum of 456 and 428, multiplied by the 
diagonal 1256, gives 555152 square links, or 5 acres, 2 roods, 
8 perches, the content of the trapezium, or of the irregular 
crooked piece. 

As a general example of this practice, let the cotJtcnts be 
compute of all the fields separately in the foregoing plan 
facing page 77, and, by adding the contents altogether, the 
whole sum or content of the estate will be found nearly equal 
to 103^ acres. Then, to prove the work, divide the whole 
plan into two parts, b^ a pencil line drawn across it any way 
near the rnidtile, as from the corner / on the right, to the 
corner nea^ s on the left; then, by computing these two 
large parts separately, their sum must be nearly equal to the 
former suini when the work is all right, 
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PROBLEM XVII. 

T'o Transfer a Plan to Another Paper^ ^c. 

After the rough plan is completed, and a fair one is 
wanted; this may be done by any of the following methods. 

First Method .—Lay the rough plan on the clean paper, 
keeping them always pressed flat and close together, by 
weights laid on them. Then with the point of a fine phi 
or })ricker, prick through all the corners of the plan to be 
copied. Take them asunder, and tonncct the pribked points 
on the clean paper, with lines; and it is done. This method 
is only to be practised in plans of such figures as are small 
and tolerably regular, or bounded by right lines. 

Second Method .—Rub the back of the rough plan over 
with black-lead powder; and lay this blacked part on the 
clean paper on Avhich the plan is to be copied, and in the 
proper position. Then, with the blunt point of some hard 
substance, as brass, or such-like, trace over the lines of the 
whole plan; pressing the tracer so much, as that the black 
lead under the lines may be transferred to the clean paper: 
after which, take off the rough ])lan, and trace over the leaden 
marks with common ink, or with Indian ink.—Or, instead of 
blacking the rough plan, we may keep constantly a blacked 
paper to lay between the plans. 

Third Method .—Another method of copying plans, is by 
means of squares. This is performed by dividing both ends 
and sides ot’ the plan which is to be copied into any conve¬ 
nient number of equal parts, and connecting the correspond¬ 
ing points of division with lines: which will divide the plan 
into a number of small squares. Then divide the paper, on 
which the plan is to be copied, into the same number of 
squares, each equal to the former when the plan is to be 
copied of the same size, but greater or less than the others, 
in the proportion in which the plan is to be increased or 
diminished, when of a different size. Lastly, copy into the 
clean squares the parts contained in the corresponding squares 
of the old plan; and you will have the copy, eithftr of the 
same size, or greater or less in any proportion. 

Fourth Method .—A fourth method is by the instrument 
called a pentagraph, which also copies the plan in any size 
required: for this purpose, also. Professor Wallace’s eido- 
graph may be advantageously employed. 

Fifth Method .—A very m*at method, at least in copying 

VOL. ii. c. 
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from a fair plan, is this. Procure a copying frame or glass, 
made in this manner; namely, a large square of the best 
window glass, set in a broad frame of wood, which can be 
raised up to any angle, when the lower side of it rests on a 
table. Set this frame up to any angle before you, facing a 
strong light; fix the old plan and clean pajier together, with 
several pins quite around, to keep them together, the clean 
paper being laid uppermost, and over the face of the plan to 
be copied. Lay them, with the back of the old plan, on the 
glass; namely, that part which you intend to Wgin at to 
copy first; and by means of the light shining through tlie 
papers, yoiFwill very distinctly perceive every line of the plan 
through the clean paper. In this state then trace all the 
lines on the papier with a pencil. Having drawn tliat part 
which covers the glass, slide another part over the glass, and 
copy it in the same manner. Then another part: and so 
on, till the whole is copiied. Tlien take them asunder, and 
trace all the piencil lines over with a fine pien and Indian ink, 
or with common ink. And thus you may copy the finest 
plan, without injuring it in the least. 


OF ARTIFICERS’ WORKS, 

AND 

TIMBER MEASURING. 


I. OF THE CARPENTER’S OR SLIDING RULE. 

The Carjienter’s or Sliding Rule, is an instrument much 
used in measuring of timber and artificers’ works, both for 
taking the dimensions, and computing the contents. 

The instrument consists of two equal pieces, each a foot 
in lengthf which arc connected together by a folding joint. 

One side or face of the rule is divided into indies, and 
eighths, or half-quarters. On the same face also are several 
plane scales, divided into twelfth parts by diagonal lines; 
whi^ are used in planning dimensions that are taken in feet 
and inches. The edge of the rule is commonly divided 
' decimally, or into tenths; namely, each foot into ten equal 
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parts, and each of these into ten parts again; so that by 
means of this last scale, dimensions are taken in feet, tenths, 
and hundredths, and multiplied as common decimal numbers, 
which is the best way. 

On the one part of the other face are four lines, marked 
A, B, D; the two middle ones b and c being on a slider, 
w'hich runs in a groove made in the stock. The same num¬ 
bers serve for both these two middle lines, the one being 
above the numbel’s, and the other below. 

These four lines are logarithmic ones, and the thre^ a, b, 
c, which are all equal to one another, are double lines, as 
they proceed twice over from 1 to 10. The otlfer or lowest 
line, 1 ), is a single one, proceeding from 4 to 40. It is also 
called the girt line, from its use in computing the contents 
of trees and timber; and on it are marked wg at 17T5, and 
AO at 18'95, the wine and ale gage points, to make this in¬ 
strument serve the pur^Kise of a gaging rule. 

On the other ])art of this face, there is a table of the value 
of a load, or 50 cubic Ibet of timber, at all prices, from 
G pence to 2 >hillings a foot. 

WJien 1 at the beginning of any line is accounted 1, then 
the 1 in the middle will be 10, and the 10 at the end 100; 
but A\lK‘n 1 at the beginning is counted 10, then the 1 in 
tlie middle is 100, and the 10 at tlie end 1000; and so on. 
And ail the smaller divisions are altered proportionally. 


II. AUTIITCEUS’ WORK. 

AiiTiFicrus compute the contents of their works by 
several different measures. As, 

Glazing and masonry, by the foot; Painting, plastering, 
jiaving, ike. by the yard, of 9 square feet: Flooring, 
partitioning, roofing, tiling, &c. by the square of 100 
square feet: 

Amt brickwork, either by tlie yard of 9 square feet, or by 
the perch, or square rod or pole, containing 2724 square 
feet, or 30|^ square yards, being the square of the rod 
or pole of IG^^ feet or 5^ yards long. ® 

As this number 272^ is troublesome to divide by, the 4 is 
often omitted in practice, and the content in feet divided 
only by the 272. 

All works, whether superficial or solid, are qpmputed by 
the rules proper to the figure of them, whether it be a tri¬ 
angle, or rectangle, a parallelopiped, or any other figure. 

G 2 
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III. BRICKLAYERS’ WORK. 

Brickwork is estimated at the rate' of a brick and a half 
thick. So that if a wall be more or less than this standard 
thickness, it must be reduced to it, as follows: 

Multiply the superficial content of the wall by the number 
of half bricks in the thickness, and divide the product by 3. 

The dimensions of a building may be taken by measuring 
half round on the outside and half round on the inside; the 
sura of these two gives the compass of the wall, to be multi¬ 
plied by the height, for the content of the materials. 

Chimneys are commonly measured Jis if they were solid, 
deducting only the vacuity from the hearth to the mantle, 
on account of the trouble of them. All windows, doors, &c. 
are to be deducted out of the contents of the walls in which 
they are placed. 

The dimensions of a common bare brick arc, 8]; inches 
long, 4 inches broad, and thick ; but including the half 
inch Joint of mortar, when laid in brickwork, every dimen¬ 
sion is to be counted half an inch more, making its length 
9 inches, its breadth 4l, and thickness 3 inches. So that 
every 4 courses of proper brickwork measures just 1 foot or 
IS inches in height. 

EXAMPLES. 

Exam. 1. How many yards and rods of standard brick¬ 
work are in a wall whose length or compass is 57 feet 3 
inches, and height S4 feet 6 inches; the wall being bricks 
or 5 half bricks thick.? Ans. 8 rods, 17^ yards. 

Exam. 2. Required the content of a wall 6^ feet 6 inches 
long, and 14 feet 8 inches high, and bricks thick ? 

Ans. 169*753 yards. 

Exam. 3. A triangular gable is raised 17^ feet high, on 
an end wall whose length is 24 feet 9 inches, the thickness 
being 2 bricks: required the reduced content ? 

Ans. 32*08f yards. 

Exam. 4. The end wall of a house is 28 feet 10 inches 
long, an5 55 feet 8 inches high, to the eaves; 20 feet high 
is 24 - bricks thick, other 20 feet high is 2 bricks thick, and 
the remaining 15 feet 8 inches is I 4 brick thick; above 
which is a triangular gable, of 1 brick thick, which rises 
42 courses of bricks, of which every 4 courses make a foot. 
What is the whole content in standard measure ? 

Ans. 253*6^ yards> 
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IV. MASONS’ WORK. 

To Masonry belong all sorts of stone work; and the mea* 
sure made use of is a foot, either superficial or solid. 

Walls,'columns, blocks of stone or marble, &c, are mea¬ 
sured by the cubic foot; and pavements, slabs, chimney- 
pieces, &c. by the superficial or'square foot. 

Cubic or solid measure is used for the materials, and square 
measure for the workmanship. 

In the solid measure, the true lengtli, breadtlj, and thick¬ 
ness are taken and multiplied continually together. In the 
superficial, there must be taken the length and breadth of 
every part of the projection which is seen without the general 
upright face of the building. 

EXAMPLES. 

Exam. 1. Required the solid content of a wall, 53 feet 
6 inches long, 12 feet 3 inches high, and 2 feet thick.? 

Ans. 1310^ feet. 

Exam. 2. What is the solid content of a wall, the length 
being 24 feet 3 inches, height 10 feet 9 inches, and 2 feet 
thick? Ans. 521’375 feet. 

Ex4m. 3. Required the value of a marble slab, at Ss. per 
foot; the length being 5 feet 7 inches, and breadth 1 foot 
10 inches.? . Ans. 4/. Is. lOld. 

Exam. 4. In a chimney-piece, suppose the 
length of the mantle and slab, each 4 feet 6 inches 
breadth of both together - 3 2 

length of each jamb - - 4 4 

breadth of both together - 1 9 

Required the superficial content? Ans. 21 feet 10inches. 


V. CARPENTERS’ AND JOINERS’ WORK. 

»• 

To this branch belongs all the wood-work of a house, 
such as flooring, partitioning, roofing, &c. 

Large and plain articles are usually measured W the 
square foot or yard, &c.; but enriched mouldings, and some 
other articles, are often estimated by running Or lineal mea¬ 
sure ; and some things arc rated by the piece. 

In measuring of Joists, take the dimensions of one joist, 
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and multiply its content by tbe number of them; consider¬ 
ing that each end is let into the wall about 4 of the thick¬ 
ness, as it ought to be. 

PaHitlons are measured from wall to wall for one di¬ 
mension, and from floor to floor, as far as they extend, for 
the other. 


Tlie measure of Centering Jbr Cellars is found by making 
a string pass over the surface of the arch for the breadth, 
and taking the length of the cellar for the length : but in 
groin centering, it is usual to allow double measure, on ac¬ 
count of their extraordinary trouble. 

In Roofings the dimensions, as to length, breadtli, and 
depth, are taken as in flooring joists, and the contents com¬ 
puted the same way. 

In Floor-hoardings take the length of the room for one 
dimension, and the breadth for the other, to multiply to¬ 
gether for the content. 

For Stair-cascSst^^Q the breadth of all the steps, by making 
a line ply close over them, from the top to the bottom, and 
multiply the length of this line by the length of a step, for 
the whole area.—By the length of a step is meant the length 
of the front and the returns at the two ends; and by the 
breadth is to be understood the girts of its two outer sur¬ 
faces, or the tread and' riser. 


For the Balustrades take the whole length of the upper 
p.!!! of the hand-rail, and girt over its end till it meet the 
top of the newel-post, for the one dimension; and twice the 
length of the baluster on the landing, witii the gin of the 
hand-rail, for the other dimension. 


For Wahiscotings take the compass of the room for the 
one dimension; and the height from the floor to the ceiling, 
making the string ply close into all the mouldings, for the 
other. 


For Doors, take the height and the breadth, to multiply 
them together for the area-—If the door be panneled on 
both sid^s, take double its measure for the workmanship; 
but if one side only be panneled, take the area and its half 
for the workmanship .—For the Surrounding Architraves 
girt it about the uttermost part for its length; and measure 
over it, as far as it can be seen when the door is open, for 
the, breadth.* 

Windoroshutters, Bases, Ste. are measured in like manner. . 

In measuring of Joiners’ work, the string is made to ply 
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close into all mouldings, and to every part of the work over 
which it passes. 


examples. 

Exam. 1. Required the content of a door, 48 feet 6 Inches 
long, and 24 feet 3 inches broad ? Ans. 11 sq. 76j- feet. 

Exam. 2. A floor being 86 feet 3 inches long, and 16 feet 
6^inches broad, how many squares are in it? 

Ans. 5 sq. 98j- feet. 

Exam. 3. How many squares are there in 173 feet 10 
inches in length, and 10 feet 7 inches height, of partitioning? 

Ans. 18*3973 squares. 

Exam. 4- What cost the roofing of a house at 105. 6d, 
a square; the length within the walls being 52 feet 8 inches, 
and the breadth ^ feet 6 inches; reckoning the roof 4 of 
the flat? *• Ans. 121. 12s. l\\d. 

Exam. 5. To how much, at 6s. per square yard, amounts 
the wainscoting of a room; the height, taking in the cornice 
and mouldings, being 12 feet 6 inches, and the whole com¬ 
pass 83 feet 8 inches; also the three window-shutters are 
each 7 feet 8 inches by 3 feet 6 inches, and the door 7 feet 
by 3 feet 6 inches; the door and shutters, being worked on 
both sides, are reckoned work and half work ? 

Ans, 36/.* 12s. 2gd, 


VI. SLATERS’ AND TILERS’ WORK. 

In these articles, the content of a roof is found Tby mul¬ 
tiplying the length of the ridge bj the girt over from eaves 
to caves; making allowance in this girt for the double row 
of slates at the bottom, or for how much one row of slates 
or tiles is laid over another. 

When the roof is of a true pitch, that is, forming a right 
angle at top; then the breadth of the building, with its half 
added, is the girt over both sides nearly. 

In angles formed in a roof, running from the ridge to the 
eaves, when the angle bends inwards, it is called a valley; 
but when outwards, it is called a hip. » 

Deductions are made for chimney shafts or window 
holes. 
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EXAMPLES. 

Exam. 1. Required the content of a slated roof, the 
length being 45 feet '9 inches, and the whole girt 34 feet 
3 inches? Ans. 174^V yards. 

Exam. 2. To how much amounts the tiling of a house, 
at 9&S. Gd. per square j the length being 43 feet 10 inches, 
and the breadth on the flat 27 feet 5 inches; also the caves 
projecting 16 inches on each side, and the roof of a true 
pitch ? " Ans. 24/. 9s, 


VII. PLASTERERS’ WORK. 

Plasterers’ work is of two kinds; namely, ceiling, wliich 
is plastering on laths; and rendering, which is plastering on 
walls: which are mea.sured separately. 

The contents are CvStimated cither by the foot or the yard, 
or the square, of 100 feet. Enriched mouldings, &c. are 
rated by running or lineal measure. 

Deductions are made for chimneys, doors, windows, &c. 

EXAMPLES. 

If 

Exam. 1. How many yards contains the ceiling which is 
43 feet 3 inches long, anti 25 feet 6 inches broad ? 

Ans. 122i. 

Exam. 2. To how much amounts the ceiling of a room, 
at lOtZ. per yard; the length being 21 feet 8 incYies, and the 
breadth 14 feet 10 inches ? Ans. 1/. 9^. 8 Id. 

Exam. 3. The length of a room is 18 feet 6 inches, the 
breadth 12 feet 3 inches, and height 10 feet 6 inches; to 
how mifch amounts the ceiling and rendering, the former at 
8d. and the latter at dd. per yard; allowing for the door of 
7 feet by 3 feet 8, and a nre-placc of 5 feet square ? 

Ans. 1/. 13s. 3ld. 

Exam. 4. Required the quantity of plastering in a room, 
the length being 14 feet 5 inches, breadth 13 feet 2 inches, 
and height 9 feet 3 inches to the under side of the cornice, 
which girts 84 inches, and projects 5 inches from the wall 
on the upper part next the ceiling; deducting only for a 
door 7 feet by 4 ? 

Ans. *53 yards 5 feet 3^ inches of rendering 
18 5 6 of ceiling 

39 Ojl; of cornice. 
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VIII. PAINTERS^ WOUK. 

Painters’ work is computed in square yards. Every part 
is measured where the colour lies; and the measuring line is 
forced into all the mouldings and corners. 

Windows are done at so much a piece. And it is usual to 
allow double measure for carved mouldings, &c. 

EXAMPLES. 

Exam. 1 . How many yards of painting contai^is the room 
which is 6*5 feet 6 inches in compass, and 12 feet 4 inches 
high ? Ans. yards. 

Exam. 2. The length of a room being 20 feet, its breadth 
14 feet 6 inches, and height 10 feet 4 inches; how many 
yards of painting arc in it, deducting a fire-place of 4 fegt 
ny 4 feet 4 inches, and two windows each 6 feet by 3 feet 
2 inches ? Ans. 73yards. 

E.vam. 3. What cost the painting of a room, at 6d. per 
yard; its length being 24 feet 6 inches, its breadth 16 reet 
S inches, and height 12 feet 9 inches; also the door is 7feet 
by 3 feet G, and the window-shutters to two windows each 
7 feet 9 by 3 feet 6; but the breaks of the windows them¬ 
selves are 8 feet 6 inches high, and 1 foot 3 inches deep; in¬ 
cluding also the window cills or scats*, and the soffits above, 
the dimensions of which arc known from the other dimen¬ 
sions : but deducting the fire-place of 5 feet by 5 feet 6* ? 

Ans. 3/. 3s. 10|rf. 


IX. GLAZIERS’ WORK. 

Glaziers take their dimensions, either in feet, inches, 
and parts, or feet, tenths, and hundredths. And they com¬ 
pute their work in square feet. 

In taking the length and breadth of a window, the cross 
bars between the squares are included. Also windows of 
round or oval forms are measured as square, measuTing them 
to their greatest length and breadth, on account of the waste 
in cutting the glass. 


EXAMPLES. 

Exam. 1 . How many square feet contains the window 
which is 4*25 fed long, ana 2*75 feet broad ? Ans. lly. 
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pavers’ work. 


Bxam. 2 . What will the glazing a triangular sk^-liglit 
come to, at 10«?. per foot; the base being 12 feet 6 inches, 
and the perpendicular height 6 feet 9 inches ? 

Ans. 1/. 15.9. 

Exam. 3. There is a house with three tiers of windows, 
three windows in each tier, their common breadth 3 feet 11 
inches: 

now the height of the first tier is 7 feet 10 inches 
of the second 6 8 

of the third 5 4 

Required* the expense of glazing at 14d. per foot ? 

Ans. 13/. 11s. 10? f/. 

Exam. 4. Required the expense of glazing the windows 
of a house at 13^. a foot; there being three stories, and three 
windows in each story: 

• thd* height of the lower tier is 7 feet 9 inches 
of the middle 6 6 

of the upper 5 3^ 

and of an oval window over the door 1 10^ 

the common breadth of all the windows being 3 feet 
9 inches.'* Ans. 12/. 5s. Gd. 


X. PAVERS’ WORK. 

Pavers’ work is done by the square yard. And the 
content is found by multiplying the length by the breadth. 

EXAMPLES. 

Exam. 1. What cost the paving a foot-path, at 3.9. 4d. a 
yard; the length being 35 feet 4 inches, and breadth 8 iect 
3 inches? Ans. 51. 7s. 11|</. 

Exam. 2. What cost the paving a court, at 3s. 2d. per 
yard; the length being 27 feet 10 inches, and the breadth 
14 feet 9*inches ? Ans. 7/. 4s. 5 yi. 

Exam, 3. What will be the expense of paving a rectan¬ 
gular court-yard, whose length is 63 feet, and breadth 45 
; in which there is laid a foot-path of 5 feet 3 inches 
bro^, running the whole length, with broad stones, at 3s. 
a y4U!d; the rest being paved with pebbles at 2,9. (id, a yard ? 

Ans. 40/. 5s. lO^d. 
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XI. PLUMBERS’ WORK. 

Plumbers’ work is rated at so much a pound, or else by 
the hundred weight of 1 12 pounds. 

Sheet lead, used in roofing, guttering, &c. is from 6 to 
101b. to the squar^fbot. And a pipe of an inch bore is 
commonly 13 or X4Ib. to the yard in length. 

EXAMPLES. 

Exam. 1. How much weighs the lead which is 39 feet 
6 inches long, and 3 feet 3 inches broad, at S^lb. to the 
square foot? Ans. lOOl-ryb. 

Exam. 2. What cost the covering and guttering a roof 
with lead, at 18^. the cwt; the length of the roof being 43 
feet, and breadth or girt over it 32 feet; the guttering 57 
feet long, and 2 feet wide;* the former 9'83llb. and the 
latter 7’3731b. to the square foot.^ Ans. 115/. 9^. l^t/. 


XII. TIMBER MEASURING. 

PROBLEM I. 

To find the Area, or Superficial Content, of a Board or 

Plank. 

Multiply the length by the mean breadth. 

Note. When the board is tapering, add the breadtlis at 
the two ends together, and take half the sum for the mean 
breadth. Or else take the mean breadth in the middle. 

By the Sliding Rule. 

Set 12 on b to the breadth in inches on a ; then against 
the length in feet on b, is the content on A, in feet and 
fractional parts. * 


EXAMPLES. 

Exam. 1. What is the value of a plank, at \^d. per foot, 
whose length is 12 feet 6 inches, and mean breadth 11 
inches ? Ans. I 5 . 5d, 
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Exam. 2. Required the content of a board, whose length 
is 11 feet 2 inches, and breadth 1 foot 10 inches? 

Ans. 20 feet 5 inches 8". 

Exam. 3. What is the value of a plank, which is 12 feet 
9 inches long, and 1 foot 3 inches broad, at a foot ? 

Ans. 3s. Sid. 

Exam. 4. Required the value of 5 oaken planks at Sd. 
per foot, each of them being 1T|- feet long; and their several 
breadths as follows, namely, two of 13^ inches in the middle, 
one of 14|. inches in the middle, and the two remaining 
ones, each* 18 inches at the broader end, and 11^ at the 
narrower? Ans. 1/. 5s. 9id. 


nioBLEM n. 

Tojind the Solid Content (^'Squared or Four-sided Timber. 

Multiply the mean breadtli by the mean thickness, and 
the product again by the length, for the content nearly. 

By the Sliding Rule. 

C D 1) C 

As length : 12 or 10 :: quarter girt: solidity. 

That is, as the length in feet on c, is to 12 on d, when 
the quarter girt is in inches, or to 10 on d, when it is in 
tenths of feet; so is the quarter ^rt on d, to the content 
on c. 

Note 1. If the tree taper regularly from the one end to 
the other; either take the mean breadth and thickness in 
the middle, or take the dimensions at the two ends, and half 
their sum will be the mean dimensions: which multiplied as 
above, will give the content nearly. 

2. If the piece do not taper regularly, but be unequally 
thick in some parts and small in others; take several dif¬ 
ferent dimensions, add them all together, and divide their 
sum by the number of them, for the mean dimensions. 

EXAMPLES. 

Exam. 1. The length of a piece of timber is 18 feet 
6 inches, the breadths at the greater and less end 1 foot 
6 iochep and 1 foot 3 inches, and the thickness at the greater 
atid less end 1 foot 3 inches and 1 foot; required the solid 
content ? Ans. 28 feet 7 inches. 
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Exam. 2. What is the content of the piece of timher, 
whose length is 24^ feet, and the mean breadth and thick¬ 
ness each 1'04 feet? . Ans. 26^ feet. 

Exam. 3. Required the content of a piece of timber, 
w'hose length is 2()’38 feet, and its ends unequal squares, the 
side of the greater being 19^ inches, and the side of the less 
9g inches? Ans. 29’7562 feet. 

Exam. 4. .Required the content of the piece of timber, 
whose length is 27*36 feet; at the greater end the breadth 
is 1-78, and thickness TSS; and at the less end the breadth 
is 1*04, and thickness 091 feet? Ans.41‘278 feet. 

PROBLEM III. 

To find the Solidity of Hound or Unsquared Timher. 

Multiply the square of the quarter girt, or of of the 
mean circumference, by the length, for the content. 

Hy the Sliding Rule. 

As the length upon c : 12 or 10 upon d : : 
quarter girt, in 12ths or lOths, on d : content on c. 

'Note 1. When the tree is tapering, take the mean dimen¬ 
sions as in the former problems, either by girting it in the 
middle, for the mean girt, or at the two ends, and taking half 
the sum of the two; or by girting it in several places^ then 
adding all the girts together, and dividing the sum by the 
number of them, for the mean girt. But when the tree is 
very irregular, divide it into several lengths, and find the 
content of each part separately. 

2. This rule, which is commonly used, gives the answer 
about i- less than the true quantity in the tree, or nearly 
what the quantity would be, after the tree is hewed square 
in the usual way: so that it seems intended to make an 
allowance for the squaring of the tree. 

On this subject, however, Hutton’s Mensuration, part v. 
sect. 4, may be advantageously consulted. 

EXAMPLES. 

Exam. 1. A piece of round timber being 9 feet 6 inches 
long, and its mean quarter girt 42 inches; what is the 
content ? Ans., 116| feet. 

Exam. 2. The length of a tree is 24 feet, itte girt at the 
thicker end 14 feet, and at the smaller end 2 feet; requiretl 
the content ? Ans. 96 feeb 
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Exam. 3. What is the content of a tree whose mean 
girt is 3*15 feet| and length 14 feet C inches ? 

Ans. 8*9922 feet. 

Exam. 4. Required the content of a tree; whose length 
is 17x feet, which girts in five different places as follows, 
namely, in the first place 9*43 feet, in the second 7*92, in 
the third 6* 15, in the fourth 4 74, and in the fifth 3’16? 

Ans. 42-519525. 


PRACTICAL EXERCISES IN MENSURATION. 

^Quest. 1. What difference is there between a floor 28 
feet long by 20 broad, and two others, each of half tlie 
dimensions; and what do all three come to at 455. per 
square, or 100 square feet t 

Ans. dif. 280 sq. feet. Amount 18 guineas. 

X Quest. 2. An elm plank is 14 feet 3 inches long, and I 
would have just a square yard slit off it; at what distance 
from the edge must the line be struck? Ans. int-'kes. 

✓ Quest. 3. A ceiling contains 114 yards G feet of ])]aster- 
ing, and the room is 28 feet broad; what is the length of it ? 

Ans. iiO-f feet. 

If Quest. 4. A common joist is 7 inches deep, and 2j 
thick; but 1 want.a scantling just as big again, that shall 
be 3 inches thick ; what will the other dimension be? 

Ans. 11 y inches. 

/ Quest. 5. A wooden trough cost roc 35. 2d. painting 
within, at Gd |)er yard; the length of it was 102 inches, 
and the depth 21 inches; what was the width ? 

Ans. 27| inches. 

"K Quest. 6. If my court-yard be 47 feet 9 inches s(]uare, 
and I have laid a foot-path with Purbeck-stone, of 4 feet 
wide, along one side of it; what will paving the rest with 
flints come to, at 6d. per square yard ? Ans. 5/. I 65 . 0?d. 

Quest. 7. A ladder, 36 feet long, may be so planted, 
thftt it shall reach a window 30*7 feet from the ground on 
side of the street; and, onl^ turning it over, without 
moving the foot out of its place, it will do the same by a 
wtiniOiv IB'Q feet high on the other ade; what is the breadth 
flhe B^eet ? Ans. 50*984 feet. 

• QifJEST. B, The paving of a triangular court, at 18d. per 
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foot, came to 100/.; the longest of the three sides was 
88 feet; required the sum of the other two equal sides ? 

Ans. 10'685 feet. 

•^Quest. 9. The perambulator, or surveying wheel, is so 
contrived, as to turn just twice in the length of a pole, or 
16y feet; required the diameter? Ans. 2'626 feet, 

V Quest. 10. In turning a one-horse chaise within a ring of 
a certain diameter, it was observed, that the outer wheel 
made two turns, while the inner made but one: the wheels 
were lx)th 4 feet high ; and, supposing them fixed at the 
statutable distance of 5 feet asunder on the axle-tree, what 
was the circumference of the track described by the outer 
wheel ? Ans. 6^-832 feet. 

'^Quest. 11, What is the side of that equilateral triangle, 
whose area cost as much paving at Sd. a foot, as the palli- 
sading the three sides did at a guinea a yard ? 

Ans. 72*746 feet. 

Quest. 12. A roof, which is 24 feet 8 inches by 14 feet 
6 inches, is to be covered with lead at 81b. per square foot: 
what w'ill it come to at 18^. per cwt. ? Ans. 22/. 19*. lOld. 

Que.st. 13. Having a rectangular marble slab, 58 inches 
by 27, I would have a square foot cut off parallel to the 
shorter edge; I would then have the like quantity divided 
from the remainder parallel to the longer side; and this al¬ 
ternately repeated, till there shall not be the quantity of a 
foot left: what will be the dimensions of the remaining 
piece ? Ans. 20*7 inches by 6*086. 

N. B. This question may be solved neatly by an alge¬ 
braical process, as may be seen in the Ladies’ Diary for 18^. 

Quest. 14. Given two sides of an obtuse-angled triangle, 
which are 20 and 40 poles; required the third side, that the 
triangle may contain just an acre of land ? 

Ans. 58*876 or 23*099. 

Quest. 15. How many bricks will it take to build a wall, 
10 feet high, and 500 feet long, of A brick and half thick; 
reckoning the brick 10 inches long, and 4 courses to the 
foot in height ? An* 72000. 

Quest. 16. How many bricks will build a square pyramid 
of 100 feet on each side at the base, and also 100 feet |»er- 
pendicular height: the dimensions of a brick being supposed 
10 inches long, 5 inches broad, and 3 inches thi«k i 

Ans. 3840000. 

Quest. 17. If, from a right-angled triangle, whose t»se 
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is 12, and perpendicular 16 feet, a line be drawn parallel to 
the perpendicular, cutting off a triangle whose area is 24 
square feet; required the sides of this triangle ? 

. Ans. 6, 8, and 10. 

Quest. 18. If a round pillar, 7 inches across, have 4 feet 
(d* stone in it; of what diameter is the column, of equal 
length, that contains 10 times as much? 

Ans. 22136 inches. 

Quest. 19. A circular fish-pond is to be made in a gar¬ 
den, that shall take up just half an acre; what must be the 
length of the chord that strikes the circle ? Ans. 27|^ yards. 

Quest. 20. When a roof is of a true pitch, the rafters 
are 4 of the breadth of the building: now supposing the 
eaves-boards to project 10 inches on a side, what will the 
new ripping a house cost, that measures 32 feet 9 inches 
long, by 22 feet 9 inches broad on the flat, at, I.'Ia*. per 
square? Ans..8/. 15^. 

Quest. 21. A cable, Avhicii is 3 feet long, and 9 inches 
in compass, weighs 221b; what will a fathom of that cable 
wei^h, which measures a foot round ? Ans. 78?lb. 

Quest. 22. A plumber has put 2Slb. per square foot 
into a cistern, 74 inches and twice the thickness of the lead 
long, 26 inches broad, and 40 deep; he has also put three 
stays across it within, ,16 inches deep, of the same strength, 
and reckons 224 . per cwt. for work and materials. A mason 
has in return paved him a workshop, 22 feet 10 inches 
broad, with Purbeck stone, at Id. per foot; and upon tlic 
balance finds there is 3^. 6d'. due to the plumber; wnat w'as 
the length of the workshop, supposing slu^et lead of an 
inch thick to weigh 5’899lbs. per foot? Ans. 32*2825 feet. 

Quest. 23. The distance of the centres of tw'o circles, 
whose diameters are each 50, being given, equal to 30; wliat 
is the area of the.space inclosed by their circumferences ? 

Ans. 559-119. 

Quest. 24. If 20 feet of iron railing w'eigh half a ton, 
when the bars arc an inch and quarter square; what will 50 
feet conv* to at S^d, per Ib., the bars being but of an inch 
square ? Ans. 20/. Oj. 2d, 

Quest. 25. It is required to find the thickness of the 
]i^ in a pipe, of an inch and quarter bore, which weighs 
l4]fe. per Yard in length; the cubic foot of lead weighing 
11^25 ounces ? Ans. *20737 inches. 

Qufft..26. Supposing the expense of paving a seinicir- 
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cular plot, at 9.$, per foot, come to 10/,; what is the 
diameter of it ? Ans. 14 7737 feet. 

Quest. What i§ the length of a chord which cuts off 

of the area from a circle whoso diameter is 289 ? 

Ans. 278 6716. 

Quest. 28. My plumber has set inc up a cistern, and, his 
shop-book being burnt, he has no means of bringing in the 
charge, and I do not choose to take it down to have it 
weighed; but by measure he finds it contains 64,square 
feet, and that it is precisely of an inch in thickness. Lead 
was then wrought at 2/. per fother of 19*^ cwt. It is 
required from these items to rtiakc out the bill, allowing 

oz. for the weight of a cubic inch of lead ? 

Ans. 4/. ll.f. 2d. 

Qv EST. 29. What will the diapictcr of a globe be, when 
the solidity and superficial content are expressed by the 
same number? 'Ans. 6. 

Ques t. 30. A sack, that would hold 3 bushels of corn, 
is 22[ inches broad when empty; what will another sack 
contain, which, being of the same length, has twice its 
bre.'ullli or circumference? Ans. 12 bushels. 

Quest. 31. A carpenter is to put an oaken curb to a 
round well, at Hd. per foot sq^uare: the breadth of the curb 
is to be ll inches, and the diameter within 3*- feet: w^hat 
will be the expense ? * Ans. 5#. 2^d. 

Quest. 32. A gentleman has a garden 100 feet long, and^ 
80 feet brood; and a gravel walk is to be made of an equal 
width half round it: wdiat must the breadth of the walk be, 
to take up just half the ground ? Ans. 25*968 feet. 

Quest. 3,3. The top of a may-pole, being broken off by 
a blast of wind, struck the grouud at 15 feet distance from 
the foot of the pole; what was the height of the whole may- 
pole, supposing the length of the broken piece to be 39 
feet? Ans. 75 feet. 

Quest. 34. Seven men bought a griuding-stone of 60 
inches diameter, each paying f part of the expense; what 
part of the diameter must each grind down for his share ? 
Alls, tile ist 4*4508, 2d 4*8400, 3d 5*3535, 4th'*fe*0765, 
Sth 7*2079, 6th 9 3935, 7th 22*6778 inches. • 

Quest. 35. A maltster has a kiln, that is 16 feet 6 inches 
square: but he wants to pull it down, and build a new one, 
that may dry three times as'" much at once as tfte old one; 
what must be the length of its side ? Ans. 28 feet, 7 incites. 

VOL. II. 


II 
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Quest. 86. How many 8 inch cubes may be cut out of a 
12 Inch cube? Ans. 64. 

Quest. 37. How long must the t^her of a horse be, that 
will allow him to graze, quite around, just an acre of 
ground ? Ans. 39^ yards. 

Quest. 38. What will the painting of a conical spire 
come to at Sd. per yard; sup^sing the height to be 118 
feet, and the circumference of tne base 64 feet ? 

Ans. 14/. Os. 

Quest. 39. The diameter of a standard corn bushel is 
181 inches, and its depth 8 inches; then what must the 
diameter of that bushel be, whose depth is 7 1 inches ? 

Ans. 19*1067 inches. 

Quest. 40- Supjiose the ball on the top of St. Paul’s 
church is 6 feet in diameter; what did the gilding of it cost 
at 34 per square inch ? Ans. 287/. IOa’. Id. 

Quest. 41. What will a frustum of a marble cone come 
to at 125. per solid foot; the diameter of the greater end 
being 4 feet, that of the less end 14» mid the length of the 
slant side 8 feet ? ■ Ans. 80/. I 5 . 10-1 d. 

Quest. 42. To divide a cone into three equal parts by 
sections parallel to the base, and to find the altitudes of the 
three parts, the height of the whole cone being 20 inches ? 

. Ans. the upper part 13’867 

the middle part 3'605 
the lower part 2*528 

Quest. 43. A gentleman has a bowling-green, 300 feet 
long, and 200 feet broad, which he would raise 1 foot higher, 
by means of the earth to be dug out of a ditch that goes 
round it: to what depth must the ditch be dug, supposing 
its breadth to be every where 8 feet ? Ans. 7^^ feet. 

Quest. 44. How high above the earth must a person be 
raisin, that he may see ^ of its surface ? 

Ans. to the height of the earth's diameter. 

Quest. 46. A cubic foot of brass is to be drawn into wire 
of of Inch in diameter; what will the length of the 
wire be, allowing no loss in the metal ? 

Ans. 97784*797 yards, or 55 miles 984 797 yards. 

Quest. 46. Of what diameter must the bore of a cannon 
b&f which is cast for a ball of 24lb. weight, so that the dia- 
mirter ^f the bore may be of an inch more than that^f 
th® bidl ? Ans, 5*647 inches. 
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Quest. 47. Supposing the diameter of an iron 91b. ball to 
be 4 inches, as it is very nearly; it is required to find the 
diameters of the several balls weighing 1, 3, 4, 6, 12, 

18, 24, 32, 36, and 421b., and the. calibre of their guns, 
allowing ^ of the calibre, or of the half s diameter, for 
windage. 

Answer. 


Wt. 

ball. 

Diameter 
, ball. 

Calibre 

gun. 

1 

1-9230 

1-9622 

2 

2-4228 

2-4723 

3 

2-7734 

2-8301 

4 

3-0526 

3- r 149 

6 

3-4943 

3-5656 

9 

4-0000 

4-0816 

12 

4-4026 

4-4924 

18 

5-0397 

5-1425 

24 

5«469 

5-6601 

32 

6-1051 

6-2297 

36 

6-3496 

6-4792 

42 

6-6844 

6-8208 


Quest. 48. Supposing the windage of all mortars to be 
-gig- of the calibre, and the diameter or the hollow part of the 
shell to be -/g- of the calibre of the mortar: it is required to 
determine the diameter and weight of the shell, and the 
quantity or weight of powder requisite to fill it, for each of 
the several sorts of mortars, namely, the 13, 10, 8, 5*8, and 
4*6 inch mortar. 

Answer, 


Calib. 

mort. 

Diameter 

ball. 

Wt. shell 
empty. 

Wt. of 
powder. 

Wt. shell 
filled. 

4- 6 

5- 8 

8 

10 

13 

4- 523 

5- 703 
7-867 
9-833 

12-783 

8-320 

16-677 

43-764 

85-476 

187-791 

0-583 

1-168 

^•065 

5-986 

13-151 

8*903 

17-845 

46-829^" 

91*462 

200-942 


11 ^ 
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Quest. 49. If a heavy sphere, whose diameter is 4 inches, 
be let fall into a conical glass, full of water, whose diameter 
is 5, and altitude 6 inches; it is required to determine how 
much water will run over ? 

Ans. 26*2*72 cubic inches, or near -|4 parts of a pint. 

Quest. 50. The dimensions of a sphere and cone being^ 
the same as in the last question, and the cone only full of 
water; required what part ol* the axis of the sphere is im¬ 
mersed in the water ? Ans. *546 parts of an inch. 

Quest. 51. The cone being still the same, and full of 
water; required the diameter of a sphere which shall be just 
all covered by the water? ' Ans, 2'44599t) inches. 

Quest. 52. If a person, with an air balloon, ascend ver¬ 
tically from London, to .such height that he can just see 
Oxford appear in the horizon; it is required to determine 
his height above the earth, sujiposing its circumference to 
be 25000 miles, and the distance between London and 
Oxford 49*5993 miles ? 

Ans. of alinile, or 547 yards 1 foot. 

Quest. 53. In a garrison there arc three remarkable ob¬ 
jects, A, R, c, the distance.s of which from one to another 
are known to be, ar 213, ac, 424, and rc 262 \ards; T 
am desirous of knowing my position and distance at a j)lace 
or .station s, from whence I observed the angle asb 13‘’ 30', 
and the angle usb 29" 50', both hy geometry and trigo¬ 
nometry. 

An.swer. 

AS 605*7122, 

Bs 129*6814, 

es 521*2365. 

Quest. 54. Required the same as in the last qimstion, 
when the point b is on tlie other side of ac, supposing 
AB 9, AC 12, and bc 6 furlongs; also the angle asb 33“ 45', 
and the angle bsc 22^ S(y, 

An.^\vcr. 

AS 10*64, A 

BS 15-64, 

cs 14 01. 

Quest. 55. It is required to determine the magnitude 
a Isube gold, of the standard fineness, which shall be 
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equal to a ;sum of 960 millions of pounds sterling; supposing 
a guinea to weigh 5 dwts 9| grains. Ans. 23'5^ feet. 

Q[TEST.-56. The dftch of a fortification is 1000 feet long, 
9 feet deep, 20 feet broad at bottom, and 22* at top; how 
much water will fill the ditch ? ^ 

Ans. 1158127 gallons nearly. 

Quest. 57. If the diameter of the earth be 7930 miles, 
and that of the moon 2160 miles: required the ratio of their 
surfaces, and also of their solidities: supposing them both to 
be globular, as they are very nearly ? 

Ans. the surfaces are as 13, t to 1 nearly; 
and the solidities as 49i to 1 nearly. 


B 



D F 


Quest. 58. Let abc be the profile, or perpendicular sec¬ 
tion of a breast-work, and ep that of the ditcn. Now, sup¬ 
pose the area of the section abc is 88 feet, the depth of the 
ditch RD 6 feet, er = so = 3 feet; what is the breadth of 
the ditch at toji when the sections of the ditch and the 
breast-work are equal; that is, when t^he earth thrown out of 
the ditch is sufficient to make the breast-Avork ? 


CQNIC SECTIONS. 


DEFINITIONS. 

1. Conic Sections are the figures made by a plane cut¬ 
ting a cone. 

2. According to the difterent positions of the cutting 

plane there anse five different figures or sections, namely, 
a triangle, a circle, an ellipsis, an hyperbola, and a parabola: 
the three last of which only are peculiarly called Conic 
Sections. * . 
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3. If the cutting plane pass through 
the vertex of the cone, and any part of 
the base, the section will evidently be a 
triangle; as vab. 


4. If the plane cut the cone parallel to 
the base, or make no angle with it, the 
section will be a circle; as abd. 


5. The section dab is an ellipse 
when the cone is cut obliquely through 
both sides, or when the plane is in¬ 
clined to the base in a less angle than 
the side of the cone is. 


6. The section is a parabola, when 
the cone is cut by a plane parallel to 
the side, or when the cutting plane and 
the side of the cone make equal angles 
with the base. 


7. I’he section is an hyperbola, when 
the cutting plane makes a greater angle 
with the base than the side of the cone 
makes. 


B. Abd if all the sides of the cone 
be continued through the vertex, form¬ 
ing: AH opposite c^ual cone, and the 
pl8]»e‘'be also continued to cut the op- 
poaite this latter secdon will oc 
thehyperbola to the former; 
as aBe. 
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9 . The Vertices of any section, are the points where the 
cutting plane meets the opposite sides of the cone, or the 
sides of the vertical triangular section; as a and b. 

Hence the ellipse and the opposite hyperbolas, have each 
two vertices; but the parabola only one; unless we consider 
the other as at an infinite distance. 

10, The Axis, or Transverse Diameter, of a conic section, 
is the line or distance ab between the vertices. 

Hence the axis of a parabola is infinite in length, a 6 
being only a part of it. 


Hllipsc. 


Hyperbolas. Parabola, 



11. Ti»e centre c is the middle of the axis. 

Hence the centre of a parabola is infinitely distant from 
the vertex. And of an ellipse, the axis and centre lie within 
the curve; but of an hyperbola, without. 

12. A Diameter is any right line, as ab or de, drawn 
through the centre, and terminated on each side by the 
curve; and the extremities of the diameter, or its intersec¬ 
tions with the curve, are its vertices. 

Hence all the diameters of a parabola are parallel to the 
axis, and infinite in length. Hence also every diameter of 
the ellipse and hyperbola has two vertices; but of the para¬ 
bola, only one; unless we consider^the other as at an infinite 
distance. ^ 

13. The Conjugate to any diameter, is the line drawn 
through the centre, and parallel to the tangent of the curve 
at the vertex of the diameter. So, fg, parallel to the tan¬ 
gent at D, is the conjugate to de ; and m, parallel to the 
tangent at a, is the conjugate to ab. 

Hence the conjugate hi, of the axis ab, is perpendicular 
to it. 

14. An Ordinate to any diameter, is a line parallel to its 
conjugate, or to the tangent at its vertex, and terminated by 
the diameter and curve. So »k, el, are ordinates to the 
axis AB; and mn, no, ordinates to the diameter de. 
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Hence the ordinates of tlie axis arc perpendicular to k. 

15. An Absciss is a part of any diameter contained be¬ 
tween its vertex and an ordinate to it; as ak or «k, or dn 
or EN. 

Hence, in the ellipse and hyperbola, every ordinate has 
two determinate abscisses; but in the parabola only one; 
the other vertex of the diameter being infinitely distant. 

16. The Parameter of any diameter, is a third pro|X)rtional 
to that diameter and its conjugate, in the ellipse and hyjicr- 
bola, and to one absciss and its ordinate in the parabola. 

17. The Focus is the point in the axis where the ordinate 
is equal to half the parameter. As k and l, where dk or lii. 
is equal to the semi-parameter. The name focus.bcing given 
to this point from the peculiar property of it mentioned in 
the corol. to theor. 9 in the Ellipse and Hyperbola following, 
and .to theor. G in the Parabola. 

Hence, the ellipse and byj)erbola have each two foci; but 
the parabola only one. 



18. If DAE, FBG, be two opposite liyperbolas, having ab 
for their first or transverse axis, and ub for their second or 
conjugate axis. And if tla€,fhg, he two other opposite hy¬ 
perbolas liaving the same axes, but in the contrary order, 
namely, ah their first axis, and ab their second; tlicn these 
two latter curves dac,fl^ are called the conjugate hyper¬ 
bolas to the two former dae, fbg ; and each pair of o[)posite 
curves mutually conjugate to the other; being all for con¬ 
venience of investigation referred to one plane, though they 
are only posited two and two in one plane; as will appear 
more e^ddently from the demonstration of th. 2. Hyperbola. 

19. And if tangents be drawn to the four vertices of the 
curves, or extremities of the axes, forming the inscribed 
rectangle hikl ; the diagonals iick, icl, of this rectangle, 
are called the asymptotes of the curves. And if these asym¬ 
ptotes intersect at right angles, or the inscribed rectangle be 
a souare, or the two axes ab and ab be equal, then the hy>^ 
jierWas are s«d to be right-angled, or equilateral. 
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The rectangle inscribed between the four conjugate hy¬ 
perbolas, is similar to a rectangle circumscribed about an 
ellipse, by drawing tangents in like manner, to the four ex¬ 
tremities of the two axes; and the asymptotes or diagonals 
in the hyperbola, are analogous to those in the ellipse, cut¬ 
ting this curve in similar points, and making that pair of 
conjugate diameters which arc equal to each other. Also, 
the whole ligure formed by the four hyperbolas, is as it 
were, an ellipse turned inside out, cut open at the extre¬ 
mities, D, E, F, G, of the said e(jual conjugate diameters, and 
those four points drawn out to an infinite distance; the cur¬ 
vature being turned the contrary way, but the axes, and the 
rectangle passing through their extremities, continuing fixed. 

And further, if there be four cones 
CMN, COP, CMP, CNO, having all the 
same vertex c, and all their axes in tlie 
same ])lane, and their sides touching or 
coinciding in the common intersecting 
lines Mco, NCi*; then if these fbur 
cones be all cut by one plane, parallel 
to the common plane of their axes, tl^ere 
will be formed the four hyperbolas, gqr, 

FST, VKL, win, of which each two op¬ 
posites are equal; and each pair resembles 
tiie conjugates to the other two, as here 
in the annexed figure; but they are not 
accurately the conjugates, except only 
when the four cones are all equal, and then the four hyper¬ 
bolic sections are all equal also. 




[ 106 ] 


or THE ELLIPSE. 


THEOREM 1. 


The Squares of the Ordinates of the Axis arc to each other 
as the Rectangles of their Abscisses. 

Let avb be a plane passing througii 
the axis of the cone; agih another 
section of the cone perpendicular to 
the plane of the former ; ab the axis 
of this elliptic section; and fo, hi, or¬ 
dinates perpendicular to it. Then it 
will be, as fg® : hi^ :: af . fb : ah . hb. 

For, through the ordinates ro, hi, 
draw the circular sections kgl, min, 
parallel to the base of the cone, having kl, mn, for their 
diameters, to which fg, hi, are ordinates, as well os to tlic 
axis of the ellipse. 

Now, by the similar triangles afl, ahn, and bfk, bhm, 

’ it is AF ; AH :: FE : hn, 
and FB : hb : : xf : mh ; 

hence, taking the rectangles of the corresponding terms, 

it is, the rect. af . fh : ah . hb : : kf . fl : mh . hn. 

But, by the circle, kf . fl = fg®, and mh . hn = in®; 
Therefore the rect. af . fb ; ah , hb r : fg® : hi®, a. e. d. 



THEOREM II. 

As the Square of the Transverse Axis 
Is to th*e Square of the Conjugate : 
So is the R^tangle of the Abscisses 
To the Square of their Ordinate. 
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That is, AB* : alP^ or 
AC* : oc* : : AD . DB : de®. 


For, by theor. 1, ac . CB : ad . db ; : ca® : de®; 

But, if c be the centre, then ac . cb = ac®, and ca is the 
semi-conjugate. 

Therefore ac® : ad . db : : ac® : de®; 

or, by permutation, ac* : ac® : : ad . db : de® ; 
or, by doubling, ab* : od® : : ad . db : de*. q. e. d. 

Corol. Or, by div. ab : :: ad . db or ca* — CD* : de®, 

AB 



that is, AB : p :: ad . db or ca® — cd® : DE*; 


ab* 

where p is the parameter —, 

AB 


by 


the definition of it. 


That is, As the transverse, 

Is to its parameter, 

So is the rectangle of the abscisses. 
To the square of their ordinate. 


THEOEEM III. 

As the Square of the Conjugate Axis : 

Is to the Square of the Transverse Axis :: 

So is tlie Rectangle of the Abscisses of the Conjugate, or 
the difference of the Squares of the Semi-conjugate and 
Distance of the Centre from any Ordinate of that Axis ; * 
To the Square of their Ordinate. 


That is, 

ca®: CB*ISE ad . db or ca® cd* dz*. 


For, draw the ordinate SD to the transverse ab. 

Then, by thew. I, co* : ca® :: de* ; ad . db or ca* — cd*, 

or - - - - - <30*: CA® :: cd® : ca* — dm*, 

But - - „ - ca* : ca* :: ca*: ca\ 

theref. by subtr. ca* : ca* :: ca* — c# or ad. db : ds*. 

a« ic. o. 
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CoroL 1. If two circles be described on the two axes as 
diameters, the one inscribed within the ellipse, and the other 
circumscribed about it; then an ordinate in the circle will 
be to the corresponding ordinate in tlie ellipse, as the axis of 
this ordinate, is to the other axis. 

, Tliat is, CA : rtf : : DC : de, 
and ca : ca : : dg : Je. 

For, by the nature of the circle, ad . db = dg** ; theref. 
by the nature of the ellipse, ca* : ca® : : ad . db or dg® : de®, 

or CA : ca : : dg : de 

In like manner - ca : ca : : dg : t/E. 

Also, by eq^uality - dg : DE or cd : ; rfi*: or nc : dg . 

Therefore c^>-g is a continued straight line. 

Corol. 2. Hence also, as the ellipse and circle iU’c made up 
of the same number of corresponding ordinates, which are 
all in the same proportion of the two axes, it follows that 
the areas of the whole circle and ellipse, as also of any like 
parts of them, are in the same proportion of the two axes, 
or as the square of the diameter to the rectangle of the two 
axes; that is, the areas of the two circles, and of the ellipse, 
are as the square of each axis and the rectangle of the two; 
and therefore the ellipse is a mean proportional between the 
two circles- 


THEOREM IV. 

The Square of the Distance of the Focus from the CCentre, 
is equal to the Difference of the Squares of the Semi¬ 
axes. 

Or, the Square of the Distance between the Foci, is equal to 
the Difference of the Squares of the two Axes. 


That is, CF* = ca* ~ ca* 
or fJ'’- = ab* — ai* 


For, to the focus f draw the oi*dinate fe ; which, by the 
definition, will be the aemi-parameter. Then, by the nature 
of the curve - - ca* ; ca* : : ca* — cf* : fe*; 

and the def. of the para, ca® : ca*:: ca*: fe* ; 
tbei^mire * - - ca* = ca* — cf*; 

and by addit. and subtr. cf* = ca® — ca*; 

(Mr, by doubling, - f/* = ab® — a¥. q. e. d. 
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Carol. 1. The two semi-axes, and the focal distance from 
t]\e centre, are the sides of a right-angled triangle era ; and 
the distance F« from the focus to the extremity of the con¬ 
jugate axis, is = AC the semi-trahsverse. 

Coi'ol. 2. The conjugate semi-axis ca is a mean propor¬ 
tional between af, fb, or between A/jyh, the distances of 
either focus from the tw(f vertices. 

For — cf® = (ca -f- cf) . (ca-cf) = Xf . fb. 


TUEOEEM V. 

The SuiH of two Lines drawn from the two Foci to meet 
at any Point in the Curve, is equal to the Transverse 
Axis. 



For, draw ag parallel and equal to ca the semi-conjugale; 
and join co meeting the ordinate de in h ; also take ci a 
4-111 proportional to ca, cf, cd. ^ 

Then by iheor. 2, ca® : ag® : ; ca® — cd® : de® ; 
and, by siiii. tri. ca"^ : ag® : : ca® — cd® ; ag^ — dh*; 
consequently de® = ag® — dh^ = ca- — dh‘. 

Also, FD = CF CD, and fd* = cr® — 2cf . cd + cd® ; 
And, by right-angled triangles, fe® = fd® -1- de® ; 
therefore'FE® = cf® -f ca® — 2 cf . cd + cd® — dh®; 

But by theor., 4, cf® -f ca* = ca*, 

and s^position, 2 cf . cd = 2ca . ci ; 

theref. = ca® — 2c a . ci + cd® — dh®.* 

Again, by supp. ca* : cd® : : cf® or ca* — ag® : ci*; 
and, by sim. tri. ca® : cd® :: ca* — ag* : cd® — dh* ; 
therefore - ci* = cd* — dh® ; 
consequently fe* = ca® — 2c a . ci + ci®. 

And tJie root or side of this square is fe = ca ci = ai. 

In the same manner it is found that /e = ca -f- ci = bi. 
Conseq. by addit. fe +,/fi = ai -f bi = ab. e. d. 
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Carol, 1. Hence ci or ca — fe is a 4th proportional to 
CA, CF, CD. 

Carol, 2. Andyfe ~ fe = 2ci; that is, the difference be¬ 
tween two lines drawn from the foci, to any point in the 
curve, is double the 4th proportional to ca, cf, cd. 

Carol, 3. Hence is derived the common method of de¬ 
scribing this curve mechanically by^points, or with a thread, 
thus: 

In the transverse take the foci F,,/i 
and any point i. Then with the radii 
A I, Bi, and centres F,yj describe arcs 
intersecting in e, which will be a 
point in the curve. In like manner, 
assuming other points i, as many 
other points will be found in tlie 
curve. Then with a steady hand, the curve line may be 
drawn through all the points of intersection e. 

Or, take a thread of the length ab of the transverse axis, 
and fix its two ends in the foci by two pins. Then 
carry a pen or pencil round by the thread, keeping it always 
stretched, and its point will trace out the curve line. 

THEOREM VI. 

If from any Point i in the Axis produced, a Line il be 
drawn touching the Curve in one Point l ; and the Or¬ 
dinate LM be drawn; and if c be the Centre or Middle 
of ab : Then shall be to ci as the Square of am to tlie 
Square of ai. 


That is, 

CM : Cl :: AM* : Al®. 


For, from the point i draw any other line ieh to cut the 
curve in two points e and h ; from which let fall the perpen- 
(bculars so and ho; and bisect do in k. 

Then, by theo. 1, aj> . db : ag . gb :: de® : gh®, 
and by'rim. tiianglesi id* : ig* :: de* : oh® ; 
theref. by equality, ad . db : AO . gb :: id® , lo®. 

But DB = CB 4-CD = AJC + CD = AG 4- DC — CG = gcK -f-AG, 
and GB = CB-CG = AC — CO = AD+DC- cg = 2ck4-ad; 
dier^ AD. 2 ck + ad . ao : ao . 2 ck -f ad . ag :: id*® : ip\ 
and, by div. do . 2ck : iq*~ id® or dg . 2ik :: ad . *ck 4 

AD . AG : ID®, 
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or 2 ck ; 2iK ; ; ad . 2ck + ad . ag ; id®, 
or ad . 2ck ; ad . 2ik ; : ad . 2ck 4- ad . ag : id® ; 
tlieref.by div. ck : ik.: ; ad . ag : id® — ad . 2ik, 
and, by comp, ck : ic :: ad ag : id* — ad . id + ia, 

or CK : CI AD AG : Al®. 

But, when the line ih, by revolving about the point i, 
comes into the position of the tangent il, then the points e 
and ii meet in the point l, and the points d, k, g, coincide 
with the point m; and then the last proportion becomes 
CM ; n :; am® ; ai®. g. e. d. 


THEOREM VI f. 


If a Tangent and Ordinate l>e drawn from any Point in the 
Curve, meeting the Transverse Axis; the Semi-transverse 
will be a Mean Proportional between the Distances of the 
said Two Intersections from the Centre. 


That is, 

CA is a mean proportional 
between cd and ct ; 
or CD, CA, CT, are con¬ 
tinued proportionals. 



For, by theor. 6, cd ! ct :: ad‘ : at* 
that is, CD CT ;: (ca — cd)® : (ct — ca) ’, 

or - CD CT : : CD® 4- ca® r ca‘ 4- ct®, 

and - CD dt :: CD® 4 ca® ; ct* ~ cd®, 

or - CD DT : : cd’^ + ca® : (ct 4 cd)dt, 

or - CD* CD . dt :: cd* 4 ca* : (cd . dt) 4* (ct . dt), 
hence cd* ca® : cd . dt : ct . dt, 
and - CD® CA® ; : cd : ct. 

therefore (tli. 78, Geom.) cd : ca :: ca : CT. a. e. d. 

Carol. 1. Since ct is always a third proportional to cd, 
CA ; if the points d, a, remain constant, then will the point 
T be constant also; and therefore all the tangents will meet 
in this point T, which are drawn from the point e, of every 
ellipse describe on the same axis ab, where they are cut by 
the common ordinate deb drawn from the point d. 

Carol, 2, When the outer ellipse, by enlarging, becomes 
a circle, as at the upper figure at a, then by drawing et 
perp. to CE, and joimng t to the lower B, the tangent to the 
point E at the ellipse is obtained. 
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THEOREM VIII. 


If there lie’any Tangent meeting Four Perjiendiculars the 
A^ds drawn from these four Points, namely, the Centre, 
the^two Extremities of the Axis, and the Point of Contact; 
those Four Perpendiculars will be Proportionals. 



For, by theor. 7, xc : ac : : ac : nc, 

theref. by div. ta : ad : : tc : ac or cb, 

and by comp, ta : td : ; tc : tb, 

and by sim. tri. # ag : de : : ch : bi. a . e. d. 

Carol, 1. Hence ta, td, tc, tij ) . • , 

j c are also proportionals, 

and ‘ tg, te, th, ti j it 

For these are as ag, de, cn, bi, by similar triangles. 

Coral. 2. Draw ai to cut de in i* ; then since 

ta : te :: tc : Ti, the triangles tae, xn are similar, as well 

as the triangles aed, cm, and adj*, abi. 


Hence 
and 


ad 

AD 

J>p 


Di; 

Dr 

DP 


CB 

AB 

AB 


BI 

BI 

(B 


: 2 ; 1; which sug¬ 
gests another simple practical method of drawing a tangent 
to an ellipse. 


thkokem IX. 


If there be any Tangent, and two Lines drawn froTii die 
Foci to the Point of Contact; these two lines will make 
equal Angies with the Tangent. 



For, draw the ordinate de and^ parallel to fe. 

By cor. 1, theor. 5, ca : cd : : cf : ca — fe, 

and by theor. 7, ca : cd :: ct : ca ; 

therewre ct : ct :; ca : ca -- fe ; 

and by add. and sub .tf : t/: ; fe : 2ca-fe or/E by ^i. 5. 

But by sini. tri. tf : i/: : F<r \ fc ; 
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therefore yk and conseq. ze= 

But because fe is parallel to fe, the Z c = z fet ; 
therefore z fet = JLj'is.e. a. e. d. 

Corel. As cmticians find that the angle of incidence is equal 
to the angle of reflection, it appears from this theorem, that 
rays of light issuing from the one focus, and meeting the 
curve in every point, will be reflected into lines drawn from 
those points to the other focus. So the ray^^E is reflected 
into FE. And this is the reason why the points^ r,^ are 
called the Jbc\, or burning points. 

THEOREM X. 

/ 

All the Parallelograms circumscribed about an Ellipse are 
equal to one another, and each equal to the R^tangle of 
the two Axes. 


That is, 

the parallelogram purs = 
the rectangle ab . ab. 


Let EG, q"", be two conjugate diameters parallel to the 
sides of the parallelogram, and diviJing*it into four less and . 
equal parallelograms. Also, draw the ordinates de, de^ and 
CK perpendicular to pq ; and let the axis ca produced meet 
the sides of the parallelogram, produced if necessary, in T 
and t. 


Then, by theor. 7, 

CT 

: CA : 

CA : 

CD, 

and 


: CA : 

CA : 

cd ; 

theref. by equality. 

CT 

; ct : 

cd ; 

CD; 

but, by sim. triangles. 

CT 

; ct : 

TD : 

cd. 

theref. by equality, 

TD 

: cd : 

cd : 

CD, 

and the rectangle 

TD 

. DC is 

= the square cd®. 

Again, by theqr. 7, 

CD 

CA ; : 

CA : 

CT, 

or, by division, 

CD 

CA ; : 

DA : 

AT, 

and by composition, 

CD 

DB :: 

AD : 

DT; » 

conseq. the rectangle 

CD 

DT =s 

cd* 

= AD . DB *. 

But, by theor. 1, 

CA® 

CA® :: 

(ad 

. DB or) cd* : de*. 

therefore 

CA 

ca:: 

^ : 

de; 

or 

ca 

DE :: 

CA : 

cd; 


* Carol, Because cef* = ad . db =; ca* — CD®, 
therefore ca* = cn* + cd\ 

In like manner, ca* = dr* + de'. 
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Bv til. 7 CA : CA : C7/, 

by^equality - ct ca : : ca de, 

by sim. tri. - ct ; ct ; : dc niu, 

theref by equality, ct ; ca : ca de. 

But, by sim. tri. ct : ck : ce dc ; 

theref. by equality, ck : ca : ca cc, 

and the rectangle ck . cc = ca . ca. 

But the rcct. ck . cc = the parallelogram cepc, 

theref. the reel, ca . ca — the parallelogram cepc, 

consecj.. the rect. a« . ith = the parallelogram runs. E. d. 


THEOREM XI. 

m 

The Sum of the Squares of every Pair of Conjugate Dia¬ 
meters, is equal to the same constant Quantity, namely, 
the Sum of the Stpiares of the two Axes. 


That is, 

AB^ -j- tib^ — EC^ + eg® ; ♦ 
where eg, eg, are any pair of con¬ 
jugate diameters. 



For, draw the ordinates ed, cd. 

Then, by cor. to Theor. 10, ca® -- cn* cd^, 

and - - _ ca® = de® -j- de ^; 

therefore the sum ca® -|- “h "f* 

But, by right-angled As, ci;'* = c d’ -j- de®, 

and _ - - cc^ — cd^ -j- dc®; 

therefore the sum ce® cc® = cn® erf® -p rfc*. 

consequently - ca® 4* 4“ 

or, by doubling, ab® -j- ab‘^ — eg® -j- qg*. u. e. d. 

l^oic. All these theorems in the Ellipse, and their demon¬ 
strations, are the very fame, word Ibr word, as the corre¬ 
sponding number of those in the Hyperbola, next following, 
having only sometimes the word sum changed for the word 
difference. 




OK THM ITVl’CaBOLA. il5 

OF THE HYPERBOLA. 

TUEORKM r. 

The SquarCvS of the Ordinates of the Axis are to each other 
as the Rectangles of their Abscisses. 

I.ct Avu be a plane passing 
through llie vertex and axis of 
the op])osite cones; Ac ill an¬ 
other section of them perpendi¬ 
cular to the plane of the former; 

AB the axis of the hyperbolic 
sections; and fg, hi, ordinates 
perpendicularto it. Then it will 
be, as FG*:HI- :: af . fb : ah . hb. 

For, through the ordinates 
FG, HI, draw the circular sections 
icGL, MIN, parallel to the base of 
the cone, having kl, mn, for their diameters, to which fg, 
HI, arc ordinates, as well as to the axis of the hyperbola. 

Now, by the similar triangles afl, aiin, and bfk, bhm, 
it is AF ; ah :: fi. : hn, • 
and FB : HB :: kf ; mh; 

hence, taking the rectangles of the corresponding terras, 
it is, the rect. af . fb : ah . hb :: kf . fl : mh . hn. 

But, by the circle, kf . fl = fg*, and mh . hn = hF; 
Therefore the rect. af . fb : ah . iib :: fg* : HI*. 

Q. E. D. 



theorem II. 

x\s the Square of the Transverse Axis 
Is to the Square of the Conjugate 
So is the Rectangle of the Abscisses 
To the Square of their Ordinate. 




That is, AB* : ab^ or 
AC*: ac* ad . db 
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For, by tbeor. 1, ca . cb : ad . db :: ca’: de*; 

But, if c be the centre, then ac . CB :r ac’^, and ca is the 

semi-conj. 

Therefore - ac* : ad . db ;: ac* : de*; 
or, by permutation, ac* : oc® :: ad . db : de^; 
or, by doubling, ab* : aft* :: ad . db : de*. q. e. d. 

a&* 

Carol. Or, by div. ab :— :: ad . db or cd* — ca* : de*, 
that is, AB : p :: ad . db or cd* — ca^ : de®; 
where p is the parameter — by the definition of it. 

That is. As the transverse, 

Is to its parameter, 

So is the rectangle of the abscisses, 

To the square of their ordinate. 


Oi/i€?"in6ef thus: 


Let a continued plane, cut 
from the two opposite cones, the 
two mutually connected oppo¬ 
site hyperbolas hag, huffy wliose 
vertices are a, a, and bases hg, 
hff, parallel to each other, fall¬ 
ing in the planes of the two pa¬ 
rallel circles lgk, Iffk. Through 
c, the middle point of Aa, let a 
plane be drawn parallel to that 
of LGK, it will cut in the cone 
EVK a circular section, whose 
diameter is mn; to which cirou- 
lar section, let ct be a tangent at t. 

Then, by sim. tri. 

ACrUy AFL 
and, by sim. tri, 
acn, UFK 

AC . ca : cm . cn : af 
■,2 



AC : cm af:fl; 


ac : c» 


OF : FE. 


Fa: LF 

or, AC’* ; ct*- AF . Fa : fg*. 
In like manner, for the opposite hyperbola 

AC* ; c^® :: Af.J^ : 


FK, 


Here ct is what is usually denominated the semi-conjugate 
to the opposite hyperlwdas hak, hak: but it is evidently not 
in ihf ^amc plane with them. 
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THEOSEM III. 

As the Square of the Conjugate Axis 
To the Square of the Transverse Axis :: 

The Sum of the Squares of the Semi-conjugate, and 
Distance of the Centre from any Ordinate of the Axis: 
The Square of their Ordinate. 


That is, 
ca* ; CA* :: ca* -f- 


For, draw the ordinate ed to the transverse ab. 

TheOj by theor. 1, ra* : ca* :: dk* : ad . db or cd* — ca*, 
or - - ca^ ; ca® :: cd® : dE® — ca*. 

But - - ca* : CA* :: ca® : ca®. 

thcref. by compos, ca* : ca* :: ca® -j- cd® : dE®. 

In like manner, ca® : ca® :: ca® + cd* : De‘. q. e. d. 
Carol. By the last theor. ca* ca* :: cd® — ca* : dk*, 
and by this theor. ca* ca* :: cd® -j- ca® : dc®, 
therefore - de® dc* :: cd® —ca®: CD®-j-CA*. 
In like manner, d<?* : dc*:: cd* ■— ca*: CD*-j- ca*. 



THEOEEM IV. 

The Square of the Distance of the Focus from the Centre, 
is equal to the Sum of the Squares of the Semi-axes. 

Or, the Square of the Distance between tlie F(E:i, is equal to 
the Sum of the Squares of the two Axes. 


That is, \ 

CF» rr ca® •+• ( a*, or -7^, 

j/'* =: ab* -|- ab\ / 


For, to the focus f draw the ordinate fe; which,* by the 
definition, will be the semi-parameter. Then, by the nature 
of tlie curve - CA* : ca®:: cf* — ca* ; fe®; 

and Iw the def. of the para, ca® : ca® :; ca® : fe®; 
therefore - . ca* = cr* — ca*; 

and by addition, - cf® ca® -|- ca*; 
or, by doubling, - ab* + ai*. Q. E. d. 
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Carol, 1. T!ie two semi-axes, and the focal distance from 
the centre, are the sides of a right-angled triangle CAa; and 
the distance a« is = cp the focal distance. 

Carol, 2. The conjugate semi-axis ca is a mean propor¬ 
tional between af, fb, or between distances of 

either focus from the two vertices. 

For ca‘ = cf* — ca- = (cf -f- ca) . (cf — ca) = af . fb. 


THEOREM V, 


The Difference of two Lines drawn from the two Foci, to 
meet at any Point in the Curve, is equal to the Transverse 
Axis. 



For, draw ag parallel and equal to ca the semi-conjugate; 
and join cg, meeting the ordinate de produced in ii; also 
take ci a 4th proportional to ca, cf, cd. 

Then, ])y th. 2, ca^ : ag* :: cd* — ca" : de*; 
and, by sim. As, cjC : ag^ :: cD- — ca“ : dji* — ag"; 
consequently dii" — ag*’ = jui* — car. ” 

Also, FD rr CF ~ CD, and fd" = ci - — 2cf . cd -J- 
and, by right-angled triangles, fe* fd* de*. 
therefore fe* = cr* — ca* — 2i’F . cd 4- cd* 

But, by thedr. 4, cf* — ca® ~ ca*, 
and, by supposition, 2 cf . cd =r 2c a . ci; 
theref. fE' = ca* — 2ca . ci -f- cd* -f- dji*; 

Again, by suppos. ca* : cd* :; cf* or ca’ -f ag* : ci*; 
and, by sim. tri. ca* : cd* :: ( A* -|- A(;* : cd* -j- dh®; 
therefore - ci* = cd® 
consequently fe* rr ca* — 2ca . ci -f ci*. 

And the root or side of this square is fe = ci — ca ~ ai. 
In the same manner, it is found that /e r= ci -f- ca = bi. 
Conseq. by subtract.^/k — fe — bi — ai = ab. q. e. d. 

Carol 1. Hence ch :z: ci is a 4th proiRirtional to ca, cf, 

CD. 

Cord. 2. And /E-f fe = 2cn or 2ci; or fe, are 

in continued arithmetical progression, the common difference 
being CA the scrni-ti'ansverse. 
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Corot 3. Hence is derived the common method of de¬ 
scribing this curve mechanically by points, thus: 

In the transverse ab, produced, take the foci f, and 
any point i. Then with the radii ai, bi, and centres f, 
describe arcs intersecting in e, which will be a point in the 
curve. In like manner, assuming ^ther points i, as many 
other points will be found in the curve. 

Then, with a steady hand, the curve line may be drawn 
through all the points of intersection e. 

In the same manner are constructed the other two or con¬ 
jugate hyperbolas, using the axis ab instead of ab. 


THEOREM VI. 

• 

If from any I’oint i in the Axis, a Line il be drawn touching 
the Curve in one Point l; and tlie Ordiiiate lm be drawn; 
and if c be the Centre or the Middle of ab : Then shall 
CM be to ci as the Square of am to the Stpiare of Ai. 

That is, 

CM : CI;: am^ : aP. 

- 1 

For, from the point i draw any linoujur to cut the curve 
in two fx)ints e and h; from which let lall the perps. ed, iig; 
and bisect ihj in K. 

Then, by theor. 1, ad . db : ag . gb de’ : gh'*, 
and by sira. triangles, id^ : ig* :: de^ : gh*; 
there!, by equality, ad . db ; ag . gb :: : 1G^ 

Put DJI Z= CB -f- CD = CA -f- CD = CG-|- CD— AG = 2cK —AG, 
and GB = CB -}- CG = CA -P CG = CG -f- CD - AD = 2CK —AD; 

theref. ad . 2ck — ad . ag ; ag . 2ck — ad . ag :: id- ; ig% 
and, by div. dg . 2ck : ig* — id* or dg . 2ik :: ad . 2ck 

— AD . AO : ID*. 

or - 2 ck : 2iii :: ad . 2ck — ad . ag ; in*; 

or AD . 2 ck : ad . 2ik :: ad . 2ck — ad . ag : id*; 

theref. by div. CK : ik : ad . ag : ad . 2ik — id , 
and, by div. ck : ci ad . ag : id* — ad . (id -f-*lA), 

or - CK : CI :. AD . AG : ai*. 

But, when the line ih, by revolving about the point i, 
comes into the position of the tangent il, then the ’points i: 
and II meet in the point l, and the points d, k, g, coincide 
with the point m ; and tlien the last proportion becomes 
CM ; CI:; am* : aP. Q. e. d. 
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THEOREM VII. 

If a Tangent and Ordinate be drawn .from any Point in the 
Curve, meeting the Transverse Axis; the Semi-transverse 
■will be a Mean Proportional between the Distances of the 
said Two Intersections from the Centre. 

That is, 

CA is a mean proportional between 
CD and ct; or cd, ca, ct, arc con¬ 
tinued proportionals. 

For, by th. 6, cd ; ct :: ad* : at®, 

that is,„ - CD : CT :: (cd — ca)* : (ca — ct)*, 

or - - CD ; CT ;: CD*-f* = CA*-f- 

and - - CD : DT :: cd* -f ca® ; c»* — ct*, 

or - - CD : DT :: CD® -j- ca® ; (c d -j- ct) dt, 

or CD* : CD DT : : cd® -f“ ca® : cd . dt -f- ct . td; 
hence cd* : ca ;: cd . dt : ct . td, 
and CD® : ca : cd : ct, 

theref. (th. 78, Geoni.) cd : ca ;: ca : cr. Q. E. d. 

Carol. Since ct is always a third proportional to cd, ca; 
if the points d, a, remain constant, then will the point T be 
constant also; and therefore all the tangents will meet in 
this point t, which Are drawn from ^he point e, of every 
hyperbola described on the same axis ab, where they are cut 
by the common ordinate dee drawn from the point d. 



theorem viij. 

If there be any Tangent meeting Four Perpendiculars to 
the Axis drawn from these four Points, namely, the Cen¬ 
tre, the two Extremities of the'Axis, and the Point of Con¬ 
tact; those Four Perpendiculars will be Proportionals. 

That is, 

AG : DE ;: CH : Bi. 


For, by thcor. 7, tc ; ac : : ac : dc, 

theref. by div. ta : ad :: tc : ac or CB, 

and by comp. ta ; to :: tc : tb, 

and by sim. tri. ag : de :: CH : Bi. 



Q. £. D. 
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C(yrol Hence ta, td, tc, tb 7 _ .. 

and to; te, th, ti P'™P«rtK>”>>»- 

For these are as ag, de, (’H, bi, by similar triangles. 


THEOREM IX. 

If there be any Tangent, and two Lines drawn from the 
Foci to the Point of Contact; these two Lines will make 
equal Angles with the Tangent, 


That is, 

llie Z KET =: L f^c. 


For, draw* the ordinate de, and/tJ parallel to fe. 

By cor. 1, theor. 5, ca : cd :: cf : ca -j- fe, 

and bv th, 7, ca : cd :: ct : ca; 

therefore - ct : CF :: ca : ca -|- fe; 

and by add.and sub. tf : if'. : fe : 2ca + fe or /e by th. 5. 

But by sim. trl. tf : t/‘: : fe : 

therefore - /e — fe, and conseq. le — Lfge. 

But, because fe is parallel tothe Le — L fet; 

therefore the z fet = Z/ef. , q. e. d. 

Corol, As opticians Und that the angle of incidence is etjual 
to the angle of reflection, it appears, from this proposition, 
that rays of light issuing from the one focus, and meeting the 
curve in every point, will be reflected into lines drawn from 
the other focus. So the ray Jy. is reflected into fe. And 
this is the reason why the points f, f are called jhci, or 
burning points. 



THEOREM X. 


All the Parallelograms inscribed between the four Conjugate 
Hyperbolas are equal to one another, and each equal to 
the Rectangle of the two Axes. 


That is, 

the parallelogram pors — 
the rectangle ab oh. 
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Let JEG, cg^ be two conjugate diameters parallel to the sides 
of the parallelogi'am, and dividing it into four less and equal 
parallelograms. Also, draw the ordinates UE, dcj and ck 
perpendicular to pq; and let the axis produced meet the sides 
of me parallelograms, produced, if necessary, in t and t. 

Then, by*theor. 7. ct : ca :: ca : ci>. 
and 

thcref. by equality, 
but, by sim. triangle 
theref. by equality, 
and the rectangle 
Again, by theor. 7, 
or, by division, 


But, by theor. 1, 
therefore 
or - - 

By theor. 7, 

By equality 
By sim. In. 
theref. by equality, 
But, by sim. tri. 
theref. by equality, 
and the rectangle 
But the rect. 
theref. the rect. 
conseq. the rect. 


CT : 

CA :: 

CA : CD, 

ct : 

CA 

CA ctl ; 

c r : 

ct 

cd CD; 

CT : 

ct 

TD : cd. 

TD : 

cd : 

cd ('D, 

TD , 

DC is 

rr tile squan 

CD 

CA 

CA CT, 

CD . 

CA 

DA AT, 

CD ; 

DB . 

D 1 T) 1 , 

CD . 

DT :; 

cd* =: AD 

CA* 

ca' 

{ad . 1)11 o 

CA 

ca 

cd : DK, 

ca 

DE 

CA : cd. 

CA 

ct 

cd; CA. 

Ct 

CA 

ca : DE. 

ct 

C'J' 

dc : DE; 

cr 

CA 

ca : de. 

CT 

CK 

cc dc-. 

CK 

CA 

ca ; cc. 




CK 

CK 

CA 

AB 


ce 


CA ca. 
cc the parallelogram c;ep(', 
cc = the parallelogram cei'c, 
ab the paral. Ptius. a. c. i>. 


THEOREM XI. 


The Difference of the Squares of every Pair of Conjugate 
Diameters, is equal to the same constant Quantity, namely 
the Difference of the Squares of the two Axes. 


That is, 

AB* — ah^ — EG® — 

where eg, eg arc any conj ugate 
diameters. 



* CoroU Because C(P = ad . db = cd ’ — ca ®. 

Uterefore ca* = rn* — cd*. 

Ill like manner <;<i® = dc' — nt® 
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For, draw the ordinates ed, ed. 

Then, by cor, to tlieor. 10, ca* = cd‘^ — cd% 
and - - ^ car — de^ — dp:* ; 

theref. the difference — ca* = cn* de® — cd® — de^. 
But, by right-angled As, ce® = cd® -j- 
and - - - - c^* = cd' dc^’, * 

theref. the difference ce* — ce' — cd* -j- de® — cd* — dc*. 
consequently - ca® — ca* = ce® — ce* ; ' . 

or, by doubling, ab® — ab‘~ zz eg® —- eg". o E. d. 

THEOREM XII. 


All the Parallelograms arc equal which are formed between 
the Asymptotes and Curve, by Lines drawn Parallel to 
the Asymptotes. 



For, let A be the vertex of the curve, or extremity of the 
scini-transverse axis ac, perp. to which draw al or aZ, which 
will be equal to the semi-conjugate, by definition 19. Also, 
draw HEDtr/t parallel to id. 

Then, by theor. % ca® : al® :: cd* — ca* : de*, 
and, by parallels, ca® ; al® :: cd® : dh‘‘ ; 
theref. by subtract, ca* ; al® :: ca* : nil* — de® or 

rect. HE . E^t; 

conseq. the square al* =: the rect. HE . e7j. 

But, by sira. tri. i*a ; al ;: ge ; eh, 
and, by the same, qa : a7 :: ek : %h ; 
theref. by comp. pa . aq : al® : : ge . ek : he . e 7« ; 
and because AL^rrnE, E7t,theref. i*a . aq=ge . ek. 

But the parallelograms cgek, cpao, being equiangular, 
are as the rectangles ge . ek and pa . ao. 

Therefore the parallelogram gk = the paral. pq. 

That is, all the inscribed parallelograms are equal to one 
another. q. e. d. 

Carol. 1. Because the rectangle gek or cge is constant, 
therefore ge is reciprocally as cg, or cg : cr :: pa : ge. 
And hence the asymptote continually approaches’ towards 
the curve, but never meets it: for ge decreases continually 
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as C6 increases; and It is always of some magnitude, except 
when cG is supposed to be infinitely great, for then ge is 
infinitely small, or nothing. So that the asymptote cg may 
be considered as a tangent to the curve at a point infinitely 
distant from c. 

Carol. 2. If the abscisses CD, 

CE, CG, &c., taken on the one 
asymptote, be in geometrical pro¬ 
gression increasing; then shall the 
ordinates dh, ei, gk, &c. parallel 
to the other asymptote, be a de¬ 
creasing geometrical progression, 
having the same ratio. For, all 
the rectangle cdh, cei, cgk, &c. being equal, the ordinates 
DH, EI, GK, &c. are reciprocally as the abscisses ci., cg, 
&c. which are geometricals. And the reciprocals of geome- 
tricals are also geometricals, and in tlie same ratio, but de¬ 
creasing, or in converse order. 



T1IEORF..M XIn. 

The three following Spaces betw'cen the Asymptotes and the 
Curve, are equal; namely, the Sector or Trilinear Space 
contained by an Arf: of the Curve and two lladii, or Lines 
drawn from its Extremities to the Centre; and each of 
the two Quadrilaterals, contained by the said Arc, and 
two Lines drawn from its Extremities parallel to one 
Asymptote, and the intercepted Part of the other Asymp¬ 
tote. 

That is. 

The sector cae =r paeg =r qaek, 
all standing on the same arc ae. 


Foe, by theor. 12, cpao = cgek ; 
subtract the common space cgiq, 
there remains the paral. fi = the par. ik ; 
To each add the trilineal iae, then 
the sum is the quadr. paeg qaek. 

Again, from the quadrilateral caek 
take the equal triangles caq, cek, 
and there remains the sector cae z: qaek. 
Therefore cae =: qaek = paeg. 



Q. E. D. 
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SCHOLIUM. 

In tlie figure to theorem 12, cor. 1. if cd = 1, and ce, 
CG, &c. be any numbers, the hyperbolic spaces udei, iegk, 
&c. are analogous to the logarithms of those numbers. For, 
whilst the numbers CD, ce, cg, &c. proceed in geometrical 
progression, the correspondent spaces proceed in arithmeti¬ 
cal progression; and therefore, from the nature ,of loga¬ 
rithms are Tespectively proportional to the logarithms of 
those numbers. If the angle c were a right angle, and 
CD = Dii r: 1; then if ce were = 10, the space deih would 
be 2*30258509, &c.; if cg were = 100, then the space 
DGKH would be 4-60517018: these being the Napierean lo¬ 
garithms to 10 and 100 respectively. Intermediate areas 
corresponding to intermediate abscissae would be the ap¬ 
propriate logarithms. These are usually called Hyperbolic 
logarithms; ,but the term is improper: for by drawing other 
hyperbolic curves between hik and its asymptotes, other 
systems of logarithms would be obtained. Or, by changing 
the angle between the asymptotes the same thing may be 
cfiected. Thus, when the angle c is a right an^e, or has 
its sine = 1, the hyperbolic spaces indicate the Napierean 
logarithms; but when the angle is 25" 44' 27i", whose sine 
is = -48429448, &c. the modulus to the common, or Briggs’s, 
logarithms, the spaces peih, &c. measure those logarithms. 
In both cases, if spaces to the right af dii are regarded as 
positive^ those to the left will be negative; whence it follows 
that the logarithms of numbers less than 1 are negative 
also. 


OF THE PARABOLA. 


THEOREM 1. 


The Abscisses are proportional to the Squares of their 

Ordinates. 


Let AVM be a section through 
the axis of the cone, and agih a 
parabolic section by a plane per- 
pendicuiar to the former, and 
parallel to the side vm of the 
cone; also let afh be the com¬ 
mon intersection of the two 
planes, or the axis of the para¬ 
bola, and EG, HI ordinates per¬ 
pendicular to it. 


V 




m 


OONIC SECTrONS. 


Then it will be, as af : ah :: fg‘ : 

For, through tlie ordinates fg, hi 4raw the circular sec¬ 
tions, |:gl, min, parallel to the base of the cone, having kl, 
MN for their diameters, to which fg, hi are ordinates, as well 
as to the axis of the parabola. 

Then, by similar triangles, af : ah :: fl : iix ; 
but, because of the parallels, kf r: mh ; 

therefore - - - af ; ah :: kf . fl : Mil . iix. 

But, by the circle, kf . fl = fg*, and mii . hn = 111 *; 
.Therefore - - - af ; ah :: fg* : nr. o. e. u. 

Carol. Hence the third proportional — or — is a con- 

‘ ‘ AF AH 

stant quantity, and is equal to the parameter of tifee axis by 
dehn. 16. 

Or af : fg :: fg : p the parameter. 

Or the rectangle p. af = fg*. 


THEOREM II. 

As the Parameter of the Axis: 

Is to the Sum of any Two Ordinates:: 
So is the Difference of those Ordinates: 
To the Difference of their Abscisses. 


That is, 



r. 

p: GH ^ DE : : gh — de : dg, 

Or, 1 * :*K1 :: III : lE, ' K/ 

D 





I ' 


For, by cor, theor. 1, p . ag = gh-, 
and - - - p. AD = DE^’; 

theref. by subtraction, p . dg = gh^ — de\ 

Or, - - - p . DG = KI . IH, 

therefore - - 1 *: ki :: ih : dg or Ei. q. e. d. 

Carol. Hence, because p . ei = ki . ih, 
and, by cor. theor. 1, p. ag z: gh", 
therefore - - ag : ei :: gh= : ki . ih. 

So that any diameter ei is as the rectangle of the segments 
KI, IH of the double ordinate kh. ^ 
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THEOREM Ill. 

The Distance from tl^e Vertex to the Focus is equal to of 
the Parameter, or to Half the Ordinate at the Focus.. 

That IS, 

AF = |FE |P, 
where f is the focus. 

For, the general property is af : fe : : fe p. 

But, by definition IT, - fe = ’p; 

therefore also - - af =r Afe = rP. Q. E, D. 

THEOREM IV. 

A Line drkwn from the Focus to any Point in the Curve, is 
ecjual to the Sum of the Focal Distance and the Absciss 
oi the Ordinate to that Point. 

That is, 

FF, =: FA -j- Al) r= fU), 
taking ag ~ af. 


For, since fd n ad ^ af, , 

theref. by squaring, fd- = af- — ^AF . ad + ad®, 

But, by eor. theor. 1, de® p . ad =r 4 af . ad ; 

theref. by addition, fd® -j- de® = af® -f- . ad -|- ad®. 

But, by right-ang. tri. fd® -f- ~ » 

therefore - - fe® =: af® -f- Saf . ad + ad®^ 

and the root or side is fe ~ af -f- ad, 

or - - FE =: gd, by taking ag — af. 

Q. £. D. 

CoroL 1. If, through the point g, the 
line GH be drawn perpendicular to the 
axis, it is called the directrix of the 
parabola.* The property of which, 
from this theorem, it appears, is this: 

That drawing any lines he parallel to 
the axis, he is always equal to fe the 
distance of the focus from the point E. 

Eacli of the other conic sections has a directrix; but the 
consideration of it does not occur in the mode here employed 
of investigating the general properties of the curves. 







CONIC SECTIONS. 


C(yrol. 2. Hence also the curve is easily described by points. 
Namely, in the axis produced take ag zz af the focal di¬ 
stance, and draw a number of lines ee perpendicular to the 
axis AD ; then with the distances gd, gd, gd, &c. as radii, 
and the centre f, draw arcs crossing the parallel ordinates 
in E, E, E, &c. Then draw the curve through all the points 
E, E, E. 


THEOREM V. 

If a Tangent be drawn to any Point of the Paral)ola, meet¬ 
ing the Axis produced; and if an Ordinate to the Axis 
be drawn from the Point of Contact; then the Absciss of 
that Ordinate will be equal to the External Part of the 
Axis, measured from the Vertex. 


That is, 

if Tc touch the curve 
at the point c, 
then is at =: am. 


Let ccy an indefinitely small portion of a parabolic curve, 
be produced to meet the prolongation of the axis in t ; and 
let cm be drawn parallel to cm, and cs parallel to ag the 
axis. Let, also, p = parameter of the parabola. 

Then, by sira* tri. cs ; sc :: cm : ma -f- at = mt, 

MT . cs 
cs =--. 

CM 

Also, th. 1. cor. p .4m me* = ws* -f- . sc -p sc*, 

= MC® 4- Smc . sc -j- sc*, 
and . AM n mc*. 

Consequently, omitting sc* as indefinitely small, and sub¬ 
tracting the latter equa. from the former, we have 
p . (Am — am) = p . cs = 2cs . mc : 

04 *, wbstituting for cs its value above, 

MT . cs 

p .-= xcs . MC; 

^ CM » . 

or p .’jtT = 2 mc* =: 2p , am (th. 1.) 

Consequently, mt = 2am, and ma = at. d. e. d. 




OF THE PAllABOEA. 


THEOREM VI. 

If a Tangent to the Curve meet the Axis produced ; then 
the Line drawn from the Focus to the Point of Contact, 
will be equal to the Distance of the Focus from the Inter¬ 
section of the Tangent and Axis. 


That is, 

FC = FT. 


Tor, draw the ordinate dc to the point of contact c. 

Then, by theor. 5, at =: ad ; 
therefore ^ - ft =r af -f- ad. 

But, by theor. 4, fc = af -j- ad ; 

there!', by equality, fc = ft. q. e. d. 

Coroh 1. If CG be drawn perpendicular to the curve, or to 
the tangent, at c; then shall fg = fc = ft. 

Fi)r, draw fh perpendicular to tc, which will also bisect 
Tc, because ft = fc ; und therefore, by the nature of the 
parallels, rii also bisects tg in f. And consequently fg = 

FT = FC. 

So that F is the centre of a circle passing through t, c, g. 

Carol. 2. The subnormal dg is a constant quantity, and 
equal to half the parameter, or to 2af, double the focal 
distance. For, since tcg is a right angle, 
therefore td or 2ad : dc :: dc : dg ; 
hut by the dcf. ad : DC :: DC : parameter; 
therefore dg = half the parameter = 2af. 

Carol, 3. The tangent at the vertex ah, is a mean propor¬ 
tional between af and ad. 

For, because fiit is a right angle, 
therefore - ah is a mean between af, at, 
or between - af, ad, because ad =: at. 

Likewise,^ - fh is a mean between fa, ft, 

or between fa, fc. 

Carol. 4, The tangent tc makes equal angles with fc and 
the axis ft ; as well as with fc and ci. 

For, because ft = fc, 
therefore the Z. fct =: Z ftc. 

Also, the angle gcf zz the angle Gcx, 
drawing ick parallel to the axis ao. 

VOL. II. K 
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Coro}. 5. And because the angle of incidence ock is^ =: 
the angle of reflection gcf ; therefore a ray of light falling 
on the curve in the direction kc, will be reflected to the focus 
F. That is, all rays parallel to the axis, are reflected to the 
focus, or burning point. 


THEOREM Vir. 

If there be any Tangent, and a Double Ordinate drawn 
from the Point of Contact, and also any Line parallel to 
the Axis, limited by the Tangent and Double Ordinate; 
then shall the Curve divide that Line in the same iiutio 
as the Line divides the Double Ordinate, 



For, by sim. triangles, 
but, by the def. the [)aram. 
therefore, by equality, 

But, by theor. 2, 
therefore, by equality, 
and, by division, 


CK 

KI 

CD 

DT or 

1 

CL 

CI) 

2da ; 

V 

CK 

CL 

KI. 

p; 

CK 

KL 

K£ ; 

CL 

i:l 

KI 

KE; 

CK 

KL 

IE 

EK. 


Q. 


E. D. 


THEOREM Vlir. 


The same being supposed as in theory 7; then shall the 
External Part of the Line lietween the Curve and Tan¬ 
gent, be proportional to the Square of the intercepted Part 
of the Tangent, or to the Square of the intercepted Part 
of the Double Ordinate. 


That is, IE is as ci® or as ck®, 
and IE, TA, ON, PL, 8tc. 
are as ci®, ct% co®, cp®, &c. 
or as CK*, cn% cm% cl®, &c. 
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For, by tbeor. 7g lE : ek :: ck : el, 
or, by IE : EK :: ex*: CK . el. 

But, by cor. tn. 2, ek is as the rect. CK . El, 
therefore - i£ is as ck’*, or as ci*. a. E. d. 

Carol. As this property is common to every position of 
the tangent, if the lines lE, ta, on, 8lc. be appenaed on the 
points r, t, o, &c. and moveable about them, and of such 
lengths as that their extremities e, a, n, &c. be in -the curve 
of a parabola in some one position of the tangent; then 
making the tangent revolve about the point c, it appears 
that the extremities E, A, N, &c. will always form the curve 
of some parabola, in every position of the tangent. 


THEOREM IX. 

The Abscisses of any Diameter, are as the Squares of their 

Ordinates. 


That is, CQ, CR, cs, &c. 
are as ue-, ra®, sn®, &c. 

Or ca : CR :: qe* : ra®, 
&c. 


For, draw the tangent CT, and the externals ei, at, No, 
&c, parallel to the axis, or to the diameter cs. 

Then, because the ordinates qe, ra, sn, &c, are parallel 
to the tangent ct, by the definition of them, therefore all 
the figures iq, tr, os, &c, are parallelograms, whose op¬ 
posite sides are equal; 

namely, - - ie, ta, on, &c, 

are equal to - CQ, CR, cs, &c, 

Therefore, by theor. 8, cq, cr, cs, &c, 

are as - - ci*, ct®, co®, 8ec. 

or as their equals - qe®, ra®, sn®, &c. q. e. d. 

Carol, Here, like as in theor. 2, the difference of the ab¬ 

scisses is as the difference of the squares of their ordinates, 
or as the rectangles under the sum and difference of the 
ordinates, the rectangle of the sum and difference of the 

K 2 
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', ordinates being equal to the rectangle under the difference 
of tlie abscisses and the parameter of tlmt diameter, or a 
tliird proportional to any absciss and its ordinate. 


theorem X. 

If a Line be drawn parallel to any Tangent, and cut the 
Curve in two Points; then, if two Ordinates be drawn to 
the Intersections, and a third to the Point of Contact, 
these three Ordinates will be in Arithmetical Progression, 
or the Sum of the Extremes will be equal to Doable the 
Mean. 


That is, 
EG -f- HI = 


For, draw ek parallel to the axis, and produce Ht to h. 
Then, by sim. triangles, ek : iik :: td or 2 ad ; cd; 

but, by theor. 2, - ek ; hk : kl : i* the param. 

theref. by equality, ' Sad : kl c d ; p. 

But, by the defin. 2 ad : 2( n : : on : p; 

theref. the 2d terms are equal, kl = Sen, 

that is, - - EG 111 r: 2 cd. g. e. d. 

Carol. When the point e is on the other side of ai ; then 

HI — GE 2CD. 


iCD. 



THEOREM XI. 

Any diameter bisects all its Double Ordinatibs, or Lines 
parallel to the Tangent at its Vertex. 
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For, to the axis ai draw the ordinates eo, cd, hi, and 
MN parallel to them, which is equal to cd. 

Then, by theor. 10, 2mn or 2cd = eg hi, 

therefore m is the middle of eh. 

And, for the same reason, all its parallels are bisected. 

Q. E. D. 

ScHOL. Hence, as the abseftses of any diameter and their 
ordinates hjive the same relations as those of the axis, namely, 
that the ordinates are bisected by the diameter, and their 
squares proportional to the abscisses; so all the other pro¬ 
perties of tlie axis and its ordinates and abscisses, before de- 
raonstratetl, will likewise hold good for any diameter and its 
ordinates and abscisses. And also those of the parameters, 
understanding tlie. 4 )arameter of any diameter, as a third 
proportional to any absciss and its ordinate. Some of the 
most material of which are demonstrated in the four fol¬ 
lowing theorems. 


THEOREM XII. 

The Parameter of any Diameter is equal to four Times the 
Jane drawn Irom the Focus to the Vertex of that Dia- 
iheter. 


That is, 4fc =: ]f7, 
the param. of the diam. cm. 


For, draw the ordinate ma parallel to the tangent ct: 
also CD, MN perpendicular to the axis an, and fh per- 
pcndicular' to the tangent CT. 

Then the abscisses ad, cm or at, being equal, by theor. 5, 
the parameters will be as the squares of tJie ordinates cd, 
MA or CT, by the definition; 

that is, - - V : p :: cd^ : ct®. 

But, by sim. tri. - fh : ft :: cd : ct; 
therefore - - r : : fh® ft^. 

But, by cor. 2, th. 6, fh® = fa . ft; 
therefore - - p : p : : fa . ft : ft*; 

or, by equality, - r : p : : fa : it or fc. 
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But, by theor. 3, p = 4pa, 

and therefore - y) =: 4ft or 4fc. a. B. d. 

Corol. Hence the parameter p of the diameter cm is equal 
to 4fa 4- 4ad, or to p + 4ad, that is, the parameter of the 
axis added to 4ad. 


THEOREM XIII. 

If an Ordinate to any Diameter pass through the Focus, it 
will be equal to Half its Parameter; and its Absciss equal 
to One Fourth of the same Parameter. 


That is, CM = 
and ME = 




For, join fc, and draw the tangent ct. 

By the parallels, cm r: ft ; 
and, by theor, 6, fc = ft ; 
also, by theor, 12, FC.r: 
therefore - - cm =: \p. 

Again, by the defin. cm or : me :: : p, 

and consequently UE zz {p =. 2cm. q. e. d. 

Corol. 1. Hence, of any diameter, the double ordinate 
which passes through the focus, is equal to the parameter, or 
to quadruple its absciss. 

Corol, 2. Hence, and from cor. 1. 
to theor. 4, and theor. 6 and 12, it 
appears, that if the directrix gh be 
drawn, and any lines he, he, pa¬ 
rallel to the axis; then every parallel 
HE will be equal to ef, or ^ of the ’ 
parameter ot the diameter to the 
point £. 
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THEOREM XIV. 

If there be a tangent, and any Line drawn from the Point 
of Contact and meeting the Curve in some other Point, as 
also another Line parallel to the Axis, and limited by the 
First Line and the Tangent: then shall the Curve divide 
this Second Line in the same Ratio, as the Second Line 
divides the First Line. 


That is, 

IE £K : : CK : KL. 


For, draw lp parallel to ix, or to the axis. 
Then by theor. 8, ie : pl : : : cp®, 

or, by sim. tri. - lE ; pi. :: ck^ : ci.®. 

Also, by sim. tri. ik : pi. ;: ck : cl, 

or - - - IK : PL : : ck‘ : ck. cl; 

therefore by equality, ie : ik :: ck . cl : ol*; 
or - - - IE : IK ; ; CK ; cl; 

and, by division, ie : ek :: ck : kl. q. e. d. 

Carol. When ck ^ kl, then ie = ek = { ik . 


THEOREM XV. 

If from any Point of the Curve there be drawn a Tangent, 
and also Two Right Lines to cut the Curve; and Dia¬ 
meters be drawn through the Points of Intersection e and 
L, meeting those Two Right Lines in two other Points a 
and k: Then will the Line kg joining these last Two 
Points be parallel to the Tangent. 
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For, by theor. 14,,ck : kl :: ei : ek; 
and by composition, ck : cl :: ei ; ki ; 

and by the parallels ck : cl :: gh ; lh; 

But, by sim. tri. - ck : cl :: K?l ; lh; 

theref.'by equal, Ki : lh : : gh : lh : 

consequently - ki = GH, 

and therefore • kg is parallel and equal to iii. a. e. n. 

THEOttEM XVI. 

The Area or Space of a Parabola, is equal to Two-Thirds of 
its Circumscribing Parallelogram. 

Let ACB be a semi^paralujla, cn the axis, F the focus, kd 
the directrix; then if the line af 
be supjK>sed to revolve about f 
as a centre, while the line ae 
moves along the' directrix per¬ 
pendicularly to it, the area gene¬ 
rated by the motion of ae, will 
always be equal to double the 
area generated by fa; and con¬ 
sequently the wl^olc external area aegd =: double the area 

ACF. 

For draw a'e' parallel, and indefinitely near, to ae; and 
draw' the diagonals ae' and a'e; then by th. (>, cor. 4. the 
angles e'a'a and fa'a are equal, aa' beu|g considered as part 
of the tangent at a'; and in the same Planner, the angles 
eaa' and faa' are also etjual to each other; and since ea ~ 
AF, and e'a' = a'f; the triangles eaa' and e'a'a are each equal 
to the triangle aa'f ; but the triangle eaa' rr the triangle 
ee'a, being on the same base and between the same parallels; 
therefore the sum of the two triangles e e'a and ea'a, or the 
quadrilateral space eaa'e' is double the trilateral space aa'f; 
and as this is the case in every position of fa', e'a', it fol¬ 
lows that the whole external area eacd = double the inter¬ 
nal area Arc. 

Hence, Take dg = fb, and complete the parallelogram 
DGHE, which is double the triangle abf; therefore the area 
ABC = the area hacg, or 4 of me rectangle abgh, or ^ of 
the rectangle abci, because bc r: bg; that is the area of 
a parabola. = ^ of the circumscribing rectangle. q. e, n*. 

* Xhil^demonstratton was given by Lieut, Drummond of the 
RoyaflSngineers, when he was a gentleman Cadet at ilte Royal 
Military Academy. 
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THEOREM XVII. 

The Solid Content of a Paraboloid (or Solid generated by 
the Rotation of a l^rabola about its Axis), is equal to 
Half its Circumscribing Cylinder. 

Let GiiBD be a cylinder, 
in which two equal parabo- © 
lokls are inscribed; one bad 
having its base bcd equal to 
the lower extremity of the 
cylinder; the ffiher gch in¬ 
verted with respect to the 
former, but of equal base 
and altitude. Let the plane 
i.u parallel to.each cud of the cylinder, cut all the three so¬ 
lids, while a vertical plane may be supposed to cut them so 
as to define the parabolas shown in the figure. 

Then, in the seini-})arabola acb, p . Ai* = pm", 
also, in the semi-parabola ago, p . cv — px", 
consequently, by addition, jiJ. ( ap 4“ cr) = . ac ~ pm* -f" PN^ 
But, p . Kc — cb‘ = pl". 

Therefore pl^ r: pm^ -f- pn® ; 

That is, since circles are as the squares of their radii, the 
circular section of the cylinder, is equal to the sum of the 
corresponding sections of the two paraboloids. 

The same property evidently obtains for any sections what¬ 
ever parallel to bd; it therefore holds for the two parabo¬ 
loids. lii other words, the cylinder is equal to the two pa¬ 
raboloids taken together: wherefore, since the two parabo¬ 
loids, having equal bases and equal altitudes, are ec^ual to 
one another, it follows that each paraboloid is half of its cir¬ 
cumscribing cylinder. q. e. p. 

THEOREM XVIII, 

The Solidity of the Frustum begc of the Paraboloid, is equal 
to a Cylinder whose Height is df, and its Base Half the 
Sum of the two Circular Bases eg, bc. 


Let c z= 3*1416 ; 
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Then, by the last theor. \pc x ad‘ =: the solid abc, 
and, by the same \pc x af* = the solid af,g, 

theref. the diff*. ^pc x (An«—AF2)=thefriist.iiEGC. 

But ad" - AF« n DF X (AD*f- AF), 

theref. I pc x df x (ad + af) =: the (rust. begc. 

But, by th. 1. p X ad =: dc*, and p x aw ~ fg"; 
theref. x df x (dc'^ -f fg®) == the frust. begc. 

<j. £. D. 


PKOBLEMS, &C. FOB EXERCISE IN CONIC SECTIONS. 

1. Demonstrate that if a cylinder be cut obliquely the 
section will be an ellipse. 

2. Show how to draw a tangent to an ellipse whose foci 
are f, from a given point p. 

3. Show how to draw a tangent to a given parabola from 
a given point p. 

4. The diameters of an ellipse arc 16 and 12. Required 
the parameter and the area. 

5. The base and altitude of a parabola are 12 and 9. Re¬ 
quired the parameter, and the semi-ordinates corresjxmding 
to the abscissa? 2, 8, and 4. 

6. In the actual formation of arches, the voussoirs or arch¬ 
stones are so cut as to have their faces perpendicular 

to the respective points of the curve upon which they stand. 
By what constructions may this bo effected for the parabola 
and the ellipse ? 

7. Construct accurately on paper, a parabola whose base 
shall be 12 and altitude 9. 

8. A cone, the diameter of whose base is 10 inches, and 
whose altitude is 12, is cut obliquely by a plane, which enters 
at 3 inches from the vertex on one slant side, and comes out 
at 3 inches from tlie base on the opposite slant side. Re¬ 
quired the dimensions of the section ? 

9. Suppose the same cone to be cut by a plane p^allel to 
one of the slant sides, entering the other slant side at 4 
inches from the vertex, what wul be the dimensions of tlie 
section? 

any strai^t line efe be drawn through r, one 
foci, of an ellipse, and terminated by the curve in e 
and K; then it is to be demonstrated that ef.fr = er.|- pa¬ 
rameter. 
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11. Demonstrate that, in any conic section, a straight line 
drawn from a focus to the intersection of two tangents 
makes equal angles with straight lines drawn from the same 
focus to the points of contact. 


12. In every conic section the radius of curvature at any 
point is to half the parameter, in the triplicate ratio of the 
distance of the focus from that point to its distance from the 
tangent. 

Also, in every conic section the radius of curvature is pro¬ 
portional to the cube of the normal. 

Also, let PC be the radius of curvature at any point, p, in 
an ellipse or hyperbola whose transverse axis is ab, conju¬ 


gate ah, and foci f and: then is pc = ^ 7 -— 

•yAB. ao 

Required demonstrations of these properties. 


MECHANICS. 

Dejinitkyns and preliminary Notions. 

1. Mechanics is the science of equilibrium and of motion. 

2. Every cause wliich moves, or tends to move a body, is 
called a jbree, 

3. When the forces that are applied simultaneously to a 
body, destroy or annihilate each other’s effects, then there is 
equilibrium* 

4. Statics has for its object the equilibrium of forces ap¬ 
plied to solid bodies. 

5. By Dynamics we investigate the circumstances of the 
motion of solid bodies. 

6. Hydrostatics is tlie science in which the equilibrium of 
fluids is considered. 

7. Hydrodynamics is that in which the circumstances of 
their motion is investigated. 

According to this division, Pmumatics, which relates to 
the properties of elastic fluids, is a branch of Hydrostatics. 

For farther elucidation the followmg definitions, also, may 
advantageously find a place here, viz. 

8. Body is the mass, or quantity of matter, in any mate- 
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rial substance; and it is always proportional to its weight or 
gravity, whatever its figure may be. 

Body is either Hard, Soft, or Elastic. A Hard Body is 
that whose parts do not yield to any stroke or })ereussK)n, 
but retiiins its figure unaltered. A Soil Body is that whose 
parts yield to any stroke or impression, witliout restoring 
themselves again; the figure of the hotly remaining altered. 
And an Elastic Body is that whose parts yield to any stroke, 
but which presently restore them.selvcs again, and the body 
regains the same figure as belbrc the stroke. 

We know of no bodies that are absolutely, or perfectly, 
cither hard, solt, or elastic; l)ut all partaking these proj>er- 
ties, more or less, in some intermediate degree. 

9. Bodies arc also either Solid or Fluitl. A Solid Btxly 
IS that whose parts are not easily moved among one another, 
and which retains any figure given to it. But a Fluid Body 
is that whose parts yield to tlie slightest im[)ression, being 
easily moved among one another; and ii.s surl’ace, when left 
to itself, is always observed to settle in a smooth plane at 
the top. 

10. Density is the proportional weight or quantity of 
matter in any body. So, in two splicres, or cubes, &cc. of 
equal size or magnitude; if the one weigh only one pound, 
but the other two pounds; then the densit}^ of the latter is 
double the density of the former; if it weigh three pounds, 
its density is triple; and so on. 

11. Motion is a continual and succes.sivc change of place. 
—If the body move equally, or pass over ecjual spaces in 
equal times, it is called Equable or Uniform Motion. But if 
it increase or decrease, it is Variable Motion ; and it is called 
Accelerated IMotlon in the former case, and Ilctardt'd Mo¬ 
tion in the latter.—Also, when the nmvlng body is considered 
with rcsjiect to some other body at rest, it is said to be AIj- 
solute Motion. But when compared with others in motion, 
it is called Relative ^lotitm. 

12. Velocity, or Celerity, is an affection of motion, by 
which a body passes over a certain space in a certain time. 
Thus, if a bfxiy in motion pass uniformly over 40 feet in 
4 seconds of time, it is said to move with the velocity of 
10 feet per second ; and so on. 

13* or Quantity of Motion, is the power or 

in moving bedies, by which they continually tend from 
thetr present places, or with which they strike any obstacle 
that opposes tlieir motion. 



STATICS. 


141 


14. Forces are distinguished into Motive, and Accelera¬ 
tive or Retarding. A Motive or Moving Force, is the power 
of an agent to produce motion; and it is equal or propor¬ 
tional to the momentum it will generate in any body, when 
acting, either by percussion, or for a certain time as a per¬ 
manent force. 

15. Accelerative, or Retardive Force, is commonly un¬ 
derstood to be that which affects the velocity only: or it is 
that by which the velocity is accelerated or retarded ; and it 
is equal or proportional to the motive force directly, and to 
the mass or body moved inversely.—So, if a body of 52 }X)und3 
weight, be acted on by a motive force of 40; then the 
accelerating force is 520. But if the same force of 40 act on 
another body of 4 pounds weight; then the accelerating 
force in this latter case is only 10; and so is but half the 
former, and will produce only half the velocity. 

1C. Gravity, or Weight, is that force by which a body 
endeavours to fall downwards. It is called Absolute Gravity, 
when the body is in empty space; and Relative Gravity, 
when immersed in a fluid. 

] 7. Specific Gravity is the relation of the weights of dif- 
lerent bodies of' eq[ual magnitude; and so is proportional to 
the density of the body. 

NEWTONIAN AXIOMS. 

18. Every body naturally endeavours to continue in its 
])resent state, whether it be at rest, or moving uniformly in 
a right line. 

19. The change or Alteration of Motion, by any external 
force, is always proportional to that force, and in the direc¬ 
tion of the right line in which it acts. 

520. Action and Re-action, between any two bodies,' are 
equal and contrary. That is, by Action and Re-action, equal 
changes of motion are produced in bodies acting on each 
other; and these changes are directed towards opposite or 
contrary parts. 


STATICS. 

21. The relative magnitudes and directions of any two 
forces may be represented by two right lines, w'hicli shall 
bear to each other the relations of the mrces, and which shall 
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be inclined to each other in an angle equal to that made by 
the directions of the forces. 

The name resultant is given to a force which is equiva¬ 
lent to two or more forces acting at once upon a point, or 
upon a bod}'; these separate forces being named constituents 
or composants. ' 

23. The operation by which the resultant of two or more 
forces applied to the same point, or line, or body, is de¬ 
termined, is called the composition qf'Jbrccs; the inverse 
problem is called the dccotjiposition, or the resolution i)f 
forces, 

24. The resultant of two or more forces which act upon 
the same line, in the same direction, is equal to their sum ; 
and if some forces act in one direction, and others in a di¬ 
rection immediately o[)p)site, the resultant will be ctjual to 
the excess of the sum of the forces which act in. one direction 
above the sum of those which act in the opposite direction. 

Compmition and Mesolutiofi of Parallel Forces. 

25. Prop. If to the extremities of an inflexible right line 
AB, arc applied two forces, i* and a, whose directions are 
parallel and whose actions concur:—1st, The direction of 
the resultant, r, of those two forces is parallel to the right 
lines AP, UQ, and is equal to their sum. 2clly, That re¬ 
sultant divides the line ab into two parts reciprocally pro¬ 
portional to the two force.s. 

1. It is manifest that 
if tw'o new forces, p and 
q, equal and in opposite 
directions are applied to 
the line ab, they will 
make no change in the 
state of the system; .so 
that the resultant of the 
four forces p, q, p, a, 
will be the same as that 
of the resultant of the two original forces p, q. Suppose, 
now, that s is the resultant of the two forces p, p, while t 
is that of the two forces y, q. These resultants, lying in the 
same place, will, if prolonged, necessarily meet in some point 
c; to which, therefore, we may suppose the forces s and t 
ap^ied. 

^brmigh this point let pg be drawn parallel to ab, and 
sdppoAe each of the forces s and t resolved into tvto f(Wces 
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directed respectively in Fo and ca. The forces, according 
to FG, being equal to p and q respectively, and applied in 
opposite directions, destroy each others’ effects: the remain¬ 
ing forces, therefore, lying the same way on ca must be 
added together for the resultant, which thus is equal to 
p -j- Q; being the first part of the proposition. 

2. In order to establish the second part of the proposition, 
let MC, CN, be lines in proportion to each other as the forces 
p, p; and in c, cw, respectively proportional as q: and 
draw Nr, nv, j>arallel to ab. 

Tlien, by the sim. triangles ^ p : p :: cn : Nr :: co : oa 

CNr, COA ; vnv, cob ; 3 g': q :: Mr : wc :: ob : oc. 

Consequently, p . g' : p . q :: co . ob : co . oa, 
or, since p = g, it is p : q :: ob : OA. q. E. D. 

Corol. 1. If p = q, BO = oa. 

Carol. 2. When a single force R is applied to a point o, of 
an inflexible straight line ab, we may always resolve it, or 
conceive it resolved, into two others, which being applied to 
the two points a and b, in directions parallel to R, shall pro- 
tluce the same effect. 


26. Prop. Any number of parallel forces, p, q, a, s, &c. 
acting in the same sense, and their joints of ap[>lication 
being connectctl in an invariable manner; to determine their 
resultant. 

Determining first, by the 
preceding prop, the resultant 
T of two of the forces p and q, 
we shall have t = p -f- q; 

P -|- q : q :: ab ; ae. 

Thus, we may substitute 
for the forces p and q, the 
single force x whose value 
and point of application are » 

known. Draw Ec from that point of application to the 
point c, at which another force, r, is applied. Compounding 
the forces x and R, their resultant v will be = x -{- »- = 
p -|- q -f- R; and its point of application, f, such that 
p q -j- R : R :: EC : EF. 

A similar method may, obviously, be pursued for any 
number of parallel forces. 

27. If parallel forces act in opposite directions; some, for 
example, upwards, others downwards; find the resultants 
of the first and of the second class separately, the genend 
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resultant will be expressed by the diflercnce of the two 
former. 

28. Tlie point through wliich the resultant of parallel 
forces passes^ is called the centre ofparallel forces. If the 
forces, without ccasinw to bo respectively parallel, and witli- 
out changing either their magnitudes or their points of ap¬ 
plication, assume another general direction, tlie centre of 
those forces will still be the same, because tlie magnitudes 
and relations, on which its position depends, remain the 
same. 


Concurring Forces. 

29. Prop. The resultant of two forces p and q acting 
in one plane, will be represented in dircctifin and-in magni¬ 
tude, by the diagonal of the parallelogram constructed on 
the directions of those forces. 

1. In direction. Take, on the di¬ 
rections AP, AQ, of the forces, p, «, di¬ 
stances AB, AC, proportional to those 
forces, respectively. Supjxise that the 
force (i is applied at the jKiint Cf and 
that at the same point two other forces 
p, q, equal to each other, act in opposite 
directions, each of those forces being, 
also, efpial to q. 

The elE^t of the four forces p, q, p, q, will evidently be 
the same as that of the primitive forces p, q ; since the other 
two annihilate each other’s effects. 

The forces a, q, w’ill have a resultant s, whose direction, 
cs, will bisect the angle, ticy, made by the direction of the 
other two; since no reason can l>c assigned why it should 
lean to one rather than toward the other. 

The forces p, /?, acting^in parallel directions, would have 
a resultant, t, whose direction xn (art. 25.) would he i)». 
rallel to them, and pass through a point, h, such as tliat 
p : p ;: HC : iia. 

Noiv, the |X)int k, where the directions cs, th, of these two 
resultants intersect, will evidently be a point in the direction 
of the resultant of the forces p, p, q, q\ and, conse¬ 
quently, (»f the original forces p, q. 

But the triangle chk is isosceles: for, since iiT, cp, are 
parallel, the alternate angles dck, hkc, are equal, and dck, 
HCK,'are equal, Ixjcause sc bisects the angle acq: hence, 
^CK and hk = hc. 
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But, from what has preceded, p : q :: hc : ha ; and 
therefore p ; p or a ;; hk : ha. 

From B drawing bd parallel to ac, we shall have 

p : Q :: AB : AC :: CD : ac, 

whence cd ; ac :: hk : ha ; 

a proportion which indicates that the three points, a, k, o, 
all fall on the diagonal of a parallelogram AifcD. 

2. In magnitude. For, with 
regard to the forces p, a, repre¬ 
sented in magnitude and direction 
by AB and af, Ictx be opposed to 
those two forces so as to keep the 
whole system in cquilibrio : then 
it will, of necessity, be equal and 
opposite to their resultant, «, 
whose direction is ao. Now, if 
we suppose that the force <i is in 
etpiillbrio with tlic two forces r 
and T (which is consistent with 
our first hypothesis) the resultant of these latter will fall 
in the prolongation of qa, and will he represented by 
AH rr AF. Also, if no be drawn parallel to ab, and iib be 
joined, it W'iil be equal and parallel to ag ; and we shall have 

r : T :: ab : AP. 

Conscfjuently, since ab represents, or measures, the force 
p, AD will represent or measure the force t ; and as that 
f'orce is in cquilibrio with the two forces' p and ot, or with 
tlieir resultant, r, this latter will be represented or measured 
by AG z= Ai); that is, by the diagonal ol’ the parallelogram 
ABGF. Q. E. D. 

30. Carol, 1. IT three forces, as a, b, c, acting simul¬ 
taneously in the sanio plane, keep one another in equilibrio, 
they will be respectively proportional to the three sides, 
UE, EC, CD, of a triangle which are drawn parallel to the di¬ 
rections of the forces ad, db, cd. 

For, producing ad, bd, and 
drawing cf, ce, parallel to 
them, then the force in cd is 
equivalent to the two ad, bd, 
by the supposition; but the 
force CD is also equivalent to 
the two ED and ce or fd ; there¬ 
fore, if CD represent the force c, 
then ED will represent its op¬ 
posite force A, and ce, or fd, 

VOE. II, 
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its opposite force b. Consequently the three forces a, n, c, 
are proprtional to be, ce, cd, the three lines parallel to the 
directions in which they act. 

31. Coral. 2. Because the three sides cd, ce, de, are pro¬ 
portional to the sines of their opposite angles i:, d, c ; there¬ 
fore the three forces, when in equilihrio, are proportional to 
the sines of the*angles of the triangle made of their lines of 
direction; namely, each force pi*oportional to the sine of the 
angle made by the directions of the other two. 

82. Carol. 3. The three forces, acting against, and keejv 
ing one another in equilibrio, are also proportional to the 
sides of any other tranglc made by drawing lines eitlicr per¬ 
pendicular to th|^ directions of the forces, or forming any 
given angle with those directions. For such a triangle is 
always similar to the former, which is made by drawing lines 
parallel to the directions; and therefore their sides arc in the 
same proportion to one another. 

33. Carol. 4. If any number of forces be kept in equilibrio 
by their actions against one another; they may be all reduced 
to two equal and op]nisite ones.—For, any two of the forces 
may be reduced to one force acting in the same plane; then 
this last force and another may likewise be reduced to an¬ 
other force acting in their plane: and so on, till at last they 
be all reduced to the action of only two opposite I'orces; 
which will lie equal, as well as opposite, because the whole 

. are in equilibrio by the supposition. 

34. Carol. 5. If one of the forces, 
as c, be a weight, which is sustaineti 
by two strings drawing in the direc¬ 
tions DA, db; then the force or 
tension of the string ad, is to the 
weight c, or tension of the string 
DC, as DE to Dc; and the force or 
tension of the other string bd, is to 
the weight c, or tension of cd, as ce 
to CD, 

35. Carol. 6. Since in any triangle cde wc have, by the 
principles of trigonometry, 

DC® = DE® + EC* ± 2dE . EC COS. DEC, 
it follo^ws, that if be two forces that act simultaneously 
is dtntetions, whidi make an angle a, then we may find the 
omgflitude of the resultant, e, by the equation 
R = V (F®4-J^* ± 2^^005. a). 

86. Memark ,—The properties, in this proposition and its 
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corollaries, hold true of all similar forces whatever, whether 
they he instantaneous or continual, or whether they act by 
percussion, drawing, pushing, pressing, or weighing; and are 
of the utmost importance in mechanics and the doctrine of 
forces. 

37. If three forces, whose directions concur in one point, 
are represented by the three contiguous edges of a parallelo- 
piped, their resultant will be represented, both in magnitude 
and direction, by the diagonal drawn from the point of con¬ 
course, to the opposite angle of the parallelopiped. 

The demonstration of this is left for the exercise of the 
student. 

38. Prop. To find the resultant of several forces con¬ 
curring in one point, and acting in one plane. 

1st. Graphically. —Let, for example, four forces, a,b,c,i), 
act upon tne^ point p, in magnitudes and directions repre¬ 
sented by the lines pa, pb, A, pn. 

From the point a draw 
hh parallel and equal to 
PB; from b draw be paral¬ 
lel and equal to pc; from 
edraw cd parallel and equal 
to PD; and so on, till all 
the forces have thus been 
brought into the construc¬ 
tion. Then join vd, which 
will represent both the magnitude and the direction of the 
required resultant. 

This is, in effect, the same thing as finding the resultant 
of two of the forces a and b ; then blending that resultant 
with a third force c; their resultant with a fourth force D; 
and so on. 

Sid. By computation. Drawing the lines au, Kb\ &c. re¬ 
spectively parallel and perpendicular to the last force pd; 
we have 

= Aa -j- bV 4” = A sin. apd -{- B sin. bpd -f- c sin. cpd 

v^—va. -\~a(3 A cos. apd- f - b cos. bpd 4 ccos.cPD“i-D 

tan dpJ= .pd = 

The numerical computation is best effected by means of a 
table of natural sines. 

39. Remark. Connected with this subject is the doctrine 
of moments; for an elucidation of which, however, the stu¬ 
dent should consult some of the books written expressly on 
mechanics, as those by Marraty Gregory y or Poisson. 

L 2 
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THE MECHANICAL POWERS, &c. 

40. Weight and Power, when opposed to each other, 
signify the body to be moveci, and the body that raoves it; 
or the patient and agent. The power is the agent, which 
moves, or endeavours to move, tlie patient or weight. 

41. Machine, or Engine, is any mechanical instrument 
contrived to move bodies. And it is composed of the me¬ 
chanical powers. 

42. Mechanical Powers, are certain simple instruments, 
commonly employed few raising greater weiglus, or over¬ 
coming greater resistances, than could be cflectecl by the na¬ 
tural strength without them. Tht'se are usually accounted 
six in number, viz. the Lever, the Wheel and Axle, the 
Pulley, the Inclined Plane, the Wedge, and the Screw. 

43. Centre of Motion, is the fixed |K>int about wliich a 
Tbody moves. And-the Axis%f Motion, is Ihe fixed line 
about which it moves. 

44. Centre of Gravity, is a certain jxiint, on which a 
body being freely suspended, it will rest m any jiosition. 


OF THE LEVER. 

45. A Lever is any inflexible rod, bar, or beam, which 
serves to raise weights, while it is supported at a point by a 
fulcrum, or prop, which is the centre of mtJtion. The lever 
is supposed to be void of gravity or weight, to rentier the 
demonstrations easier and simpler. There are three kinds 
of levers. 

46. A Lever of the First 
kind has the prop c be¬ 
tween the weight w and 
the power p. And of this 
kind are balances, scales, 
crows, hand-spikes, scissors, 
pinchers, &c. 

47. A Lever of the Se¬ 
cond kind has the weight 
between the power and the 
propv Sucji^ ^ oars, rud- 
dei^ cutt^ knives that are 

end, &c. 
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46. A Lever of the 
Third kind has the power 
between the weight and 
the prop. Such as tongs, 
the bones and muscle of 
animals, a man rearing a 
ladder, &c. 


49 . A Fourth kind is some- ^ 

times added, called the Bended ^ _ C 

Lever. As a hammer drawing ^ « 

a nail. 

50. In all^ these instruments the power may be repr^ 
seated by a weight, which is its most natural measure, acting 
downward: bi't having its direction changed, when neces¬ 
sary, by means of a fi.xed pulley. 

51. Prop. When the weight and power keep the lever 
in c{jiiili))rio, they arc to each other reciprocally as the di¬ 
stances of their lines of direction from the prop. That is, 
p : w : : m : ce; where r.D and ce are pci*penclicular to avo 
and AO, the directions of the two weights, or the weight and 
power w and a. 

For, draw cf parallel to Ao, and 
CB parallel to w'O: Also, join co, 
which will be the direction of the 
pressure on the pro]) c; for there 
cannot be an equilibrium unless the 
directions of the three forces all meet 
in, or tend to, the same jx)int, as o. 

Then, because these three forces 
keep each other in cqtiilibrio, they 
arc proportional to the sides of the 
triangle cBo or cfo, drawn in the 
direction of those forces; there¬ 
fore - _ * - - - p : w CP : FO or CB. 

But, because of the. ]iarallels, the 
two triangles cdf, ceb are equian¬ 
gular, therefore - - - CD : cE cb. 

Hence, by equality, - - p : w ! i ce. , / 

That is, each force is reciprocally proportional to.^lie 
distance of its direction from the fulcrum. 

Anotlicr jiroof might easily be made out from art. 25, on 
parallel forces; but it will be found that this demoi^Stra^ion 
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will serve for aU the other kinds of levers, by drawing the 
lines as directed. 

52. Carol. 1. When the angle a is = the angle w, then 
is CD : CE ;: cw : ca :: P : w. Or when the two forces act 
perpendicularly on the lever, as two weighty &c; then, in 
case of an equilibrium, d coincides with w, and e with p; 
consequently then the above proportion becomes also i*: w i: 
cw: CA, or the distances of the two forces from the fulcrum, 
taken on the lever, are reciprocally proportional to those 
forces. 


53. Carol. 2. If any force p l)e applied to a lever at A; its 
effect on the lever, to turn it about the centre of motion c, 
is as the length of the lever ca, and the sine of the angle of 
direction cae. For the perp. cr. is as ca x sin. Z a. 

54. Carol. 3. Because the product <)f tl)c extremes is 
equal to the product of the means, therefore the prt)duct of 
. the power into tlie distance of its direction, is equal to the 

product of the weight into the distance of its direction. 

That is, p X ce =: w x cd. 

55. Corel. 4'. If the lever, with the weight and jjovM r 
fixed to it, be made to move about the centre c; the uio- 
nientum of the power will be equal to the niomeiituin of the 
weight; and tlieir velocities will be in rec)])rocal picmortion 
to each other. For the weight and jKJwer will de.scrihe 
circles whose radii are the di.slances cn, cf, ; and .since tlic 
circumferences or spaces described are as the radii, and also 
as the velocities, therefore the velocities are as the radii cd, 
CE; and the momenta, which are as the masses .and velocities, 
are as the masses and radii; that is, as P x cf and w x cd, 
which are equal by cor. 3. 

56. Corel. 5. In a straiglit lever, kept In cquilihrlo by a 
weight and power acting perjiendicularly; then, of these 
three, the power, weight, and pressure on the prop, any one 
is as the distance of the other two. 


57. C&rol. 6. If 
several weights p, g, 
it, s, act cm a straight 
lever, and ^eep it in 
equilibno; 


prop, wi 



len tine* 
ucts 


1 ) 


■'P ®IC •js 

of the 

equal to the sum on the other side,' made by 
multiplying each weight by its distance; namely, ‘ 

(l» X AC) -flQ X Bp) = (a X DC) -f (S X Ec). 
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For, the effect of each weight to tuni the lever, is as tlie 
weight mCiltiplied into its distance; and in the case of an equi¬ 
librium, the sums of the effects, or of the products on wth 
sides, arc equal. The same would also follow from art. S6, 

58. CoroL 7. Because, when 
two weights q, and R are in 
equilibrio, q : r : : CD : cb ; 

therefore, by composition, q r : a :: nn : CD,, 

and, q 4* R : E : : BD : CB. 

That is, the sum of the weights is to either of them, as 
the sum of their distances is to the distance of the other. 

SCHOLIUM. 

59. On tlie foregoing prin¬ 
ciples depends the nature of 
scales and beams, for weigh¬ 
ing all sorts of goods. For, 
if the weights be equal, then 
will the distances be equal 
also, wliich gives the construc¬ 
tion of the common scales, 
which ought to have these 
properties: 

I 5 /, That thejx)ints of suspension of the scales and the 
centre of motioq of the beam, a, r, c» should be in a straight 
line: That the arms ab, bc, be of an equal length: 

'fhat the centre of gravity be in the centre of motion b, 
or a little below it: i^^h, That they be in equilibrio when 
empty: 5th, That there be as little friction as possible at the 
centre B. A defect in any of these properties, makes the 
scales either imperfect or false. But it often happens that 
the one side of the beam is made shorter than the other, and 
the defect covered by making that scale the heavier, by 
which means the scales hang in equilibrio when empty; but 
when they are charged with any weights, so as to be still in 
equilibrio, those weights arc not equal; but the deceit will 
be detected by changing the weights to the contrary sides, 
for then the equilibrium will be immediately destroyed. 

60. To find the true weight df any body by such a false 
balance: —Krst weigh the body in one scale, and afterwards 
weigh it in the other; then the mean proportional between 
these two weights, will be the true weight required. For, if 
any body b weigh w pounds or ounces in the scale d, and 
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only w pounds pr ounces in the scale £; then we have these 
two equations, namely, ab . 6 = bc . w, 

and BC . & = AB . 7©; 

the product of the two is AB . bc . =, ab . bc . ww; 

hen<» then - - - A® = ww, 

and - - - d = v''w7e, 

the mean proportional, wliich is the true weight of the body d, 

61. The Roman Statera, or Steelyard, is also a lever, but 
of unequal brachia or arms, so contrived, that one weight 
only may serve to weigh a great many, by sliding it back¬ 
ward and forward, to (lifferent distances, on the longer arm 
of the lever; and it is thus constructed : 



Let AB be the steelyard, and c its centre of motion, whence 
the divisions must commence if the two arms just balance 
each other: if not, slide tl»e constant moveable weight i 
along from n towards c, till it just balance the other end 
without a weight, and there make a noteli in the beam, 
marking it with a cipher 0. IMien hang oji at a u weiglit w 
equal to I, and slitle I back towards b till they balance ('ach 
other; there notch the beam, and mark it with 1. Then 
make the weight w double of i, and sliding i hack to balance 
it, there mark it with Do tlie same at 4, .5, &c, by 
making w equal to 6, 4, 5, &c, times 1 ; and the beam is 
finished. Then, to find the weight of any l>ody d by the 
steelyard; take off the weight w, and liang on the bcnly 6 
at A; then slide the weight i backward and forward tilt it 
just balance lJte;body b, which suppose to be at the number 
5; then is 6,^«Hml to 5 times the weight of r. So, if i lie one 
pound, thel^^js 5 pounds; hut if i be 2 pounds, tlwm b is 
ititd so on. 
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OF THE WHEEL AND AXLE. 

62. Prop. Tn the wheel-and-axle; the weight and power 
will be in equilibrio, when the power p is to the weight w 
reciprocally as the radii of the circles where they act; that 
is, as the radius of the axle ca, where the weight hangs, to 
the radius of the wheel cb, where the power acts. That is, 
«p : w :: CA : cb. 

Here the cord, by which the power p acts, goes about the 
circumference of the wheel, while that 
of the weight w goes round its axle, 
or another smaller wheel, attached to 
the larger, and having the same axis 
or centre c. So that ba is a lever 
moveable abotit the point c, the power 
I* acting always at the distance uc, 
and the weight w at the distance ca ; 
tiierefore p : w :: ca : cb. 

63. Co7’ol, 1. If the wlueel be put 
in motion; then, the spaces moved 
being as the circumferences, or as the radii, the velocity of 
w will lx* to the velocity of p, as ca to cb; that is, the 
weight is moved as much slov\er, as it is heavier than the 
jmwer; so that what is gained in ]>ower, is lost in tinic.^And 
this is the universal property of all machines and engines. 

64. Corot 2. If the power do not act at right angles to 
the radius c^, but obliquely; draw ci) perpendicular to the 
direction of the power; then, by the nature of the lever, 
p : w :: OA ; CD. 
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65. To this mechanical 
power belong all turning 
or wheel machines, of'dif¬ 
ferent radii. Thus, in the 
roller turning on the axis 
or spindle ce, by the 
handle cbd ; the pow cr 
applied at b is to the 
weight w on the roller, as 
the radius of the roller is 

To the radius cb of the handle. 

66 . And the same for all cranes, capstans, windlasses, 
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and such like; the power being to the weight, always as the 
radius or lever at which the weight acts, to that at which tiie 
power acts; so that they are always in the reciprocal ratio 
of their velocities. Ana to the same principle may be re¬ 
ferred the gimblet and augur for boring holes. 

67. But all this, however, is on supposition that the ropes 
or cords, sustaining the weights, are oi no sensible thickness. 
For, if fte thickness be considerable, or if there be several 
folds of them, over one another, on the roller or barrel ;• 
then we must measure to the middle of the outermost rope, 
for the radius of the roller; or, to the radius of the roller, 
we must add half the thickness of the cord, when there is 
but one fold. 

68 . The wheel-and-axle has a great advantage over the 
simple lever, in point of convenience. For a weight can be 
raised but a little way by the lever; whereas, by the con¬ 
tinual turning of the wheel and roller, the weight may be 
raised to any height, or from any depth. 

69. By increasing the number of wheels too, the power 
may be multiplied to any extent, making always the less 
wheels to turn gi'catcr ones, as far as we please; and this is 
commonly called Tooth and Pinion Work, the teeth ol‘ one 
circumference working in the rounds or pinions of another, 
to turn the wheel. And then, in case of an equilibrium, the 
power is to the w^eight, as the continual product of the radii 



of Idl the axles, to that of all the wheels. So, if the power p 
tutn the wheel ft, and this turn the small wheel or axle a, 
and this turn the wheel s, and this turn the axle and this 
turn the wheel v; and this turn the axle x, which raises the 
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weiffht w; then p : w :: cb . de . Fo : ac . bd . ef. Acid 
in tne same proportion is the velocity of w slower than that 
of p. Thus, if each wheel be to its axle, as 10 to 1; then 
p : w ;: : 10’ or as 1 to 1000. So that a power of one 

pound will balance a weight of 1000 pounds; but then, 
when put in motion, the power will move 1000 times faster 
than the weight. 


OF THE PULLEY. 

* 

70. A Pulley is a small wheel, commonly made of wood 
or brass, which turns aliout an iron axis passing through the 
centre, and fixed in a block, by means of a cord passed round 
its circumference, which serves to draw up any weight. The 
pulley is either single, or combined together, to increase the 
power. It is also either fixed or moveable, according as it is 
fixed to one place, or moves up and down with the weight 
and power. 

71. Prop. If a power sustain a weight by means of a 
fixed pulley: the power and weight are equal. 

For through the centre^ of the pulley 
draw the horizontal diameter ab: then 
will ab represent a lever of the first kind, 
its prop being the fixed centre c; from 
wlficli the points a and b, where the power 
and weight act, being equally distant, 
the power p is consequently equal to the 
weight w. 

72. Corol. Hence, if the pulley be put' 
in motion, the power v will descend as 
fast as the weight w ascends. So that 
the power is not increased by the use of 
the fixed pulley, even though the rope go over several of 
them. It is, however, of great service in the raising of 
weights, both by changing the direction of the force, for the 
convenience of acting, and by enabling a person to raise a 
weight to any height without moving from his place, and 
also permitting a great many persons at once to exert 
their force on the rope at p, which they could not do to the 
weight itself; as is evident in raising the hammer or weight 
of a pile-driver, as well as on many other occasions. 

7d. Prop. If a power sustain a weight by means of* taie 
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moveable pulley; the power is but half the weight, if the 
portions of the sustaining cord are parallel to each other. 

For, here ab may be con¬ 
sidered as a lever of the 
second kind, the power act¬ 
ing at A, the weight at c, 
and the prop or fixed point 
at B; and because p : w ;: 

CB : AB, and cb = ^ab, 
therefore p = iw, or w 
= 2p. 

74. Corol. 1. Hence it is 
evident, that, when the pul¬ 
ley is put in motion, the ve¬ 
locity of the power will be 
double the velocity of the weight, as the point p moves twice 
as fast as the point c and weight w rises. It is also evident, 
tliat the fixed pulley f makes no difference in the ])t>wer p, 
but is only used to change the direction of it, from upwards 
to downwards. 

75. Qorol. 2. Hence we may estimate the effect of a com¬ 
bination of any number of fixed and moveable pulleys; by 
which we shall find that every cord going over a moveable 
pulley always adds 2 to the powe/f since each moveable pul¬ 
ley’s rofie bears an e<jnal share (»f the weight; while each rope 
tliat is fixed to a pulley, only increases the fiower by unity. 




Note .—the portions of the sustaining cords between th^ 
pulleys are not parallel, the forces will be reduced upon the 
principle of art. 31. 
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OF THE INCLINED PLANE. 

70. The Inclined Plane, is a plane inclined to the 
horizon, or making an angle with it. It is often reckoned 
one of’ the simple mechanic ])owers; and the double inclined 
plane makes the wedge. It is employed to advantage in 
raising heavy botlies in certain situations, diminishing their 
weights by laying them on the inclined planes. 

77. Prop. Tlie power gained by the inclined plane, is in 
proportion as the length ol'the plane is to its height. That 
IS, when a weight w is sustained on an inclined plane bc, by 
a power p acting in the direction dw, parallel to the plane; 
then the weight w, is in proportion to the power p, as the 
length of the plane is to its height; that is, w ; p ;: bc : ab. 

For, draw ae pcrp. to 
the plane bc, or to dw. 

Then we are to consider 
that the body w is sustained 
by three forces, viz. 1st, its 
own weight or the force of 
gravity, acting perp. to ac, of parallel to ba ; 2d, by the 
j>owcr p, acting in the direction wi), parallel to bc, or be; 
and Iklly, 1)/ the rc-action of the plane, pei j). to its face, or 
larallel to the line ea. But when a body is kept in equiii> 
)rio by the action of three forces, it has been proved, (art. 
yO.) that the intensities of these forces are pro[)ortional to the 
sides of the triangle abe, made by lines drawn in the di¬ 
rections of their actions; therefore those forces are to one 
another as the three lines - - ab, ae; that is, 

the wx'ight of the body w is as the line ab, 
the })ower p ns as the line - - be, 

and the pressure on the plane as the line ae. 

But the two triangles abe, arc are equiangular, and have 
tlierefore their like sides proportional; that is, 
the three lines - - - _ ab, be, ae, 

are to each other respectively as the three bc, ab, ac, 
or also as the three - _ - AC, ae, ce, 

which therefore are as the three forces w, p, 
where p denotes the pressure on the plane. That is, w : p ;; 
BC : ab, or the weight is to the power, as the length of the 
plane is to its height. 

See more on the Inclined Plane in the Dynamics. 
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78. Scholium, The Inclined Plane comes into use in some 
Mtuations in which the other mechanical powers cannot be 
conveniently applied, or in combination with them. As, in 
sliding heavy weights either up or down a plank or other 
plane bud sloping: or letdng large casks down into a cellar, 
or drawing them out of it. Also, in removing earth from a 
lower situation to a higher by means of wheelbarrows, or 
otherwise, as in making fortihcations, &c.; inclined planes, 
made of boards are employed. Rail-roads, on inclined 
planes, serve often to convey coals from the mouth of a 
mine. 

Of all the various directions of drawing bodies up an in¬ 
clined plane, or sustaining them 6n it, the most favourable 
is where it is parallel to the plane bc, and passing through 
the centre of the weight; a direction which is easily given 
to it, by fixing a pulley at d, so that a cord passing over it, 
and fixed to the weight, may act or draw parallel to the plane. 
In every other position, it would require a greater power to 
support the botly on the plane, or to tlraw it up. For if one 
end of the line be fixeu at w, and the other end inclincil 
down towards b, below the direction wd, the body would be 
drawn down against the plane, atul the power must be in¬ 
creased in proportion to the greater difficulty of the traction. 
And, on the otlier hand, if the line were carried above the 
direction of the plane, the jx)wer must be also increased; 
but here only in proportion as it endeavours to lift the body 
off the plane. 

If the length bc of the plane be equal to any number of 

times its perp. height ab, as suppose 3 times; then a power 

p of 1 pound, hanging freely, will balance a ^veight w of 3 

pounds, laid on the plane; and a power p of 2 pounds, will 

balance a weight w of 6 pounds; and so on, always 3 tirues 

as much. But then if they be set moving, the perp. descent 

ofthe power p, will be equal to 3 times as much as the perp. 

ascent of the* weight w. For, though the weight w ascends 

up the direction of the oblique plane, bc, just as fast as the 

power p descends perpendicularly, yet the weight rises only 

the perp. height ab, while it ascends up the whole length of 

the plane bc, which is three times as much; that is, for 

every foot of the perp. rise of the weight, it ascends 3 feet up 

in the direction of the plane, and the power r descends just 

as much, or 3 feet. 

• » 
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OF THE WEDGE. 


79. Thk Wedge is a piece of 
wo^ or meta], in form of half a rect¬ 
angular prism. AP or bg is the 
breadth of its back; ck its height; 
GC, Bc its sides; and its end gbc is 
comj)osed of two equal inclined planes 
GCK. BCE. 


80. Prop. When a wedge is in equilibrio; the power 
acting against the back, is to the force acting perpendicularly 
against either side, as the breadtli of the back ab is to the 
length of the side ac or bc. 

For, any three forces, which sustain one 
another in equilibrio, are as the correspond¬ 
ing sides of a triangle drawn perpendicular 
to the directions in which they act. But 
AB is perp. to the force acting on the*back, 
to urge the wedge forward; and the sides 
AC, BC are perp. to the forces acting on 
them; therefore the three forces are as ab, 

AC, BC. 

81. Corel, The force on the back C ab, 

Its effect in direct, perp. to ac, } ac, 

And its effect parallel to ab ; \ dc, 

are as the three lines V. which are per. to them. 

And therefore the thinner a wedge is, the greater is its 
effet;t, in splitting any body, or in overcoming any resistance 
against the sides of the wrage. 

SCHOLIUM. 

82. But it must be observed, that the resistance, .or the 
forces above-mentioned, respect one side of the wedge only. 
For if tliose against both sides be kaken in, then, in tne fore- 
going proportions, we must take only half the back ad, or 
else we must take double the line AC or DC. Various other 
theories of the wedge are given by different authors, but 

‘'^hey need not here be detiiied, on account of the irregulari¬ 
ties introduced by friction. 
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la the wedge, the friction against the sides is very great, 
at least equd to the force to be overcome, because the wed^ 
retains any pf)sition to which it is driven; and therefore the 
retnstance is doubled by the friction. But then the wedge 
has a great advanti^ over all the other powers, arising from 
the force of percussion or blow with whicn the back is struck, 
which is a force incomparably greater than any dead weight 
4M- pressure, such as is employ^ in otlier machines. And ac¬ 
cordingly we find it produces effects vastly superior to those 
of any other power; such as the splitting and raising the 
largest and hardest rocks, the rmsing and lifting the largest 
sliip, by driving a wedge below it, -which a man can do by 
the blow of a mallet: and thus it appears that tlie small blow 
of a hammer, on the back of a wt dge, is incomparably greater 
than any mere pressure, and will overcome it. 


OF THE SCREW. 

83. The Screw is one of the six mechanical powers, 
chiefly used in pressing or squeezing bodies close, tliougli 
sometimes also iiv raising weights. 

# The screw is a spir|l thread or groove cut round a cylin¬ 
der, mid every where making the same angle witli the length 
of it. So that if the surface of the cylinder, with this spiral 
thre^ on it, were unfolded aypd stretched into a plane, the 
spiral thlNted would form a straight inclined plane, whose 
length would be to its height, as the circumference of the 
cylinder, is to the distance betv/eon two threads of the s<Tew: 
as is evident by considering that, in making one round, the 
spiral rises along the cylinder the distance between the two 
threads. 

84. Prop. The energy of a power applied to turn a screw 
Fouady ** ^ force with w'hicli it presses upward or down¬ 
ward, setting aside the friction, as the distance betwoen#two 
threads, is to the circumference M’hcfc the power is a})plied. 

The screw being an inclined plane, or half wedge, whose 
heiglit is the distance between two threads, and its base the 
pircumferen^ of the screw; and the force in the horizontal 
dlrectioiybeing to that ba the vertical one, as the lines per- 
^pqndl^pi^ to naomy, os tl>e height of the plane, or 

of the. threads, is to the base of the plane, or 
of^the screw; therefore the power is to the 
prcj^ipiras the distance of twoi(th reads is to ^at dreur^-'^ 
'But, means of a handle or lever, the gain iii 
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power iiiiiipcreasi^ p» 0 |jprt!OB <if the Wius of dbe acre«r 

to the raduis of tho ponder, or length of the handle, or a« 
tlicir circumfereiWJes! fberefore, filially, the power is td the 
prcssui-^, as the dktanee of the threads, is to the circum* 
lerence descr^d by tibe power. * ♦ ^ 

85. CoroL th® screw is put in motion; then the 

power is to the wefeht wliich woula keep it in equilibrio, as 
the velocity ^the fatter is to that of the former; and hence 
their two nioptenta are equal, which are produced by mul¬ 
tiplying each weight or power by its own velocity. So that 
this is a general property in all the mechanical powers, 
namely, that the momentum of a power is equal to that of 
the weight which would balance it in equilibrio; or that 
each of them is reciprocally proportional to its velocity. 

' . SCHOLIUM. 

86 . Hence we can easily 
compute the force of any ma¬ 
chine turned by a screw. Let 
the annexed figuri© represent a 
press driven by a screw, whose 
threads arc each a quarter of 
an inch asunder; and let the 
screw be turned by a handle 
of 4 feet long, from a to bs 
then, if the natural force of 
a man, by which he can lift, 
pull, or draw, be 150 pounds; and it be required to deter¬ 
mine with what force the screw will press on the board at n, 
when the man turns the handle at a and B, witlj his whole 
force. Then the diameter au of the power being 4 feet, or 
48 inches, its circumference is 48 ^ 3T416or 150f- nearly; 
and the distance of the threads being of an inch; there¬ 
fore the power is to the pressure, as I to 603^; but^the 
power is equal to 15011^; theref. as 1 : 6(^4 :: 150; 90480; 
and consequently the pressure at n is equal to a weight of 
90480 pounds, independent of frietjon. 

. 87. Again, if the endless screw ab be turned by a handle 
AC of 20 inches, the threads of the screw being distant 
half an inch each ; and the screw turns a tootheCwheel e, 

\ whose pinion l turns another wheel f, and the pinion m of 
^ this another wheel o, to the pinion or barrel of whkb is bung 
a weight w; it is required to determine what weight the man 
itill be able to raise, working at the Imndle c; supposnig 
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the diameters the wheels 
to be 18 inches, and those 
of the pinions and barrel 2 
inches; the teeth and pi¬ 
nions being all of a snze. 

Here 20 x 3*1416 x 2 
= 1S3*664, is the circum¬ 
ference of the power. 

And 125*664 to -y>' or 
251*328 to 1, is the force 
of the screw alone. 

Also, 18 to 2, or 9 to 1, 
being the proportion of the 
wheds to the pinions; and 
as there are three of them, 
therefore 9* to 1’, or 729 
to 1, is the power gained 
by the wheels. 

Consequently 251 *328 
X 729 to 1, or 183218f 
to 1 nearly, is the ratio of 
the power to {he weight, 
arising from the advantage 
both of the screw and the 
wheels. 

But the power is 1501b; therefore 150 x 183218^, or 
27482716 pounds, is the weight the man can sustmn, which 
is equal to 12269 tons weight. 

But the power has to overcome, not only tlie weight, but 
also the friction of tlie screw, which is very great, in some 
cases eqiual to the weight itself, since it is sometimes sufficient 
to sustain the weight, when the power is taken off. 

88. Upon the same principle the advantage of any other 
combination of the mechanical powers may be oonmuted: 
alidVmnce, however, being always to be made for stiffness of 
cords, £ncdoo, and other causes of ^sistance. 


t)N THE CENTRE OF GRAVITY. 

$&• The CeiItbjb of Gravity of a body, or of a system 
of bpd^ is a certiun point within it, or connoted with it. / 
on wfaidi the body bdng freely suspended, it will rest in atiy 
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position, and that centre will alwav^ tend to descend to the 
lowest place to which it can get, when it is not the point of 
suspension. 

90. Prop. If a perpendicular to the horizon, from the 
centre of gravity or any body, fall within ihe'lmse of the 
body, it wul rest in that pogition; but if the perpendicular 
fall out of the base, the body will not rest in that position, 
but will fall down. 

For, if CB, be the perp. 
from the centre of gravity c, 
within the base: then the 
bcxly cannot fall overtowards 
A; because, in turning on the 
point A, the centre of gravity 
c would describe an arc 
which would rise from c to 
E; contrary to the nature of that centre, which only rests 
permanently when in the lowest place. For the same reason, 
the body will not fall towards' d. And therefore it will stand 
in that position. 

But if the perpendicular fall out of the base, as cZ# then the 
body will fall over on that side: because, in turning on the 
point a, the centre c descends by describing the descending 
arc Ci'. ■ • 

91. Coroi. 1. If a perpendicular, drawn from the centre 
of gravity, fall just on the extremity of the base, the body 
may stand; but •any the least force will cause it to fall that 
way. And the nearer the perpendicular is to any side, or 
the narrower the base is, the easier it will be made to fall, or 
be pushed over that way; because the centre of gravity hw 
the less height to rise: which is the reason that a globe is 
made to roll on a smooth plane by any the least force. But 
the nearer the perpendicular is to the middle of the bas^, or 
the broader the base is, the firmer the body stands. ^ » 

92. CoroL 2. Hence if the centre of gravity of a body be 
supported, the whole body is supported. And the pJ||f3g|9C}f 
the centre of gravity may, in many inquiries, be accounted 
the place of the body; for into that point the whole matter 
of the body may be supposed to be collected, and therefore 
all the force also vidth which it endeavours to desdbnd. 

9S. Corol. 3. From the property which the centre of 
gravity has, of tending to descend to the lowest point, is de¬ 
rived an easy mechanical method of finding that centre. 

M 2 
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Thus, if the body be hung up by 
any point a, and a plumb line ab be hung 
by tne same point, it will pass through 
the centre of gravity; because that centre 
is not in the lowest point till it fall in the 
plumb line. I\Iark the line ab on it. 
Then hang the body up by any other point 
1 ), with a plumb line dc, which will also 
pass through the centre of gravity, for the 
same reason as before; and therefoi*e that 
centre must be at c: where the two plumb 
lines cross each other. 




94. Or, if the body be suspended by 
two or more cords of, (;n, &c, then a 
plumb line from the point will cut the 
body in IKk centre of gravity c. 



95. Likewise, because a body rest.s when its centre t)f 
gravity is supported, but not else; we hence derive another 
easy method of finding tliat centre mechanically. For, if 
the body be laid on the edge of a prism„or over one side 
of a table, and moved backward and forward till it rest, or 
balance itself; tlien is the centre of gravity just over the line 
of the edge. And if the body be tlien sliiited into another 
posiUon, and lialanced on the edge again, this line will also 
pass by the centre of gravity; and consequently the inter- 
sectmn of the two will indicate the place of the centre itself. 

The place of the centre of gravity may be investigated, 
from tis analogy to the centre of parallel forces; but the 
following tneihed is adopted here, as in some respects easier 
of Comprehension. 


96. Prop. The common centre of gravity c of any two 
bodies A, B, divides the line joining their respective centres, 
into two parts, which are reciprocally as the uodies. 

That is, AC ; Bc :: B ; A. 

For, if the centre of cavity c ^ ” 

be supported, the two bodies a w - 

and B be su|^rted, and will 
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rest in equilibrio. But, by the nature of the lever, when 
two bodies are in equilibrio about a fixed point c, they are 
reciprocally as their distances from that point; therefore 
A : B :: CB : CA. 


97. Co7'ol. 1# Hence ab : ac : : a -f b : b ; or, the whole 
distance In'twoen the two bodies, is to the distance of either 
of them from the common centre, as the sum of the bodies 
is to the other body. 

98. Carol. 2. Hence also, cA . a = cb . b ; or the two 
products are equal, which arc made by multiplying each 
body into its distance from the centre org^ 5 p,vity. 

99. Carol. 3. As the centre c is 4 )ressed with a force equal 
to both the weights a and b, while the points a and b are 
each ])ressed with tlie respective weights a and b; therefore, 
if the two bodies be both united in their common centre c, 
and only the pnds a and b of the line ab be supported, each 
will still bear, or be pressed by the same weights a and b as 
before. So that, if a \vcight ol‘ lOOlb. be laid on a bar at c,* 
supported by two men at a and b, distant from c, the one 4* 
feel, and the other 6 feet; then the nearer will bear the 
weight of 601b, and tlie farther only 401b. weight. This 
should be noted as a principle of extensive application. 

100. Coral. 4. Since the 


effect of any body to turn q 

a lever about the fixed ^ ^ F 

point c, is as that body and 

as its distance from that point; tht reforc, if c be the com¬ 


mon centre of gravity of oil the bodies a, b, d, e, f, placed 

in the straight line af; then is ca . a -j- cb . b r; cn . n -f- 
CK . E -f- CF . F ; or, the sum of the products on one side, 
equal to the sum of the products on the other,^made by mul¬ 
tiplying each body into its distance from that centre. And 
if several bodies be in equilibrio on any straight lever, then 
the prop is in the centcc of gravity. 


101. Carol. 5. And though • 
the bodies be not situated in ^ 

a straight line, but scattered r* j J f 

about in any jM*omiscuous man- •—|— ^ —jr-4—|—i 

ner, the same property as in the 1 1 

last corollary still holds true, 
if perpendiculars to any line 
whatever a/he drawn through 

the several bodies, and their common centre of gravity, 
namely, that ca . a -f- c5 . b =: cd, d -j- • e + 
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the bodies have the same effect on the line a/f to turn it about 
the point c, whether they are placed at the points o, b, d, 
or in any part of the perpendiculars aa., bo, nd, ec, f/1 

102. Prop. If there be three or more bodies, and if a line 
be drawn from any one body d to the centse of gravity of 
the rest c; then the common centre of gravity e of all the 
bodies, divides the Kne cn into two parts in e, which are 
reciprocally proportional as the body d to the sum of all the 
other bodies. 

That is, CE : EO :; D : A 4“ ® Sic. 

For, suppose the bodies a and b 
to be collected into the!> common 
centre of gravity c, and let their sum 
be called s. Then, by the last prop. 

CE : ED :: n : s or A 4- B &c. 

Corol. Hence we have a method of finding the com¬ 
mon centre of gravity of any number of bodies; namely, by 
first finding the centre of any two of them, then the centre 
of that centre and a third, and so on for a fourth, or fifth, 

&c. * 

• 

103. Prop. If there be taken any point p, in the line 
passing through the ce<ft.rcs of two bodies; then the sum of 
the two products, of each body multiplied into its distance 
from that point, is equal to the product of the sum of the 
bodies multiplied into the distance of their common centre 
of gravity c from the same point p. 

That is, Pa . A + PB . 8 == PC . A B. 

For, by art. 98th, ca . a = cb . b, 

that is, (pa - PC). A = (pc ± pb) . b ; Q -^— q — 

therefore, by adding, A * B 

PA . A + PB . B = PC . (a -}- b). 

104. Corol, 1. Hence, the two bodies a and b have the 
same force to turn the lever about the point r, as if they 
were both placed in c their common centre of gravity. 

Or, if the line, with the bodies, move about the point p; 
the sum of the momenta of a and b, is equal to the momen¬ 
tum of the sum s ot a -f-» placed at the centre c. 

105. Corol, 2. The same is also true of any number of 
bodies whatever, as will appear by cor. 4, art. 100. namely, 
pa . A 4" PB . B 4- PD . D 05C. S PC . (a 4- B 4- D &C.) wllCte 
p is in any point whatever of the line ac. 

And, by cor. 5, art. 101, the same thing is true when the 
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bodies are not pkc^ in that line, but any where in the per¬ 
pendiculars pasang through the points a, b, d, &c; namely^ 
pa . A-j-vb , B?d . n &c. = pc . (a -f- b + d &c.) 


106. Coral. 3. And if a plane pass through the point p 
perpendicular to the line cf ; then the distance of the com¬ 
mon centre of gravity from that plane, is 

r/r. A 4- » • 11 

PC r= --:-s-, that is, equal to the sum 

A 4* B H- i> &<*• 


of all the moments divided by the sum of all the bodies. Or, 
if A, B, D, &c, be the several particles of one mass or com¬ 
pound body; then the distance of the centre of gravity of 
the body, .below any given point p, is equal to the forces of 
all the particles divided by the whole mass or body, that is,* 
equal to all tlie pa . a, vb , b, vd . n. Sic, divided by the 
body or sum of particles a, b, d, &ec. 


107. Prop! To find the centre of gravity of any body, or 
of any system of bodies. 

Through any point p draw 
a plane, and let pa, vb, vd, &c, 
be the distance of the bodies 
A, B, I), &c, from the plane; 
then, by the last cor. the di¬ 
stance of the common centre of 
gravity from the plane, will be 

pa . A p& . B pd . D &c 

PO I J rt ' 

108. Or, if b be any body, and opii any plane; draw pab 
&c, perpendicular to an, and through a, b, &c, draw innu¬ 
merable sections of the body b parallel 
to the plane qr. Let.? denote any one 
of these sections, and d—vA, or pb, &c, 
its distance from the plane qr. Then 
will the distance of the centre of gra¬ 
vity of the body from the plane be 

sum of all the^s . , 

PC =:- 1 ——And if the 

o 

distance be thus found for two inter¬ 
secting planes, they will give the point 
in which the centre is placed, 

109. But the distance from one plane is sufficient for any 
regular body, because if is evident that, in such a figure, the 
centre of gravity is in the axis, or line passing through the 
centres of all the parallel sections. 
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Thus, if the figure be a parallelogram, or a 
cylinder, or any prism whatever; then the 
{ixis or line, or plane i*s, which bisects all the 
sections parallel to a a, will pass through the 
centre of gravity of all those sections, and 
consequently through that of the whole figure 
c. Tlien, all the sections s being equal, and 
the body 6 =: rs , the distance of the cen¬ 
tre will be rc n: 

PA . • s-h&c _ VA-f-PB-f rn&c _ pa -f- pb + 

u rs . s rs 

But PA -f- PB 4" arithmetical pro¬ 

gression, beginning at 0, and increasing to the greatest term 
PS, the number of the tcriiis being also equal to rs; there¬ 
fore the sum pa pb -f &:c = ' I’S , ps ; and consc^quently 



-l-vs . rs 


PC =: 


—^ *ps; that is, the centre of gravity is in the 


middle of the axis of any figure whose parallel sections are 
equal. 

110. In other figures, whose jiarallcl sections are not 
equal, but varying according to some general law, it will not 
lie easy to find the sum of all the pa . 5 , pb . s', pd . s", &c, 
except by tlic general method of Fluxions; wliich case 
therefore w’ill be best reserved, till we come to treat of that 
doctrine. It will be proper, however, to add here some ex¬ 
amples of another method of finding the centre of gravity of 
a triangle, or any other riglit-lineciplane figure. 

111. Prop. To find the centre of gravity of a triangle. 

From any two of the angles draw 

lines AD, CE, to bisect the opposite 
sides; 6o will their intersection g be 
the centre of gravity of the triangle. 

For, because ad fcsects Bc,it bisects 
also alt its parallels, namely, all the 
parallel sections of the figure: there¬ 
fore ‘ad passes through the centres of • 
gravity of all the parallel sections or 
component |M,rts of the figure; and consequently the centre 
of gravity of tlie whole figure lies in the line ad. For the 
same reason, it also lies in the. line ce. Consequently it is 
in their common point of intersection g. 

112. C0!roi The distance of the point o, is ag = 
and CG rz yCR : or ag =: 2gd, and cg = 2ge. 

For, draw bf parallel to \d, and produce ce to meet it 
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in F. Then the triangles aeg, bef are similar, and also 
equal, berause ae == be; consequently ag = bf. But the 
tnangles *cdg, cbf are also equiangular, and cb being 
= ^CD, therefore bf ‘ n 2 gd. But bf is also = ag ; 
consequently ag =r 2 gd or* ad. In like manner, cg = 2ge 
or -tcE. 

116. Prop. To find the Centre of gravity of a trapezium. 

Divide the trapezium abcd into two 

triangles, by the diagonal bd, and find 

1^, F, tlic centres of gravity of these 

two triangles; then shall the centre of 

gravity of the trapezium lie in the line 

I F connecting: them. And therefore 
• * • • ^ ■ * 
d EF be divided, in c, in the alternate 

ratio of the two triangles, namely, 

EG : (,F : : triangle BCD ; triangle abd, then will be the 

centre of gravity of the trapezium. . 

114. Or, having found the two point* E, f, .if the trape¬ 
zium be divided into two other triangles bac, dac, by the 
other diagg^ial ac, and the centres of gravity h and i of these 
two triangles be likewise found; then the cejitre of gravity 
of the trapezium will also lie in the line hi. 

So that, lying in both the lines, ef, hi, it must necessarily 
lie in their intersection g. 


A. J> 



115. And thus we are to proceed for a figure of any 
greater number of sides, finding the centres of theip com¬ 
ponent triangles and trapeziums, and tlien finding the com¬ 
mon centre of every two of these, till they be all reduced 
into one only. 


PROBLEMS FOR EXERCISE. 

1. Find, geometrically, the centre of gravity of a trape¬ 
zoid. • 

2. Find, ||;eometrically, the centre of gravity of a trian¬ 
gular pyramid. 

3. Infer, thence, the centre of gravity of any p 3 nramid, 

4. Find, algebraically, the centre of gravity of the frus¬ 
tum of a pyramid. 

5. Let a sphere whose diameter is 4 inches, and a cone 
whose altitude is 8 inches, and diaiieter of its base 8; inches, 
he fastened upon a thin wire which shall pai^ through the 
centre of the globe and the axis of the cone; let the vertex 
of the cone be toward the sphere, and let its distance from 



STATICS. 


m 

the q>h«e’8 surface be 12 inches. Bequired the place of 
their common centre ofjgravity. , 

6. Demonstrate 1st, That the surface product by m plane 
line or curve by revolving about an axis in the plane or that 
cutpve, is equal to the product of the generatii^ line or curve 
into the path describe by the centre of gravity. 

And 2dly, That the Solid produced by the revolution of 
a plane figure about an axis posited in the plane of that 
figure, is equal to the product of the generating surface into 
the circumference described by the centre of gravity. 


ON THE EQUILIBRIUM OF ARCHES. 

116. A very interesting department of the* science of Sta¬ 
tics, is that which relates to the stability of arclies, as intro¬ 
duce in the constnfttion of bridges, powder-magazines, &c. 
Every such structure is a system of forces, and the examina¬ 
tion of its firmness, therefore, requires the application of the 
general principles of equilibrium. We shall here present a 
few useful propositions in elucidation of the more received 
theories. 

117. ’Prop. The force of a voussoir depending on the 
magnitude of the angle formed by its sides, the impelling 
force, and the resistance to be overcome, is on the nrst ac¬ 
count directly as the radius of curvature of the arch at that 
point, on the second as the square of the sine of the angle 
included between the tangent of the curve at the given iwint 
and the vertical passing through that point, and on the third, 
as the sine of the same angle. 

1, Let EABF, ea^f be two 
similar concentric curves, 
and AB, ab, two voussoirs 
similarly situated,* whose 
sides perpendicular to the 
curve converge to the centre 
c. The forces of these vous¬ 
soirs considered as portions 
ol* wedges, are inversely as 
the sinea tlie half vertid^ 
an^es trt 82.) or, 

bemuse each wedge occupies an equal portion of its re¬ 
spective arch, directly as the radii of curvature. 
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Let Hk be the invombie breadth of the voasscHrson 
tlie arch Ggnk the incumbent weight, which, since Gfl 
is supposed mven, is as the breadth M, or as the sine of the 
angle by the resolution of the. force gH into two Ah, 
HK, the latter is the force imf>elling the voussoir to split the 
arch, which, since gn is given, varies as the sine of HgK, or 
AhA : wherefore, the force impelling the voussoir is as the* 
square of the sine of Ai-iAr. 

3dly, The wedge impelled in a direction perpendicular to 
the curve endeavours to split the arch, and tiierefore to move 
one segment about the fulcrum e, the other about the fulcrum 
Hence the force of the voussoir acting on the levers h/J 
nr, being as either of the perpendicularsyh, cq, is as the sine 
of the angle /cp or AhA. 

We have supposed the faentre of curvature of the arches 
at the points a, a, h, h, to be at c : but this is merely to pre¬ 
vent the figure from being too complex, and makes no al¬ 
teration in the nature of the demonstration. 

Carol. Hence, if the height of the wall incumbent on any 
point H of the intrados is inversely as the cube of the sine of 
AiiA into radius of curvature at that point, or directly as cul^ 
of the secant of the angle formed by Ah and the horizon, and 
inversely as the radius of curvature, all the vou^irs will 
endeavour to split the arch with equal forces, and will be in 
perfect equilibrium with each other. 

The general expression, therefore, for the thickness 
GH over any point of an arch, is 

ar 

ttH = sec.’ elev". at h x — 

R 

where r — rad. of curvature at the vertex 
a = thickness of material there 
R = rad. of curvature at h. 

The radii of curvature for the different curves are deter¬ 
minable by the method of fluxions, or by other means: they 
are here supposed known. 

I.’ Suppose, for example, it were required to find the re¬ 
quisite thickness over any point of a circular arc, to ensure 
equilibration, the thickness a — dk, at the crown of the arch 



Here, rad. of curv.* at H 
=: rad. of curv. at » 
that is R — r. 

and sec. rhUS =; sec. arc. dh. 
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CoQseq. GH =: sec.® dh x — = sec.^ dh . a. 

Hence we have a convenient logarithmic expression for com¬ 
putation ; viz. * 

Log. DK 3 log. sec. DH = lo^, GII. 

In this example, the curve of equilibration, gks, runs up 
*to an inhnite height over b, the springing of a semicircular 
arch. But over a portion of 30° or 35° on each side the 
vertex, as I’m, the curve kg of the extrados accords ver^ 
well with what would be required for a roadway. 

Ex. 2. Determine the requisite thickness for equilibration 
over any point of a parabola. 


H^if DR^ar, RH —1/, 11 = 


2,'p 


A / ^ - ' 

/ I‘> V 


which, at the vertex, where x vanislies 
becomes r — \p 


RT = 2ar, EH = y = \^pXi Til = a/ UR® q- UT« = ^/px -f 4.r' 

TH px -h 4'J*® J) 

sec. THE = — = a/-=: A''- 

HR px p 

.*. GH = sec.^ THR . — a 


ip + 4jr)^ 2 ^'p 

—-^,-- a = « =: kd. 

So that the extrados is a paralxila equal to the intrados, 
and every where vertically equidistant from it. 

Ex. 3. To determine 
the requisite thickness 
over any point of a cy¬ 
cloidal arch. 

H^re, putting dk = a, 

DR=a;,Dc=:d; wehave, 
fjpom the known proper¬ 
ties of the cycloid, the 
tangent ht -parallel to 
thecorrespondingchord 
SD, o? angle thr = 
z dsH, sd = \fdxf I 
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R (parallel to sc) = ho = Ssc =: r = Scd = 

s D dx d 

sec. THR = — = -v/-7-;; = -. 

SR dx-^x^ d~^x 

r 

GH n sec.3 the . a 


,2d. 


{d — x)'^ 


2{d^ — dxy 


{d — x)^ 2d^{d — x)^ 


ad^ 

(d-xy' 


DK . CD“ 
CR“ 


{d-xy- 

By computing tlie value of gh for several corresponding 
values of or, and cii, and thence constructing the extrados 
by points, it will, as in the figure, appear analogous to that 
for the circle, but rather flatter till it approach the extremi¬ 
ties of the arch, where the curve runs off to infinity, as in 
the case for the circle. 


Exam. 4. To determine the 
requisite thickness over any 
point of an elliptical arch. 

I lere, taking Xy y, and a, as 
before, take ac = ^, dc = r, 
HQ = tt, being jicrpendicular 
to the tangent ht. Then, by 
the property of the ellipse, 



i>c- : Ac" :. CR : qr, 

or, c'^ : :: c—x : ~(c — x) == qr. 

c* ' ' 

Also, sec. THR sec. hqr = — ri-jr-i— -Sc — 37)= -r* 

QR ' t\c—x) 

4^3 

Radius of curvature at h = R = —, p being the parame- 

V 

^l<x 

ter to CD =: — : 

I ^ 
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c* c* 

R =: -7 — r; —j— ;,and r (rad, curv. at d) =: —. 

TSr t C 


Whence, lastly, ch.= sec.® the • ~ 


tt ’ c® 




(c — a*)® ' c * 'T® c® 


(c — x^ 


a =z — 


CIl'’ 


as before, a convenient expression for logarithmic operation. 

Here, again, computing values of for several assumed 
values of cr, the curve of the extrados may thence be con¬ 
structed, and, like that for the cycloid, it will be found rathitr 
flatter than that for the circle, but still analogous to it. 

Exam. 5. For the Catenary. (See the fig. to Exam. 2.) 
Here, put dr r= x, cii ~y^ dc; rr t zz tension at the 
vertex d when the chain hangs from a and u. Then, by 

zy 

the nature of the curve r: Qix -f- subtang, tr = 

it 

_i_ -« 

Rad. curv. at o = —= r, and therefore at d where z 
vanishes r — t* 

HT = v^hr 


sec. TiiR 


TII 

HR 


y " 2^’v* 

“I" jo '» 

+-^^'^=yi+ 7 i=y- 7 .— 

r t 

.*. r.ii = sec.'^ THE . — a — ,- . t . : . a 

R t' C 4- 2:® 

— -Is-~-[sub.* for Z' Its value.] 

t t * 

* 

_(^® -j- "f* a(^ -j- a:) _ ax 

- 7 = t ~+ T* 

Carol If « — #, or the thickness at the crown equal to a 
line whose weight expresses the tension, 

then GH = (05 -f- — kd -j- dr. 

Corel. % If a ^ ty the exterior curve will proceed 

C upwiW* > Ijojh ^ 

^ downwards j ^ 
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Coral. 3. If dk, the thickness at the crown, be very small 
compared with t, then will the thickness over h be nearly 

the same throughout: thus, suppose a n —<, then 

+ lo^="+=“''“y ““'y- 

sequently, a heavy flexible cord or chain, left to adjust itself 
into a hanging catehary, and inverted, would support itself 
upon props perpendicular to the tangents at A and b. 


Or Kw “ a + H-T) = •*■-r~ = ; 

(f t ^ % 

w'hich when a vanishes becomes = jt, or wb r: gh = «. 

118. Prop. To point out the construction, and investi¬ 
gate the chief proiierties of the plat-band, or “ flat arch,” as 
it is sometimes*called. 


3>C'VB AKA. B C D T 




k a lo/ cy ®// 


w. 



Let rr' be the pro¬ 
posed width, and idt 
the proposed thickness 
of a plat-band. As¬ 
sume a point p in 
the inferior prolonga¬ 
tion of yJc the middle 
of thq structure; and, 
supposing flflt', a6, he, 
cd, &c. the proposed thicknesses at bottom, of the truncated 
wedges of which the plat-band is to be constituted, let 
straight lines pa' a', ptf a, p^b, P6C, &c. be dra\vn, they will 
respectively show the directions in which the mutually abut¬ 
ting faces of the several wedges are to be cut, so that the 
wliole shall be an equilibrated structure. 

Now, 1st, If aTc = a’Ar, be taken to represent half the 
locight of the central wedge, then vk perpendicular to it will 
represent thq, horizontal thrust throughout the plat-band, 
and consequently, the thrust, shoot, or drift, acting at R 
or R^ 


2dly, Therefore, by assuming p nearer or farther from 
rr', the thrust may be diminished or increased atpleasure. 

3dly, No one of the wedges has a greater tendency to fall 
downwards than another; ror those tendencies are through¬ 
out as their weights, each being represented by the successive 
lines ah, he, cd, &c. on both sides the key-stone. Thu 
former are as the differences of the tangents ka, kb, kc, &c. 
to the radius pyf^, and the latter are as the areas of the trape- 



176 


STATICS. 


zoids ai^BAf bccB, he. whicli are as ah -f- ad to be 4* nc, or 
as aA, to Ac; the common height of all the tra|)CZoids l)cing 
equal to I'K. 

4thly> The pressure on each joint t)f the plat-band is 
proportional to the sitr/hcc qf that mint. For, pressure on 
OA to pressure on Ab, as pa to p6, tnat is, as aA to 6 b ; and 
so throughout. The pressures being exerted perpendicu¬ 
larly to Uie respective surfaces, are evidently measured by 
lines in the directions of those surfaces (art. 8J2.) when we 
have assumed a horizontal line for the measure of gravity* 
and a vertical line to measure the horizontal thrust. 

Stilly, Hence also it folIow'S that in this construction the 
pressure upon each square inch ol'^joint, is a constant quantity 
throughout; being the same ujion every square inch of the 
face in direction# oa, as ujion every square iiu^li of face in 
direction Ab, in direction cc, &c. to the extreme abutments 
RT, r't'. 

• These properties will not be found co-existent in any other 
equilibrated structure. 


119. Scholium. Yet this construction has a limitation 
which it is highly important to diservc. To ensure stability, 
the distance of the centre of gravity of the semi-vault from 
•the vertical pk, must exceed kv, the clistancc from the same 
vertical to the intensection ol‘ nr (a perpendicular fo the 
abutment tr) with the top tt' of the plat-band. Unless 
this condition be fulfilled perpendiculars cannot be let fall 
from the centre of gravity iq)on both tr and k^* ; or, in other 
words, the semi-vault cannot be sustained by means of the 
two surfaces tr, and kA* alone. 

Let rA: = hvl — 7/, kA- = /f, and ts =: being the tangent 
of the ulterior angle of slope to the radius Rt> ~ k. Then 
tlie distance of the centre of gravity of the semi-vault kA jit 
from tlie middle, kA:, of the key-stone will be 


Farther, we have A : A':: A : nv 


Therefore kv ::: kd — dv = 7t — 


T 


A' 

t' 
th — 


If^nce, to Bnsnre stability, we must have 


kr- 


\9M -f 6f 
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Or, taking the limit of tottering equilibrium, we hate 
2 . 6M« = 0: 

from which when two of the three letters are known the third 
may be found. 

Suppose, for example, that a plat-band were constructed 
iqxm an equilateral triangle, or such that angle rpr' = 60°. 
Then xs ^ = tan, 30® to rad. sk. Or, if Kir == it, be 
taken — 1, then t zz. tan. 30® = -f v'S. 

Hence 3 * — (A* — 1) 3 + 6<^ = 0. 

• From this equation h, in the case of the limit is found 
= ^-^/37 4* a/3 = 3-7596. 

Consequently, in the proposed case, rr' = must be 
less than 7’519i^, or than 7^: times the thickness, kk, of the 
key-stone. 

Of iJtc EqutWornm of Vavlts, regarding the Tenajdty ef 

Cements. 

• 

120. When the operation of cements is tsfken into the 

consideration, the conditions to ensure equilibrium are 
more easily investigated than when the gravitating tendency 
of the superincumbent matter is alone regarded. If the co- 
liesivc energy of the cement were insuperable, the arch might 
then be considered as one mass, which would be every where 
si'cute, whatever its form might be, provided the piers or 
abutments were sufficiently strong to resist the horizontal 
thrust. And, although this pro|;)erty cannot safely be im- 
juited to any cement (strong as many cements are known to 
be), yet, in a structure, whose component parts are united 
with a very powerful cement, thp matter above an arch will 
not yield, as when the whole is formed of simple wedges, or 
as when it would give way in vertical columns, but by the 
separation of the entire mass into three, or at most, into four 
])ieccs: that is, either into the two piers, and the whole mass 
l)etween them, or into the two piers, and the including mass 
splitting into two at its crown. It may be advisable, there- 
fon*, to investigate*the conditions of equilibrium for both 
these classes of dislocations. * 

121. Ihtop. Suppose that the arch vffk tend to fall 
vertically in one mass, by thrusting out the piers at the joints 
of fracture, vf, Ff ; it is required to investigate the equa¬ 
tions by which the equilibrium may be determined. 

Let 2a denote the whole weight of the a*ch lying he* 
tween Ff and g the centre of gravity of one hali’ot that 

VOL. II. * N • 
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arch, die centre of’ gravity 
of the whole lying on cv; 
let p be the weight of one of 
the piers, reckoned as high 
as and a' the place of its 
centre of gravity. 

Now, FV, f’v', being re¬ 
spectively perpendicular to 
f/J the weight 2 a may 
lie understood to act from v, 
in the directions vf, vf', and 
pressing upon the two joints 
^ Fjf'. The horizontal thrust 
which it exerts on f, will be 

= a tan. fvi rr^cot. fci z: 
vertical effort will =: a. 



and at the same time the 


IT 


Now, the first of these forces tends to tln ust out tlic solid 
AF horizontally, an effort whicli is rcsisteil by friction; and 
since it is known that, ccvtcris panhu,s‘y the friction varies as 
the pressure, that is, here, as the weight, wc shall have for 
the resisting force, v. Equating this with the 


above expression, a 


—, we obtain for the first equation 


of equilibrium * 

= ^ “/) (i*) 

Moreover, the horizontal thrust that tends to overturn the 
pier AF about the angle a, must be regarded as acting at 
the arm of lever fe, and,‘therefore, as exerting altogether 
CT 

the energy, a • • fe. This is counteracted by the ver¬ 

tical stre.ss A, operating at the horizontal distance ak, and 
by the 'freight, r, acting at the distance ad ; do' being the 
vertical line passing through the centre of gravity, c;', of the 
pier. Hence wc have * 

ci , 

FE = A . AE -4- P . AD; 

FI 

and, after a -little reduction, there results for the second 
equatimi of equilibrium: 
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122 , Prop. Suppose that each of the two halves tF, 
of the arch, tend to turn about the vertex removing the 
points F, and f' : it is required to investigate the conditions 
of equilibrium in that case. 

Referring the weight, a, of the semi-arch from its centre 
of gravity to the direction ot' the vertical joint Ak, its energy 

FH 

is represented by a . —; and the resulting horizontal 


thrust at a is, evidently, a . — . ~ ~ a. - 7 “* The vertical 

•' FI ki A'l 

stress is p -{- A; and therefore the friction is represented 
by /*, p A. Equating this with the above value of the 
horizontal thrust, tliat the pier af may not move horizon¬ 
tally, we have 

FH* « 

y . 8 =: a(^ —y) .... fi.) 

Then, considering the arch and piers as a polygon capable 
of moving about the angles a, f, k, 1 ^, a', we must, in order 
to c^quilibrium, balance the joint action of v and the semi- 
arcli A at the point F,, with the horizontal thrust beforemen- 
tioned, acting at the arm of lever ef. Thus we shall have 

FH 

r . AD -j- A . AE =r. A . — . £Ffrom which, after due re¬ 
duction, there results 



123. Carol. Hence it will be easy to examine the stability 
of any arch whose parts are cemented as in the hypotheses 
of these two propositions. Assume different points such as 
F, in the arch, for which let the numerical values of the 
cejuations (i.) and ( 11 .) be computed. To ensure stability, 
the first members of those equations, which represent the re¬ 
sistance to motion, must exceed tlie second members; the 
weakest jxnnts will be those in which the excess of the first 
above the second member is the least. 

If the dimensions of the arch were given, ami the thick¬ 
ness of the pier required, the same equations would serve for 
its determination*. * 


* The principles adopted in the two last propositions are due 
to Dc la Hire, and Coulomb, respectively. For a more com- 
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124. That department'of mechanics which relates to the 
circumstances and effects of bodies in motion (art. 5.) is of 
great extent, and of %’ery comprehensive application. A 
selection of its most interesting topics will licre be presimted ; 
but numerous other problems which, while they fall within 
its scope, require the fiid of the fluxlonal analysis, will Ik; 
solved in the collections at the end of this and of the third 
volume. 


GENERAL LAWS OF MOTION, &c. 

125. Prop. The quantity of matter, in'all bodies, is in 
the compound ratio of their magnitudes and densities. 

That is, b is as md ; where b denotes the body or (juan- 
tity of matter, m its magnitude, and d its density. 

For, by art. 10, in bodies of equal magnitude, the mass or 
quantity of matter is as the density. ' But, the densities re¬ 
maining, the mass is as the magnitude; that is, a double 
magnitude contains a double quantity of matter, a triple 
magnitude a triple quantity, and so on. Therefore the mass 
is in the compound ratio of the magnitude and density. 

Carol, 1. In similar bodies, the masses are as the densities 
and cubes of the diameters, or of any like linear dimensions. 
—For the magnitudes of bodies are as the cubes of the dia¬ 
meters, &c. 

Carol. 2. The masses are as the magnitudes and specific 
gravities.—For, by art. 10 and 17, the densities of bodies 
are as the specific gravities. 

I^. Scholium. Hence, if b denote any body, or the 
quantity of matter in it, m its magnitude, d its density, g its 
specific gravity, and a its diameter or other dimension; then, 
a (pronounced or named as) being the mark for general 


prehensive view of this interesting subject, the student may 
consult Hutton’s Tracts, vol. i., the Appendix to Bossut’s Me¬ 
chanics, and Berard’s Treatise on tlie Statics of Vaults and 
Domes. The pressure of earth, and the strength of materials, 
will be treated in a subsequent part of this volume. 
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proportion, from this proposition and its corollaries we have 
these general proportions: 


b CX md CX mg CX a^df 


m a 

d a 



m 


O. g O. 


a\ 

mg 

03 


b mg 

o’ a -7 a m a 
d d 

♦ 

127. Prop. The momentum, or quantity of motion, ge¬ 
nerated by a single impulse, or any momentary force, is as 
the generating force. 

That is, m is as J'\ where m denotes the momentum, and 
f the force. 

For every effect is proportional to its adequate cause. So 
that a double force will impress a double quantity of mo¬ 
tion; a triple force, a triple motion; and soon. That is, 
the motion impressed, is a$ the motive force which pro¬ 
duces it. 


128. l*Rop. The momenta, or quantities of motion, in 
moving bodies, are in the compound ratio of the masses and 
velocities. 

That is, m is as hv. 

For, the motion of any body being made up of the mo¬ 
tions of all its jiarts, if tlie velocities be equal, the momenta 
will be as the masses; for a double mass will strike with a 
double force; a triple mass with a triple force; and so on. 
Again, when the mass is the same, it will require a double 
force to move it with a double velocity, a triple force with a 
triple velocity, and so on; that is, the motive force is as the 
velocity; but the momentum impressed, is as the force 
which produces it, by art. 127; and therefore the momen¬ 
tum is as the velocity when the mass is the same. But the 
momentum was found to be as the mass w'hen the velocity 
is the same. Consequently, when neither are the same, the 
momentum is in the compound ratio of both the mass and 
velocity. 


Oihenoise: m : :: b : fr, wljen v is constant: 

and wt : ju, ;: V ; r,' when b is constant; 

therefore, m : p- ;: bv : when both vary. 


129. Prop. In uniform motions, the spaces described arc 
in the comiiound ratio of the velocities and the times of iheir 
description. 
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That is, s is as tv. 

For, by the nature of uniforin motion, 

s T : when v is constant; 

and 5 V : v, when x is constant: 

therefore s cr xt : when both vary. 

Carol. 1. In uniform motions, the time is as the space 
directly, and velocity reciprocally; or as the space divided 
by the velocity. And when the velocity is the same, the 
time is as the space. Hut when the space is tlie^same, the 
time is reciprocally as the velocity. 

Carol. 3. The velocity is as the space directly and the 
time reciprocally; or as the space divided by the time. And 
when the time is the same, the velocity is as the space. Hut 
when the space is the same, the velocity is reciprocally as 
the time. 


Scholl u?n. 

130. In uniform motions generated by momentary impulse, 
let b = any body or quantity of matter to be moved, 

J' z=. force of impulse acting on the bodv b, 

V — the uniform velocity generated in b, 
m ^ the momentum generated in b, 
s rr the space described by the bocly A, 
t = the time of de.scribing the space s w'ith the veltK!. v. 

Then from the last three proposition.s and corollaries, we 
have these three general projiortions, namely,/’ a »/, m a 
bv, and s cx tv; from which is derived the following table of 
the general relations of those six quanLilies, in unilbriii mo¬ 
tions, and impulsive or percussive forces : 


J" Oi m cx bv a 

m 

m CX J" CX bv cx 


bs 

__ 

h 


, f m ft mt 

6a~a — a — a—>. 

V V » s 

ft tnf 

4 a /v a ~ a -r- 

b b 

s f m 

V a ~ a ~ a -T-. 

t 6 0 

s bs bs 

t CX ~~ CX-f CX—. 

V J m 


By means of which, may be resolved all questions relating 
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to uniform motions, and the effects of momentary or im¬ 
pulsive forces. 

131. Prop. The momentum generated by a constant and 
uniform force, acting for any time, is in the compound ratio 
of the force and time of acting. 

That is, m is as Jl. 

For, supposing the time divided into very small parts, by 
art. 127, the momentum in each particle of time is the same, 
and therefore the whole momentum will be as the whole 
time, or sum of all the small parts. But by the same prop, 
the momentum for each small time, is also as the motive 
force. Consequently the whole momentum generated, is in 
the compound ratio of the force and time of acting. 

Carol. 1. The motion, or momentum, lost or destroyed in 
any lim&, is also in the compound ratio of the force and 
time. For w^iatever momentum any force generates in a 
given time; the same momentum will an equal force destroy 
in the same or equal time; acting in a contrary direction. 

And the same is true of the increase or decrease of motion, 
by forces tliat conspire with, or oppose the motion of bodies. 

Carol. 2. The velocity generated, or destroyed, in any 
time, is directly as the force and time, and reciprocally as 
the body or mass of matter.—For, by tliis and art# 128, the 
compound i*atio of the body and velocity, is as that of tlie 
foi'cc and time; and therefore the vcljcity is as the force and 
time divided by the body. And if the body and force be 
given, or constant, the velocity will be as the time. 

132. Prop. Tlie spaces passed over by bodips, urged by 
any constant and uniform forces, acting during any times, 
are in the compound ratio of the forces and squares of the 
times directly, and the body or mass reciprocally. 

Or, the spaces are as the squares of the times, when the 
force and body are given. 

/I® 

That is, s is asor as when J'and b are given. For, 

let V denote the velocity acquired at the end of any time i5, 
by any given body when it has passed over the space s. 
Then, because the velocity is as the time, by the last corol. 
therefore is the velocity at or at the middle point of 
the time; and as the increase of velocity is uniform, the 
same space s will Jbe described in the same time by the 
velocity iv uniformly continued from beginning to end. 
•But, in uniform motions, the space is in the compound ratio 
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of the time and velocity; therefore s is as ‘ or indeed s = 
\tv. But, by the last corol. the veltKity r is as , or as 


the force and time directly, and as the body reciprocally. 
Therefore t)r \ tVj is ^hat is, the space is as the force 


and square of the time directly, and as the body reciprocally., 
Or s is as the sejuare of the time only, when b andy'are 
given. 

Carol. 1. The space s is also as fv, or in the compound 
ratio of the time and velocity; b and/‘being given. For, 
$ = :^tv is the space actually descril>cd. But tv is the space 
which might l>e described in the same time /. with the last 
velocity i>, if it were uniformly continued for the same or an 
equal time. Therefore the space s, or lti\ which is'actually 
described, is just half the space tVy Avhich would he describetl 
with the last or greatest velocity, uniformly continiictl for an 
equal time U 

Cord, 2. The space s is also as r®, the square of the ve¬ 
locity; because the velocity v is as the time t. 


Scholium. 


133. The last four propositions give theorems for resolv¬ 
ing all questions relating to motions uniformly accelerated. 
Thus, put b = any body or quantity of matter, 
f — the force constantly acting on it, 
t = the time of its acting, 

V = the velocity generated in the time 
a'= the space described in that time, 
m = the momentum at the end of the time. 

Then, from these fundamental relations, m a m o.J)^ 
s a ti\ and v a we obtain the following table of the 


general relations of uniformly accelerated motions: 

, . bs fs fl^v •— -— 

ma bv ct ft Qt — a — o. — a Vkjs a 

•'tvs 

, m ft mt fl^ fH^ ttf fs 

h o. — a “ a — a ~ a -— a 7- - a a ‘~ 


r a 

V a 


V 

m 


s 


ms 


>• 




V 

bv mv tns m' m* 

— a~-a—a-7-a-7-aj-a 

t t s t^v bs biv 

i ft m ms fa nt^* f$ fht 

a~-a-rO:“a^a;— a oc*^. 

bjt h m 


Jlv 

bv^ bs 




m 



COLMSION OF BODIES. 


185 


m’v 


mt ft*v ntv nfl hv^ 
i oi tv a-r oc-T-a -— a —^raT^a — a 

b b m f kf f JH 


t a 


V 


a 


m 


f 


. bv bs os ms m* 

a -- a — a a a -y^', &c. 
J rn f Jv hjv 


184. From the above relations those quantities are to be 
left out which are ^ven, or which are proportional to each 
other. Thus, if the bcaly or quantity of matter be always 
the same, then the space described is as the force and square 
of the time. And if the body Ikj proportional to the force, 
as all bodies -are in respect to their gravity; then the space 
described is as the square of the time, or square of the velo- 

f 

city; and in this case, if f be put == the accelerating 
force; then will 


* s ct tv Oi Ft- a 

F. 

V o “ a F/ a v'f.?. 
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ON THE COLLISION OF BODIES. 

135. Prop. If a body strike or act obliquely on a plain 
surface, the force or energy of the stroke, or action, is as the 
sine of the angle of incidence. 

Or, the force on the surface is to the same if it had acted 
perpendicularly, as the sine of incidence is to radius. 

Let AD exprc*ss the direction and 
the absolute quantity of the oblique 
I'orce on tile plane d E ; or let a given 
body A, moving with a certain ve¬ 
locity, impinge on the plane at b ; 
then its force will be to the action 
on the plane, as radius to the sine 
of the angle abd, or as ajb to ad or BC, drawing ad and bc 
perpendicular, and ac parallel to de. 

If or, by art. 29, the force ab is equivalent to the two 
forces AC, cb ; of which the former ac docs not act on the 




186 


DYNAMICS. 


plane, because it is parallel to it. The plane is therefore 
only acted on by the direct force cb, which is to ab, as the 
sine of the angle bac, or abd, to radius. 

Carol. 1. If a body act on another, in any direction, and 
by any kind of force, the action of that force on the second 
b<Kly, is made only in a direction perjxjndicular to the sur¬ 
face on which it acts. For the force in ab acts on de only 
by the force cb, and in that direction. 

Carol, 2. If the plane de be not absolutely fixed, it will 
move, after the stroke, in the direction perpendicular to its 
surface. For it is in that direction that the force is exerted. 

186. Prop. If one body a, strike another body b, which 
is either at rest or moving towards the Iwdy a, or moving 
from it, but with a less velocity than that of a ; then the mo¬ 
menta, or quantities of motion, of the two bodies, estimated 
in any one direction, will be the very same after the stroke 
that they were before it. 

For, because Jijction and rc-actioH are always equal, and 
in contrary directions, art. SO, whatever momentum the one 
body gains one way by the strokq, the other must just lose 
as much in the same direction; and therefore the quantity 
of motion in that direction, resulting from the molion.s of 
both the bodies, remains still thu same as it was before the 
stroke. , 

167. Thus, if A with a momentum 

of 10, strike b at rest, and' communi- _ 

cate to it a momentum of 4, in the A ^ 

direction ab. Then a w'ill have only 

a momentum of 6 in that direction; which, together with the 
momentum of b, viz. 4, make up still the same niornentum 
between theni as before, namely 10. 

168. If B were in motion before the stroke, with a mo¬ 
mentum of 5, in the same direction, and recei\^e from a an 
additional momentum of 2. Then the motion of a after 
the stroke will be 8, and that of b, 7; which between them 
make 15, the same as 10 and 5, the motions before the 
stroke. 

139. Lastly, if tlie bodies move in opposite directions, and 
meet one anotlier, afamelv, a with a motion of ID, and b, of 
5; and a communicate to b a motion of 6 in the direction 
AB^of its motion. Then, before the stroke, the whole mo- 
tidu both, in the direction of ab, is 10 - 5 or 5. But, 
after stroke, the motion of a is 4 in . the direction ab, 
and t^iibotion of S is 6 — 5 or 1 in the same diro-stion ab 4 
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therefore the sum 4 1, or 5, is still the same motion from 

both) as it was before. 

140. Prop. The motion of bodies included in a given 
space, is tiie same with regard to each other, whether that 
space be at rest, or move uniformly in a right line. 

For, if any force be equally impressed both on the body 
and the line in which it moves, this will cause no change in 
the motion of the body along the right line. For the same 
reason, the motions of all the other bodies, in their several 
directions, will still remain the same. Consequently their 
motions among themselves will continue the same, whether 
the including space be at rest, or be moved uniformly for¬ 
ward. And therefore their mutual actions on one anothei** 
must also remain the same in both cases. 

141. Prop. If a hard attd fixed plane be struck by either 
a soft or a h^rd unelaslic body, the body will adhere to it. 
But if the plane be struck by a perfectly elastic body, it will 
rebound from it again with the same velocity with which it 
struck the plane. 

For, since the parts which are struck, of the clastic body, 
suddenly yield and give way by the force of the blow, and 
as suddenly restore themselves again Avith a force equal to 
the force which impressed them, by the definition of elastic 
bodies; the intensity of the action of that restoring force on 
the plane, Avill be equal to the force or momentum with which 
the boily struck the plane. And, as action and re-action 
are equal an3 contrary, the plane will act with the same force 
on the body, and so cause it to rebound or move back again 
with tlie same velocity as it had before the stroke. 

But hard or soft bodies, being devoid of elasticity, by the 
definition, having no restoring force to throw them off again, 
they must necessarily adhere to the plane struck. . 

142. CoroL 1. The effect of the blow of the elastic body, 
on the plane, is double to that of the unelastic one, the ve¬ 
locity and mass being equal in each. 

For the force of the blow from the unelastic body, is as 
its mass and velocity, Avhich is only destroyed by the resist¬ 
ance of the plane. But in the elastic body, that force is not 
only destroyed and sustained by the plane; but another also 
equal to it is sustained by the plane, in consequence ofihe 
restoring force, and by virtue of which the bod^ is thrown 
back again with an equal velocity. 'And therefore the in¬ 
tensity of the blow is doubled. 

143. Carol. 2. Hence unelasttc bodies lose, by their col- 
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lision, onl;^ naif the motion lost by elastic bodies; their mass 
and velocities being equal.-^^For the latter communicate 
double the motion of the former. 

144. Peop. If an elastic body a impinge on a firm plane 
DE at the point b, it will rebound from it in an angle equal 
to that in which it struck it; or the angle of incidence will 
be equal to the angle of reflection ; namely, the angle abd 
equal to the angle fbe. 

Let AB express the force of 
the boily A in the direction ab ; 
which let be resolved into the 
two AC, cb, parallel and per¬ 
pendicular to the plane.—Take 
b£ and CF equal to ac, and 
draw bf. Now action and re action being equal, the plane 
will resist the direct force cu by tfhother Bc equal to it, and 
in a contrary direction; whereas the other ac, being pa¬ 
rallel to tlie plane, is not acted on or diminished by it, liut 
still continues as before. The body is therefore reflected 
from the plane by two forces bc, be, perpendicular and pa¬ 
rallel to the plane, and therefore moves in the diagonal bf 
by composition. Hut, because ac is equal to be or cf, and 
that BC is common, the two triangles bca, bcf are mutually 
similar and equal; and consequently the angles at a and f 
are equal, as also their equal alternate angles abd, fbe, 
which are the angles of incidence and reflection. 

145. Prop. To determine the motion of non-«lastic bodies, 
when they strike each other directly, or in the same line of 
direction. 

Let the non-elastic body b, mov¬ 
ing with the velocity v in the di¬ 
rection b 5, and the body b with 
the velocity v, .strike each other. 

Then, because the momentum of an^ moving body is as 
the mass into the velocity, bv m is the momenium of 
the body b, and bv — in the momentum of the body 5, 
which let be the less powerful of the tw'o motions. Then, 
by art. 136, the bodies will both move together as otic ina.ss 
in the direction bc after the stroke, whether before the 
strl^ce the body 6 moved towards c or towards b. Now, 
according as that motion of b was from or towards b, 
that is> whither the motions were in the same or wntrary 
ways, idle momentum after the stroke, in direction *bc, will 
be the siiin or difference of the momentupis before the 
stroke; n^fely, the momentum in direction bc wril be 
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Bv -f“ bvi if the bodies moved the same way> ox 
Bv •- bv, if they moved contrary ways, and 
BV only, if the body b were at r^st. 

Then divide each momentum by the common mass of 
matter b -j- b, and the quotient will be the common velocity 
after the stroke in the direction bc ; namely, the common 
‘velocity will be, in the first case, 


BV + , BV — At; , . - _ , 

. in the 2d- rT~i and in the 8d 

B -f- 6 B + ^ 


BV 

B 6 


Corol. v — 


^r: , -7 X b, the veloc. lost by b, 

B -j-o B -j- 0 ^ 


146. For example, if the bodies, or weights, b and b, be 
as 5 to 3, and their velocities v and v, as 6 to 4, or as 3 to 2, 
before the stroke; then 15 and 6 will be as their raomen- 
tunis, and 8 the s'um of their weights; consequently, after 
the stroke, the common velocity will be as 


1_5-H5 

8 

15-6 

8 


21 

= or 2 I- in the first case, 

8 * * 

9 

^ or ly in the second, and 


15 

8 


or I g- in the third. 


147. Prop. If two perfectly elastic bodies impinge on one 
another, their relative vejoc-ity will be the same both before 
and after the impulse: that is, they will recede from each 
other with the same velocity with which they approached 
and met. 

For the compressing force is as the intensity of the stroke; 
which, in given bodies, is as the relative velocity with which 
they meet or strike. But perlectly elastic bodies restore 
themselves to tlieir former figure, by the same force by which 
they were compressed; that is, the restoring force is equal 
to the compressing force, or to tl)e force with which the 
Imdics approach each other before the impulse. But the 
bodies are.impelled from each other by this restoring force; 
and therefore this force, acting on the same bodies, will pro¬ 
duce a relative velocity equal to that which they had before: 
or it will make the bodies recede from each other with the 
same velocity with which they before approached, or so as to 
be etpially distant from one another at equal times before and 
after the impact. 
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148. Remark* It is not meant by this pa-oposition, that 
each body will have the same velocity after the impulse as it 
had before; for that i^ill be varied according to the relation 
of the masses of the two bodies; but that the velocity of the 
one will be, aiter the stroke, so much increased, and the 
other decreased, as to have the same difference as before, in 
one and the same direction. So, if the elastic body b move 
with a velocity v, and overtake the elastic body b moving the 
same way with the velocity v; then their relative velocity, 
or that with which they strike, is v —and it is with this 
same velocity that they separate from each other after the 
stroke. But if they meet each other, or the body b move 
contrary to the body b ; then they meet and strike with the 
velocity v -j- and it is with the same velocity that they 
separate and recede from each other after the stroke. But 
whether they move forward or backward after tliCr impulse, 
and with wnat particular velocities, are circumstances that 
depend on the various masses and velocities of the bodies 
before the stroke, and which make the subject of the next 
proposition.—It may further be remarked, that the sums of 
the two velocities, of each body, before and after the stroke, 
are equal to each other. Thus, v, v being the velocities 
before the impact, if x and y be the corres|)onding ones after 
it; since v — v y — x, therefore v -|- .r rr -f- y. 

149, Prop. To determine the motions of elastic bodies 
after striking each other directly. 

I4et the elastic body b move in 
the direction bc, with the veloci^ 
v; and* let the velocity of the other 
b^y 6 be V in the same line; which latterwelocity v will be 
positive if b move the same way as b, but negative if b move 
m the opposite direction to b. Then their relative velocity 
in the direction bc is v — v; also the momenta before the 
stroke are bv and bv) the sum of which is bv -J- bv in the 
direction mC, 

Again, put x for the velocity of b, and ^ for that of b, in 
the same direction bc, after the stroke; then their relative 
velocity is v — a:, and the sum of their momenta B^r + by in 
the same direction. 

But the momenta before and after the collision, estimated 
in Bie same direction, are equal, by art. 136, as also the re- 
veltNaUes, by the last prop. Whence arise these two 

viz. BV -f- = BX 

and V — t) =: j/ - a ; 
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the resolution of which equations giies .. 

X =: the velodty of b,^ - 

^ = ■ -J j ! ,J ^-^+ !? I.-the velocity of 6. 

Or, a: = v-j^(v-o),andy = v-V£-^(v-v). 

%b 

So that the velocity lost by B is — tJ), 

2b 

and the velocity gained by d is —qr-^ (v -- v); 

which two velocities are in the ratio of 5 to b, or reciprocally 
as the two bodies themselves. * 

Carol. 1 . The velocity lost by b drawn into b, and the 
velocity gained by b drawn into 6, give each of them 

(v — r), for the momentum gained by the one and 

lost by the other, by the stroke; which increment and de¬ 
crement being equal, they cancel one another, and leave the 
same momentum bv -{- bv after the impact, as it was before it. 

Carol. 2. Hentc also, bv- -f- bv~ = -j- o** the sum 

of the vires vivarum is always preserved the same, both be¬ 
fore and after the impact. JPor, since 

BV -j- fin =: Bjr -f- l^, 

or BV — Bx — by — 

and v X zx y v, these two equas, multiplied, 
give Bv“ — Bjr®/= — bv^y 
or Bv‘^ -j- fin^ zr %*> 

the equation of the so called living forces. 

a 

Carol. 3. But if n be negative, or the body fi moved in 
the contrary direction before collision, or towards B; then, 
changing the sign of n, the same theorems beqome 

(b - fi)v — 2hv . 

X = --* velocity of b, 

j. ^ the veloc. of fi, in the directimi bc. 

^ B-ffi 

And if fi were at rest before the impa<it, making its velocity 
n r: 0, the same theorems give 

X zz ■ ■ , v, and w =: -^^v, the velocities in this cage. 

B-\-b B -f- fi > 


a' = 


the veloc. of fi, in the directimi bc. 
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And, in this case, if the two bodies b and b be equal to 

each other; theji a - 5 =: 0, and —r: = 1; which give 

jr cr 0, and y zp vj that is, the body h will stand still, and 
the other body b will move on witji the whole velocity of the 
former; a thing which we sometimes see happen in playing 
at billiards; ,and which would happen much uftener if the 
balls were perfectly elastic. 

* 

Scholium. 

150. If the bodies be elastic only in a partial degree, the 
sum of the momenta will still be the same, Imth before and 
after collisioHI but the velocities after, will be less than in the 
case of perfect elasticity, in the ratio of the‘imperfection. 
Hence, with the same tiotation as before, tlie two equations 
will now be Bv = Bj + * 

m 

and v — V zz — (y ~ .i ), 

fi 

where jw to w denotes the ratio 'of perfect to imperfect elas¬ 
ticity. And the resolution of these two eejuations, gives the 
following values of x and y, viz. 

m 4- w ^ ^ 

■ r+i - *)• . 


X 


V — 


m 


B 


y = «. + —— .^^(v ~r). 


m 


for the velocities of the two Iwdies after impact in the ca^e 
of imperfect elasticity: and these would become the same as 
the former if n were — m. 

Hence, if the two bodies b and h be equal, then 


a: = V-s' \y 

2m ^ 


m -f- w 

v\ and y = t) -f “g “(v ~ v\ 


wl^re the velocity lost by b is just equal to that gained by h. 
And if in this case b was at rest before the impact, or i; = 0, 
then the resulting motions would be 


X zz 


m — fk 


V, and y zz- 


m -4- n 


2w ’7 *•••'* OF 

which are in the ratio of m — n to m -f- 

Also, if m zz Tif or the bodies perfectly elastic, then 
0^ St 0, and y = v ; or B would be at rest, and b goon with 
thirst motionfof b, * 

jmrtber, in mis case also, the velocity of b before th6 im- 

m -)- 


pact> ilt to that of b after jjt, as v to 


2m 


v, or ac 2m to 
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m -f-w- But, if the bodies be now supposed'to,vlfjfttte in 
circles, as pendulums, in which cage the chords (c and o) of 
the arcs described arc known to-be proportional to the velo¬ 
cities; then it will be : m n *.•. c i hence mint: 
c : 2c — c. So that, by measuring these chords, of the arcs 
thus experimentally descrilied, the ratio of m to n, or the 
degree of elasticity in the bodies, may be determine. 

151. Paop. The greatest velocity which can be generated 
by the propagation of motion through a row of contiguous 
perfectly elastic bodies, will be when those bodies are in 
geometrical prt)gression. 

First, take three bodies, a\ x, and c: then (art. 149) the 

velocity communicated from a to x = a being the 

velocity of A : and when the body x impinges upon c at rest 
with this velocity, the vcl. communicate to c will 
2x 2 a« 4Aax 

“* X -f- e, * A 4- X ■“ (a -j- x)(x -f-' c) 

__ 4>Aa _ 4Aa 

~ (a x -j- l)(x -f c) "" A 4- X 4- (aC -r x) 4- C* 
I'his fraction is evidently a max. when its denominator is a 
min. that is, since a and c are given, when x® = ac, or when 
X is a mean proportional between a and c. 

For the same reason the velocity communicated fk>m the 
second body through c the third, to a fourth, D, will be 
greatest when c is a mean proportional between the second 
and fourth. Like reasoning will evidently bold for a series 
of perfectly elastic bodies. Farther, if the number of bodies 
in the geometrical progression be increased without limit, the 
quantity of motion communicated to the last* from a given 
quantity of motion in the first, however small^ may also be 
increased without limit. 

152. Prop. If bodies strike one^another obliauely, it is 
proposed to determine their motions after the stroke. 

Let the two bodies b, 5, 
move in the oblique directions 
BA, 5a, and strike each other 
at A, with velocities which are 
in proportion to the lines I a, 

5a ; id find their motions after 
the impact. Let cah repre¬ 
sent the plane in which the 
bodies touch in the ^ point of 
concourse; to which draw the perpendiculars bc, 5i>, and 
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compiete the rectangles ce, df. Then the motion in ba is re¬ 
solved into the two bc, ca ; and the motion* in ft a is resolved 
into the two ftn, da ; of which the antiecedents bc, ftn, are 
the velocities with which they directly meet, and the conse- 

3 ti€nts CA, DA, are parallel; therefore by these the bodies 
o not impinge on each other, and consequently the motions, 
according to these directions, will not be changed by the im¬ 
pulse ; so that the velocities with which the bodies meet, arc 
as BC and ftn, or their equals ea and fa. The motions there¬ 
fore of the bodies n, /;, directly striking each other with the 
velocities ea, fa, will be determined by art. 1‘1<5 or 149, ac¬ 
cording as the bodies are elastic or non-elastic; which being 
done, let ao be tlie velocity, so determined, of one of them, 
as A; and since there remains also in the body a force of 
moving in the direction parallel to be, with a velocity as nr, 
make ah equal to be, and complete the rectangle f;ii; then 
the two motions in ah and ag, or in, are compounded into 
the diagonal Ai, which therefore will bc the jiath and velocity 
of the Iwdy B after the stroke. And after the same manner 
is the motion of the other body ft determined alter the ii)i])act. 

If the elasticity of the bodies be imperfect in any given 
degree, then the quantity of the corresponding lines must be 
diminished in the same proportion. For the full considera¬ 
tion of this branch of the inquiry the student is referred to 
the Treatises of Mechanics by Gregory and Bridge. 

(s 


Problems Jbr Exercise on CoUision. 

Exam. 1. A cannon ball weighing l!21bs. moving with a 
velocity of 1200 feet per second, meets another of 181bs. 
moving with a velocity of 1000 feet per second. Requiretl 
the velocity of each after impact, supposing both to be non¬ 
elastic. 

Exam. 2. b and ft are as 3 to 2, and the velocity of b is 
to that of ft as 5 to 4. Thej are perfectly hard, and move 
before impact in the same direction; what are the velocities 
lost by B and gained by b ? 

Exam. 3. b and ft are perfectly elastic, and move in op¬ 
posite directions, b is triple of ft, but ft’s velocity is double 
that of B. How do those bodieli move after impact? 

Exam. 4. A body whose elasticity is to perfect elasticity 
as 15 to 16, falls from the height of 100 feet upon a 
perfectly hard horizontal plane. It then rebounds and 
falls a||ain, and so on, always in a vertical direction. It 
is ret^ired to find the whole space dcscrilied by the Ixidy 
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before its modoti ceases, as.w<ell as the entire time of its 
motion. - 

Exam. 5. Investigate w^t must be the force of elasticity, 
so that the sums of the products formed by multiplying eaSti 
body into any assumed power, n, of its velodty, may not fee 
altered by the impact or the two bodies. 


THE LAWS OF GRAVITY; THE DESCExNT OF 
HEAVY BODIES; AND THE MOTION OF 
PROJECTILES IN FREE SPACE. 

153. Prop. All the properties of motion delivered in 
art. its corollaries and scholium, for constant forces, are 
true in the motions of bodies freely descending by their own 
gravity; namely, that the velocities are as the times, and 
the space.s as the squares of the times, or as the squares of 
the ve]tx;itics. 

For, since the force of gravity is uniform, and constantly 
the same, at all places near the earth's surface, or at nearly 
the same distance from the centre of the earth; and since 
this is the force by which bodies descend to the surface; 
they therefore descend by a force which acts constantly and 
equally; consequently all the motions freely produced by 
gravity, are as above specified, by that proposition, &c. 

SCHOLIUM. 

154. Now it has been found, by numberless experiments, 
that gravity is a force of such a nature, that all bodies, whether 
light or heavy, fall vertically through equal spaces in the same 
time, abstracting from the resistance of the air; as lead or 
gold and a feather, which in an exhausted receiver fall from 
the top to the bottom in the same time. It is also found 
that the velocities acquired by descending, are in the exact 
proportion of the times of descent: and further, that the 
spaces descended are proportional to the squares of the times, 
and therefore to the sejuares of the velocities. Hence tlien 
it follows, that the weights or gravities, of bodices; pear the 
surface of the earth, are propoiTional to the quantities of 
matter contained in them; and that llie spaces, times, and 
velocities, generated by gravity, have the relait^ns contained 
in the three general proportions before laid down. FurthjMtf st 
as it is found^, by accurate experiments, that a body in the 

o S 
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latitude of London^ falls nearly 16 t*t second 

of time, and consequently that at the end of that time it has 
acquired a velocity double, or of 32^ feet by corol. 1, art. ] 32 ; 
thferefore, if dcnole 16/^ feet, the space fallen through in 
one second of time, or g the velocity generated in that time; 
then, because the velocities are directly projxirtional to the 
times, and the spaces to the squares of the-times; therefore 
it will be, 

as V : f :: g ; gt zz v the velocity, 
and V : f- :: Ig : \gt’ zz a the space. 

So that, for the descents of gravity, we have these general 
equations, namely, 

: {tv. 

— 

V 2s r- 

® ~ T 

Hence, because the times are as the velocities, and the 
spaces as the squares of either, therefore, 

if the times be as the numbs. 1, 2, 3, % 5, &c. 

the velocities will also be as 1, 2, 3, 4, 5, &c. 

and the spaces as their squares 1, 4, 9, 16, 25, &c. 

and the space for each time as 1, 3, 5, 7, 9, &c. 

namely, as the scries of the odd numbers, which are the 
differences of the squares denoting the whole sjiaces. So 
that if the first series of natural numbers be seconds of time, 
namely, the times in seconds 1", 2", 3”, 4", &c, 

the velocities in feet will be 32^, 64^, 96^, 128|-, &c. 
the spaces in the whole times 64^, 144|, 2571, &c. 
and the space for each second 16;'^, 4880 ,112,^, Sec. 
of which spaces the common difference is 32^ feet, the na¬ 
tural and obvious measure of g, the force of gravity, 

155. These relations, of the times, ve¬ 
locities, and spaces, may be represented » 
certain lines and geometrical figures. 

Thus, if the line ab denote the time of any 
body’s d^ent, and bc, at right angles to it, 
the velueity gained at the end of that time; 
by join^g AC, and dividing the time ab into 
any number of parts at the points a, 5, c; 
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then shall ad, be, cf, parallel to Be, be the velocities at the 
points of time a, b, c, or at the ends of the times, a«, a6, 
AC; because these latter lines, by similar triangles, arc "pro¬ 
portional to the former ad, be, cf, and the times are propor¬ 
tional to the velocities. Also, the area of the triangle abc 
will represent the space descended by die force of gravity 
in the time ab, in which it generates the velocity bc ; be¬ 
cause that area is equal to | ab x bc, and the space descended 
is s zz \lv, or half the product of the time and the last 
velocity. And, for the same reason, the less triangles A.ad, 
Abe, Acf will represent the several spaces described in the 
corresponding times Aa, Ah, ac, and velocities ad, be, (f'\ 
those triangles or spaces being also as the squares of their 
like sides act, Ab, Ac, which represent the times, or of ad, he, 
ef, which represent the velocities, 

156. * But as areas are rather unnatural 
re[)resentations of the spaces passed over 
by a bfxly in motion, which are lines, the 
relations may better be represented by 
the abscisses and ordinates of a parabola. 

Thus, if po be a parabola, Pit its axis, 
and iiu its ordinate; and va, vb, pc, &c, 
parallel to rq, represent the times from 
the beginning, or the velocities, then ac, bf, c^, &c, parallel 
to the axis pk, will represent the spaces described by a fall¬ 
ing body in those times; for, in a parabola, the abscisses vh, 
pi, p/f, &c, or ae. If, eg, &c, which are the spaces described, 
are as the squares of the ordinates he, if, hg, &c, or Pa, rb, 
PC, &c, which represent the times or velocities. 

157. And because the laws for the destruction of motion, 
are the same as those for the generation of it, by equal forces, 
but acting in a contrary direction; therefore, 

ls<, A body thrown directly upward, with any velocity, 
will lose equal velocities in equal times. 

2d, If a body be projected upward, with the velocity it 
acquired in any time by descending freely, it will lose all its 
velocity in an equal time, and will ascend just to the same 
lieight from which it fell, and will describe equal spaces in 
equal times, in rising and falling, but in an inverse order; 
and it will have equal velgcities at any one and the same point 
of the line described, lioth in ascending and descending. 

3d, If bodies be projected upward, with any velocities, the 
height ascended to, will be as the squares of those velocities, 
or as the squares of the times of’ ascending, till they lose all 
their velocities. 





198 


DYNAMICS, 


158. In solving problems, where a body, instead of being 
permitted to fall freely, is projected vei tically upwards or 
downwards with a given velocity, it will assist the compre¬ 
hension of what takes place, to ascertain what results from 
the original projection, and what from the force of gravity. 
Thus, if a body be projected with a velocity » it w'ill, in the 
time t, describe the space tv (art. 129 ) apart from the opera¬ 
tion of gravity or any other force. Blending this witli the 
preceding expression for the space described by a falling 
body, we have 

s = rp 

in which the Imoer sign must be employed when the projec¬ 
tion is vertically doKiucards, the upper when the pVojection 
is vertically upuiards. 

EXERCISES ON RISING AND FALLING BODIES. 

1. Find the space descended vertically by a body in 7 
seconds of time, and the velocity acquired ? 

Ans. 788,*^^, space; 225^, velocity. 

2. Required the time of generating a velocity of 100 feet 
per second, and the whole space descended. 

Ans. 3'VVrj time; 155-^*’^^/.' space. 

3. Find the time of descending 400 feet, and the velocity 
at die end of that time. 

Ans. time; 160|^-^, velocity. 

4. If a body fall freely for 5", how far will it descend 
during the last second of its motion ? 

5. If an arrow be propelled veitically upwards from a 
bow with a velocity of feet per second, how high will 
it rise, and how long will it be before it returns again to the 
ground ? 

6. ‘ If a bail be projected vertically domizvards with a ve¬ 
locity of 100 feet per second, how far will it have descended 
in three seconds ? 

7. If a bail be projected upwards with a velocity of 100 
feet per second, how far will it have arisen in three seconds? 

8. If a ball be projected vertically upwards with a velo¬ 
city of 44 feet per second, will it be above or below the point 
of* projection m four seconds, the force of gravity tending 
all die time to draw it downwards ? 

9. A drop of rain falls through 176; ’- feet in the last 
second; how high is the cloud from which it descended ? 

10. A body falling freely was observed to pass through 
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lialt’ its descent in tlie last second; liow I'ar did it fall, and 
how Jon^ was it in falling? 

11. Two weights, one of 51bs. the other of 31bs. hang 
freely over a j)iilley: after motion is allowed to commence 
how far will the laigcr weight descend, or the smaller arise, 
in four seconds ? 

w — w 

N. 11. ^rhe theorem for operation is s rr 

12. Two equal weights are balanced over a pulley. A 
pound weight being added to one of them, and motion in 
consequence taking place, the preponderating weight de¬ 
scended tlirough lb‘-,‘j- feet in four seconds. Required the 
measure of the two equal weights ? 


1 o8.Prop. h'a body be projected in free space, cither paral¬ 
lel to the horizon, or in an oblique direction, by the force of 
guiqiowder, or any other impulse; it will, by this motion, 
in conjunction with the action of gravity, describe the curve 
line of a parabola. 



Let the body be projected from the point a, in the di¬ 
rection AT>, with any uniform velocity: then, in any equal 
portions of time, it would, by art. 129, describe the equal 
spaces AB, BC, on, &c, in the line ad, if it were not drawn 
cfuitimially down below that line b}’^ the action of gravity. 
J)i .'iw BE, C3’, DG, 8i,c, in the direction of gravity, or perpen¬ 
dicular to the horizon, and equal to the .spaces through 
which tlic body would descend by its gravity in the same 
time in which it would uniformly pass over the correspond¬ 
ing spaces AB, AC, ad, &c, by the projectile motion. Then, 
since by these two motions the body is carried over the space 
AB, in the same time as over the space be, and the space ac 
in the same time as the space cf, and the space ad in the 
same lime as the space dg, &c; therefore, by the com¬ 
position of motion.^, at the end of those times, the body will 
be found respectively in the points e, f, g, &c ; and con¬ 
sequently the real path of the projectile will he tlie curve 
line AEFG &c. But the spaces ab, ac, ad, &c, described by 
\inifonn motion, arc as the times of description; and the 
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spaces BK, CF, DG, &c, dcscHbcd in the same times by the 
accelerating force of gravity, arc as the squares of the times; 
consequently the poi’pendicular descents are as the squares 
of the spaces in ad, that is be, cf, dg, &c, arc respectively 
proportional to ab-, ac®, ad®, &c ; which is the property of 
the parabola by theor. 8, Con. Sect. Therefore the path of 
the projectile is the parabolic line AEFCi &c, to which ad is 
a tangent at the point a. 

159- Carol. 1. The horizontal velocity of a projectile, is 
always the same constant quantity, in every point of the 
curve; because the horizontal motion is in a constant ratio 
to the motion in ad, wdiich is the uniform jirojcctile motion. 
And the projectile velocity is in pro{>ortion to the constant 
horizontal velocity, as radius to the cosine of the angle daii, 
or angle of elevation or dejircssion of the piece above or 
below the horizontal line ah. 

160. Coral. 2. The velocity of the projectile in the direc¬ 
tion of the curve, or of its tangent at any ])oint a, is as the 
secant of its angle b.\i of direction above the horizon. For 
the motion in the horizontal direction at is constant, and ai 
is to AB, as radius to the secant of the angle a ; therefore the 
motion at a, in ab, Is everywhere as the secant of the 
angle a. 

161. Carol.‘J. The velocity in the direction do ofgravilv, 
or perpendicular to the horizon, at any point t; of the curve, 
is to the first uniform projectile velocity at a, or point of' 
contact of a tangent, as 2od is to ad. For, the times in .mi 
and DG being equal, and the vchnaty acquired by frei'ly de¬ 
scending through DO, being such us would carry the body 
uniformly over twice dg in an equal time, and the spaces 
described with uniform motions being as the vidoelties, there¬ 
fore the space ad is to the space 2dg, as the projectile velo¬ 
city at A, to the perpendicular velocity at c. 

162. Peop. The velocity in the direction of the curve, at 
any point of it, as a, is equal to that which is generated by 
gravity in freely de.sccnding tlirough a space which is cijual 
to one-fourth of the parameter of the diameter of the para¬ 
bola at that point. 

Let pa or AK be the height 
due to the velocity of the projec¬ 
tile at any jioint a, in the direc¬ 
tion erf* the curve or tangent ac, 
or the vel<icity acquired by fall¬ 
ing through that height; and 
complete the parallelogram 
ACDB. Then is CD =: ab or ap. 
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the height due to the velocity in the curve at a; and CD is 
also the height due to tlie perpendicular velocity at d, whicli 
must be equal to the former; but by the last corol. the velo- 
cily at A is to the perpendicular velocity at d, as ac to 2 cd; 
and as these velocities are equal, therefore ac or bd is equal 
to 2ci>, or 2 ab ; and hence ab or ap is equal to ^bd, or of 
the parameter of the diameter ab, by corol. to theor. 13 of 
the parabola. 

168. Corol. I. Hence, and from cor. 2, 
tlicH)r. 13 of the parabola, it appears that, 
if from the directrix of the {)arabola which 
is the path of the projectile, several lines 
UK he drawn perpendicular to the direc¬ 
trix, or parallel to the axis; thc'n the ve¬ 
locity of the projectile in the direction of the curve, at any 
point E, is alwjiys equal to the velocity acquired by a body 
falling freely through the perpendicular line he. 

164. Corol. 2. If a body, after falling through the height 
r \ (last fig. hut one), which is equal to ab, and when it 
arrives at a, have its course changed, by reflection from an 
elastic plane ai, or otherwise, into any direction ac, without 
altering the velocity ; and if‘ ac be taken — 2 ai» or 2 ab, and 
the })arallelogram be conipieted ; then the body will describi* 
the parabola passing through the point n. 

165. Corol. 3. Because ac: 2ab or 2ci> or 2 a p, therc'fore 
cr 2 ap X 2ci> or ap . 4crv' and, because all tJie perpen¬ 
diculars EF, CD, GH, are as ae®, ac®, ac;'; therefore also 
AP . 4ef rc AE®, and ap . 4Gn r: ag®, &c: and, because the 
rectangle of the extremes is ccpial to the rectangle of the 
means of four projxjrtionals, tlicreforc always 



it is AP : AE 

: AE 

: 4ei', 

and AP : ac 

; AC 

: 4c 1 ), 

and AP : ag 

: A(i 

; 4gi[, 

and so on. 





166. Prop. Having given the direction, and the impetus, 
or altitude due to the first velocity of a projectile; to deter¬ 
mine the greatest height to which it will rise, and the random 
or horizontal ranee. 

o 
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Let AP be the hciglit duo to the G, 

projectile velocity at a, au the di- 
rection, and aii the liorizon. On P xk/ 

AG let fall the perpendicular pq, \ 

and on ap the j)crpendicnlar qr; so 
shall AJ{ be c(jual to the greatcbt alti- 

tilde cv, and 4 qr equal to the hori- A C If 
zontal range Aif. Or, having drawn 

PQ pcrp. to AG, take ag — ^au, and draw i;ii perp. to aii; 
then All is the range. 

For, by the last corollary, ap : ao :: ag : 4gii ; 

and, by similar triangles, ap : ag : : aq : gii, 

or - - - AP ; AG : : 4aq : 4gji ; 


therefore ag = 4 aq; and, by similar triangles, ah =r 4 aR. 
Also, if V be the vertex of the parabola, then ab or iAi. 
2a (i, or aq = qb; consequently au = nv, which is = ('V 
by the property of tlie pai*abola. 


167. Carol. 1. Because the angle 
Q IS a right angle, which is the angle 
in a semicircle, therefore if, on ap 
as a diameter, a semicircle lie de¬ 
scribed, it will pass through the 
point a. 

168. Carol. 2. If the horizontal 
range and the projectile veloc;ity be 
given, the direction of the piece so as to hit the object ii, 
■will be thu.s easily found: Take ad ~ --ah, draw du per¬ 
pendicular to ah, meeting tht' semicircle, de.scribcd ou the 
diameter ap, in o and y; then aq or Aq will be the direction 
of the piece. And hence it appears, that there are two di¬ 
rections ab, aI), which, with the same projectile velocity, 
give the very same horizontal range ah. And lliese two 
directions make equal angles jad, qap with aii and ap, be¬ 
cause the arc ra rr the arc Aq. 



169. CoroL 3. Or, if the range ah, and direction ab, be 
given; to find the altitude and velocity or impetus. Take 
AD =: ^ah, and erect the perpendicular do, meeting ab in 
o; .so shall ©a be equal to the greatest altitude cv. Also, 
erect ap jierpendicular to aii, and qp to ao ; so shall ap be 
the height due to the velocity. 


Carol. 4. When the body is projected with the same 
^locw, but in different directions: the horizontal ranges 
AH will *be as the sines of double the angles of elevation.— 
Or, which is the same, as tlic rectangle of the sine and co- 
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slnt* of elevation. For ai> or ro, which is ^ah, is the 
bine of the arc aq, which measures double the angle qad of 
elevation. 

Anil when the direction is the same, but the velocities 
dllferent; the horizontal ranges are as the square of the 
vi locitics, or as the height ap, which is as the square of the 
velocity; for the sine ad or hq or |-aii is as the radius or as 
the diameter ap. 

Thcrelbre, when both arc different, the ranges are in the 
compounifratio of the squares of the velocities, and the sines 
of double the angles of elevation. • 

I'll. Coral. 5. The greatest range is when the angle of 
elevation is or hall’ a right angle; for the double of 45 
is 00, which has the greatest sine. Or the radius os, which 
is of the range, is the greatest .sine. 

And hence the, greatest range, or that at an elevation of 
45'*, is just double the altitude ap which is due to the velo¬ 
city, or equal to Ivc. Consequently, in that case, c is the 
focus ol’ the parabola, and ah its parameter. Also the ranges 
are equal, at angles equally above and below 45°. 

172. Carol. When the elevation is 15°, the double of 
wliich, or 30®, has its sine equal to half the radius; consc- 
(jucntly then its range will be equal to ap, or half the greatest 
range at the elevation ol’ 45°; that is, the range at 15°, is 
equal to the impetus or height due to the projectile velocity. 

173. Carol. 7* The greatest altitude cv, being equal to 
All, is as the versed sine of double the angle of elevation, and 
aKo as ap or the square of the velocity. Or as the square 
ol ihe sine of elevation, and the square of the velocity; for 
i he square of the sine is as the versed sine of the double 
angle. 

174. Coral. 8. The time of flight of the projectile, which 
is c{(ual to the time of a body tailing freely through cfH or 
lev, four times the altitude, is therefore as the square root 
of the altitude, oc as the projectile velocity and sine of the 
elevation. 


.-iCHOLIUM. 

175. From the last projxisilion and its corollaries may he 
deduced the following set of theorems, for finding all the 
circumstances of projectiles on horizontal planes, having any 
two of them given. Thus, let s, c, t, denote the sine, cosine, 
anti tangent of elevation; s, v the sine and versed sine of 
the double elevation ; r the horizontal range; T the time of 
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•flight; V the projectile velocity ; n the greatest Iieight of the 

projectile; g = 32^ feet, and a the impetus, or the altitude 

due to the vekxiity v. Then, 

• « 


H 1=: 

2as 

= 4asc == 

sv* 

sev- -‘-gcT* [gr 





ig' 

s l 

v =: 


II 

A 

11 

' 26V 

s s 



*sv 


til 

611 


T = 

— 

= 2s \^7- = 

■ ' 

4 ' HZ. 











SR _ 

s® V ® u v* 


11 = 

as^ = 

Jav = = 

4c 

2g “ 4g 

= igr^^ 


And from any of these, the angle of direction may he 
found. Also, in these theorems, g* may, in many cases, he 
taken =r 32, without the small fraction which will be near 
enough for common use. 

176. Prop. To determine the range on an oblique plane; 
having given the impetus or velocity, and the angle ol‘ direc¬ 
tion. 

Let AE be the oblique plane, at a given angle, eillicr aho\ e 
or below the horizontal plane ah ; ag the direction of i1k« 
piece, and ap the altitude 
due to the projectile velocity 
at A. 

By the last proposition, 
find the horizontal range ah 
to the given velocity and di¬ 
rection ; draw he perpendi¬ 
cular to AH, meeting the ob¬ 
lique plane in e; draw ef 
parallel to ag, and ri paral¬ 
lel to HE; .so shall the projectile pass through i, and the 
range on the oblique plane will bc^i. As is evident by 
thcor. 15 of the Paraliola, where it is proved, that if ah, ai 
be any two lines terminated at the curve, and if, he parallel 
to the axis; then is ef parallel to the tangent ag, 

177, Otherwise^ without the Horizontal Range. 

Draw pa perp. to ag, and an perp. to the horizon Uil 
pkne. AF, meeting the inclined plane in k ; take ae =: 4ak, 



This time, with elevation, is just equal to the time ()f 
''fwrpendicular ascent, with the same velocity v. 
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draw EF parallel to ag, ailG Ft parallel to ap or dq ; so shall 
Af be the range on the oblique plane. For ah =: 4ad, 
therefore eh is parallel to fi, and so on, as above. 

Otherwise. 

178. Draw vq making the angle Apy = the angle gai; 
then take ag ~ 4a9, and draw gi perp. to ah. Or, draw 
qh perp. to AH, aShd take ai = 4a/c. Also Vq will be equal 
to cv the greatest height above the plane. 

For, by cor. 2, art. 1G4,«ap : ag :; ag : 4gi; 
and by sim. triangles, ap : ag ;: kq i gi, 
or - - - AP : ag :: 4a5' : 4oi; 

ihevelbrc ag r: d-Ag; and by sim. triangles, ai == 4Ail‘. 

Also, or I Cl, is = to cv by tlieor. 13 of the Parabola. 




179. Coral. 1. If ao be drawn perp. to the plane ai, and 
AP be bisected by the perpendicular sto ; then with the 
centre o de,scrlbing a circle through a and p, the same will 
also pass through q, because the angle gai, formed by the 
tangent ai and ag, is equal to the angle apj, which will 
thereiore stand on the same arc Aq. 

180. Coral 2. If there be given the range ai and the ve¬ 
locity, or the impetus, the direction will hence be easily 
found tlms: I'ake kV — -|ai, draw Vq perp. to ah, meeting 
the circle described with the radius ao in two jioints q and 
q\ then kq or kq will be the direction of the piece. And 
hence it appears that there are two directions, which, with 
the same impetus, give the very same range ai. And these 
two directions make equal angles with ai and ap, because 
the arc is equal the arc kq. They also make equal angles 
witli a line drawn from a through s, because the arc sq is 
equal the arc sq. 

181. Corot 3. Or, if there be given the range ai, and the 
direction kq ; to find the velocity or impetus. Take kk = 
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^Ai, and erect kq pcrp. to ah, inciting the line of direction 
in then draw making the z a^p = z Akq ; so shaM 
AP be the impetus, or the altitude due to the projectile 
velocity. 

182. Carol. 4. The range on an oblique plane, with a 
given elevation, is directly prop<irlional to the rectangle of 

cosine of the direction of the piece above the horiz(»n. 
and the sine of the direction above tho oblique plane, and 
reciprocally to the square of the cosine of the angle of the 
plane above or below the horizon* 

For, put .9 = sin. ZL yAi or AFq, 

c = cos. z yAH or sin. PAy, 

c. r= cos. Z lAii or sin. Akd or aI(j or Aqi\ 

Then, in the triangle APy, c : a- :: ap : Aq ; 
and in the triangle A/ry, v : c : : Aq : Ak; 
therel'. by composition, c - : c.f :: ap : ak“=: ^ai. 

So that the oblique range ai == — x 4ap. 

c 

183. The range is the greatest when aIc is the greatest ; 
that is, when kq touche's the circle in the middle j)oint s; 
and then the line of direction jiasses through s, and bisects 
the angle formed by the oblique plane and the vertex. Also, 
the ranges ai’c equal at etjual angles above and below this 
direction for the maximum. 

184. Coral. 5. The greatest height ev or kq of the })ro- 
jectile, above the plane, is equal to x ap. And thereibri' 


it is as the impetus and square of the sine of direction above 
the plane directly, and square of the cosine of the plane’s in¬ 
clination reciprocally. 

For - c (sin. Ag-p) : s (sin. APg); : ap : Aq, 
and c (sin. A/cq) : s (sin. k'Aq) :: Aq : kq^ 

theref. by comp, : : ap : kq. 

185. Coral. 6. The time of flight in the curve Atu is := 


2a AP , n 

—J -—, where 4s* = IbA leet. 


And therefore it is as the 


velocity and sine of direction above the plane directly, and 
cosine of the plane’s inclination reciprocally. For the time 
of describing the curve, is equal to the time of falling freely 


,4 

throng Gi or ^kq or x ap. Therefore, the time being 
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as the square root of the distance, 

\/ig: — : : 1" : - —, the time of flight. 

C C 
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186. From the foregoing corollaries may l)c collected the 
following set of theorems, relating to projects made on anv 
given inclined planes, either above or below the horizontal 
plane. In wliich the letters denote as belbre, namely, 
e = cos. of direction above the horizon, 
c — cos. of inclination of the plane, 

.S’ — sin. of direction above the plane, 

II ~ the range on the oblique plane, 

T the time ol‘ flight, 
v the* projectile velocity, 

H the greafest height above the plane, 
a tlie impetus, or alt. due to the velocity v, 

« = '621 i'eet. Then, 


R n 

n ~ 


cs 

i* 

c- 

s® 


X 4a = ~ V® = -- T® 
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2cs 
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* rw* 


And from any of these, the angle of direction may be found. 


187. Geometrical constructions of the principal cases in 
projectiles in a non-resisting medium, flow readily from the 
properties of the parabola; and in many cases those con¬ 
structions suggest simple modes of computation. The fol¬ 
lowing problems will serve by way of exercise. 

1. Given the impetus and elevation; to find, by construc¬ 
tion, the range, on a horizontal plane, the greatest height, 
and thence the time of flight. 

3. Given the impetus, and the range, on a horizontal 
plane; to find, by construction, the elevation, and the greatest 
height. 

3. Given the elevation, and the range 4 ?n a horizontal 
plane; to find, by construction, the impetus, the greatest 
height, and thence by computation, the time. 

4. Given the impetus, the point and direction of projection, 
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to find the place where the ball will fall upon any plane mven 
in position.; 

5. Given the impetus and the pt)int of projection, to find 
the elevation nec42ssary to hit any given point; and to show 
the limits of possibility. Botli construction and mode of 
computation arc required. 


PRACTICAL GUNNERY. 

188. We liave now given the whole theory of projectiles, 
with theorems for all the cases, regularly arranged tiir use, 
both lor oblique and horizontal planes. Rut, before they 
can be applied in resolving the several cases in the jiractice 
of gunnery, it is necessary that some more data be laid down, 
as derived from gcKid e.xperinients made with balls or shells 
discharged from cannon t>r mortars, by gunpowder, under 
difterent circumstances. For, without such experiments and 
data, those tlieorenis can lie of very little utility in real 
practice, on account of the imjx^rfections and irregularities 
in the firing of gunpowder, and the exjmlsion of balls from 
guns, but more especially on account of the enormous re¬ 
sistance of the air to all projectiles made with any velocities 
that are considerable. As to the cases in which projectiles 
are made with small velocities, or such as do not exceed 200, 
or 000, or 400 feet jier second of time, they may be re¬ 
solved tolerably near the truth, especially for the larger 
shells, by the parabolic theory, laid down above. Rut, in 
cases of great projectile velocities, that theory is quite in¬ 
adequate, without the aid of several data drawn from many 
and good experiments. For so great is the effect of the re¬ 
sistance of the air to prqicctiles of considerable velocity, that 
some of those which in the air range only between 2 and 3 
miles at the most, would in vacuo range about ten times as 
far, or between 20 and 30 miles. 

The effects of this resistance are also various, according to 
the velocity, the diameter, and the weight of the projectile. 
So that the experiments made with one size of ball or shell, 
will not serve tor another size, though the velocity should lx 
the same; neither will the experiments made with one ve¬ 
locity, serve for other velocities, though the ball be the same. 
And therefore it is plain that, to form proper rules for prac¬ 
tical gunneiT, we ought to have good experiments made with 
eacb size of mortar, and with every variety of charge, f rom 
the least to the greatest. And not only so, hut these ought 
also to lx repeated at many different angles of elevation, 
namely, for every single degree between 30'^ and (K) ‘ ckw ation. 
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and at interval of 6^ above 60® dtid below 30®, froik tb« ver¬ 
tical direption to point blank. By »«ch a course 6f 
ments it will be found, that the greatest range, instead 
being constantly that at an elevation of 45?, as in the para'bolic 
theory, will be at all intermediate degrees between 45 and'SOi 
being more or less, both according to the velocity and the 
weight of the projectile; the smaller velocities and larger 
shells ranging farthest when pnnected almost at an elevation 
f)f 45®; while the greatest velocities, especially with the 
smaller sliells, range farthest with an elevation of afoout 80®, 
or little more. 


189. There have, at different times, been made certain 
small parts of such a course of experiments as i.^ hinted at 
ab()vc. Such as the experiments or practice carried on in 
the year 1773, on Woolwich Common; in which all the 
sizes ol* m5rtars were used, and a variety of small charges of 
powder. But tliey were all at the elevation of 45®; conse¬ 
quently these are defective in the higher charges, idid in all 
the other angles of elevation. * 

Other experiments were also carried on in the same place 
in the years 1784 and 1786, with various angles of elevation 
indeed, but with only one size of mortar, and only one 
charge of powder, and that but a small one too: so that all 
those nearly agree with the parabolic theory. Other experi¬ 
ments have also been carried on with the ballistic pendulum, 
at different times; from which have been obtained some of 
the laws for the quantity of powder, the weight and velocity 
the ball, the length of the gun, &e. Namely, that the 
\ elocity of the hall varies as the square roert of the charge 
directly, and as the square root of the weight of ball reci¬ 
procally; and that, some rounds being fired with a medium 
Icnglh of one-pounder gun, at 15® and 45® elevation, andr 
with 2, 4, 8, and 12 ounces of powder, gave nearly the velo¬ 
cities, ranges, and times of flight, as they are here set down 
in the following table. But good experiments are wanted 
with large balls and shells. 


Powder. 

Elevation 
of gun. 

Velac?H.y 
of ball. 

oz. 


feet. 

. 2 

J5" 

860 

4 

15 

1230 

8 

15 

1640 

12 . 

15 

1680 

2 

45 

860 




feet 
4100 
5100 
6000 , 
6700 
5100 I 
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190; But as we are not yet provided with a sufficient 
number and variety of experiments, on which to establirii 
true rules for practical gunnery, independent of the parabolic 
theory, we roust at present content ourselves with the data of 
some one certain experimented range and time of flight, at a 
^ven anffle of elevation; and then, by help of these, and the 
rules in the parabolic theory, determine the like circumstances 
for other elevations that are not greatly different from the 
former, assisted by the following practical rules.— 

191. SOME PRACTICAL RULES IN GUNNERY. 

I. To Jind the Velocity of any Shot or Shell. 

RuLf:. Divide double the weight of the charge of powder 
by the weight of the shot, both in lbs. Extract.the square 
root of the quotient. Multiply that root by 1600, and the 
product, will be the velocity in feet, or the number of feet the 
shot passes over per second, nearly. 

Or say —As the root of tlie weight of the shot, is to the 
root of double the weight of the powder, so is 1600 feet, to 
the velocity*. 

II. Given the Range at One Elevat’ion; toJind the Range at 

Another Elevation. 

Rule. As the sine of double the first elevation, is to its 
range; so is the sine of double another elevation, to its 
range. 

III. Given the Range Jbr one Charge; to Jind the Range 
for Another Clearge^ or the Charge for Another Range. 

Rule. The ranges have the same proportion as the 
charges; that is, as one range is to its charge, so is any other 
range to its charge: the elevation of the piece being the same 
in both cases. 

* In more recent experiments carried on at Woolwich, by 
the Editor of the present edition, in conjunction with the select 
com|i^|a|e of artillery officers, it has been found that a charge 
of of the weght of the ball, gives, at a medium, a velo> 

1600 feet: gunpowder being much unproved in its 
,in^|facture since the time when Sir Tbo. Blomfield and Dr. 
HWpn ma.^e their experiments, Putting b for the weight of 

Sr* 

t||ie ball,And c for that of the charge, v ss 1600 is now 

w B 

found a good approximative theorem for the initial velocity. 
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19a. !Ex AMPLE 1. If a ball of lib. acquire a velocity of 
1600 feet per second, when fired with 8 ounces of powder; 
it is required to find with what velocity each of the several 
kinds of sliells will be discharged by the full charges of 
j)owder, viz. 

Nature of the shells in inches 
Their weight in lbs. 

Charge of powder in lbs. 

A ns. The velocities arc 

Exam. 2. if a shell be found to range 1000 yards when 
discharged at an elevation of 45°; how far will it range 
when the elevation is 30“ 16', the charge of powder being 
the same ? - Ans. 2612 feet, or 871 yards. 

Exam.’3. The range of a shell, at 45° elevation, being 
found to be 3750 feet; at what elevation must the piece be 
set, to strike an object at the distance of 2810 feet,'with the 
sa)nc chai'ge of powder ? Ans. at 24° 16', or at 65“ 44'. 

Exam. 4. With what impetus, velocity, and charge of 
}>owder, must a 13-inch shell be fired, at an elevation of 
32° 12', to strike an object at tlie distance of 3250 feet? 

Ans. impetus 1802, vcloc. 340, charge 41b. 7^02. 

Exam. 5. A shell being found to range 8500 feet, when 
discharged at an elevation of 25“ 12'; how far then will it 
range at an elevation of 36° 15' with the same charge of 
j)owder ? Ans. 4332 feet. 

Exam. 6. If, with a charge of 01b. of powder, a shell 
range 4000 feet; what charge will suffice to tlirow it 3000 
feet, the elevation being 45° in both cases ? 

Ans. 6|lb. of powder. 

Exam. 7. What will be the time of fliglit for any given 
range, at the elevation of 45°, or for the greatest range ? 

Ans. the time in secs, is i the sq. root of the range in feet. 

Exam. 8. In what time will a shell range 3250 feet, at 
an elevation of 32° ? , Ans. 11^ sec. nearly. 

Exam. 9. How far will a shot range on a plane which 
ascends 8° 15', and another which descends 8° the im¬ 
petus being 3000 feet, and the elevation of the piece 32° 30' ? 

Ans. 4244 feet on the ascent, 
and 6745 feet on the descent. 

Exam. 10, How much powder will throw a 13-inch sheU 

p 2 
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4244 feet on an inclined plane, which ascends 8° 16*, the 
elevation of the mortar being 32'’ 30' ? 

Ans. 7*3765lb. or 71b. Ooz. 

Exam. 11. At what elevation must a 13-inch mortar Imj 
pointed, to range 6745 feet, on a plane which descends 8° 15'; 
the charge 7|-lb. of powder ? Ans. 32° 41'^-. 

Exam. 12. In what time will a 13-inch shell strike a plane 
which rises 8° 30', when elevated 45°, and discharged with 
an impetus of 2304 feet ? Ans. l l^ seconds. 


THE DESCENT OF BODIES ON INCLINED 
PLANES AND CURVE SURFACES.—THE MO¬ 
TION OF PENDULUMS. 


193. Prop. If a weight w be sustained on an inclined 
plane ab, by a power p, acting in a direction wp, parallel to 
the plane. Then 


The length ab, 

The height Bc, and 
The base ac, 
of the plane. 


y 


\V 




t)\ 


A 


The weight of the body, w 
The sustaining power p, and 
The pressure on the plane, p, 
are respectively as 
For, draw cd ^rpendicular 
to the plane. Now here are 
three forces, keeping one an¬ 
other in equilibrio; namely, the 
weight, or force of gravity, act¬ 
ing perpendicular to ac, or pa- 
raBel to bc ; the power acting- 
parallel to DB; and the pressure 

perpendicular to ab, or parallel to dc : but when throe forces 
keep one another in equilibrio, they are proportional to the 
sides of the triangle cbd, made by lines in the direction of 
those forces, by art. 30; therefore those forces arc to one 
another as bc, bd, cd. But the two triangles abc, cbd, arc 
equiangular, and have their like sides proportional; there¬ 
fore the three bc, bd, cd, are to one another respectively as 
the three ab, bc, ac ; which therefore are as the three forces 
w, p, p. 


( 


CoroL 1. Hence the weight w, power p, and pressure 
p, are respectively as radius, sine and , cosine, 

plane’s elevation bac above the horizon. 
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For, since the sides of triangles are as the sines of their 
opposite angles, therefore the three ab, bc, ac, 
are respectively as - - sin. c, sin. a, sin. b, 

or as - - - - radius, sine, consine, 

of the angle a of elevation. 

Carol. 2. The power or relative weight that urges a body 
* BC • 

w down the inclined plane, is ~ — x w; or the force with 

which it descends, or endeavours to descend, is as the sine 
of the angle a of inclination. 

Corah 3. Hence, if there be two 
planes of the same height, and two 
bodies bc laid on them which arc 
})roportioiial to the lengths of the 
planes; they will have an equal ten¬ 
dency to descend dowii the planes. 

And consequently they will mutually sustain each other if 
they bc connected by a string acting parallel to the planes. 

Corol. 4. In like manner, when 
the power r acts in any other di¬ 
rection whatever, wp; by draw¬ 
ing CDE perpendicular to the di¬ 
rection WP, the three forces in 
eqiiilibrio, namely, the weight w', 
the power p, and the pressure on 
the plane, will still be respectively 
as AC, CD, ad, drawn perpendicular 
to the direction of those forces. 

194. Prop. The velocity acquired by a body descending 
freely down an inclined plane ab, is to the velocity acquired 
by a body falling perpendicularly, in the same time; as the 
height of the jdane bc, is to its length ab. 

For the force of gravity, both j>er- 
pcndicularly and on the plane, is con¬ 
stant ; and these two, by corol. 2, art. 

193, are to each other as ab to bc. 

But, by art. 131, the velocities gene¬ 
rated by any constant forces, in the 
same time, are as those forces. Therefore the velocity down 
BA is to the velocity down bc, in the same time, as the force 
on BA to the force on bc : that is, as bc to ba. 

Corol. 1. Hence, as the motion down an inclined plane is 
produced by a constant force, it wilt bc a motion uniformly 
accelerated; and therefore tlie laws before laid down for 
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accelerated motions in general, hold good for motions on 
inclined planes; such, I'or instance, as the following: That 
the velocities arc as the times of descending from rest; tliat 
the spaces descended arc as the squares of the velocities, or 
squares of the times; and that if a body be thrown ui:) an 
inclined plane^ with the velocity it acquired in descending, 
it will lose all its motio^n, and ascend to the same height, in 
the same time, and will repass any point of the plane with 
the same velocity as it passed it in descending. 

Corol. 2, Hence also, the space descended along an in¬ 
clined plane, i.s to the space descentled pcrjicndicularJy, in 
the same time, as the height of the plane ci!, to its length 
AB, or as the sine of inclination to radius. For the spaces 
described by any forces, in the same time, are as the forces, 
or as the velocities. 

Corol. 3. Consequently the velocities and spaces descended 
by bodies down different inclined planes, are as the sines of 
elevation of tlic planes. 

Corol. 4. If CD be drawn perpendicular to ab ; then, 
while a body falls freely lb rough the jierpeiulicular space 
BC, another body will, in the same time, descend down the 
part of the plane bd. For by similar triangles, . - _ 

BC : BD : : ba ; bc, that is, as the space descended, by 
corol. 2. 

Or, in any right-angled triangle ddc, 
having its hypothenuse bc perpendicular 
to the horizon, a body will ueytend down 
any of its three sides bd, bc, dc, in the 
same time. And therefore, if on the dia¬ 
meter BC a circle be described, the time of 
descending down any chords bd, bk, bk, 

DC, EC, FC, &c, will be all equal, ami each 
equal to the time of falling freely through 
the perpendicular diameter bc. Also the 
velocities acquired in descending down the chords bd, be, 
BF, BC, are to one another as the lengths of those chords, 

195. Prop. The time of descending down the inclined 
plane ba, is to the time of falling through tlie height of the 
plane'BC, as the length ba is to the height bc. 

Draw CD perpendicular to ab. 

Th^ the times of describing bd and 
BC ^ equal, by the last corol. Call 
♦that time and the lime of describing 
^ dall T. 

Ndw, because the s[)aces described 
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by constant forces, arc as the squares of the times; therefore 

: T® :: BD : ba. 

But the three bd, bc, ba, ore in continual proportion; 
therefore bd : ba :: bc® : ba®; 
hence, by equality, : T® :: BC® : ba®, 
or - - i : T :: BC : ba. 

Carol. Hence the times of descending different planes, of 
the same height, are to one anothel* as the lengths of the 
planes, 

196*. Piiop. A body acquires the same velocity in descend¬ 
ing down any inclined plane ba, as by falling perpendicular 
through the height of tne plane bc. 

For, the velocities generated by any constant forces, are 
in the compound ratio of the forces and times of acting. 
But if we^ put 

r to denote the whole force of gravity in bc, 
f the force on the plane ab, 

t the time of describing bc, and 
T the time of descending down ab ; 



then by art. 193, f : /* :; ba : bc; 

and by art. 195, t : t :: bc : ba; 

theref. by comp, vt : : 1 : 1. 

That is, the compound ratio of the forces and times, or 
the ratio of the velocities, is a ratio of equality. 

Carol, 1. Hence the velocities acquired, by bodies descend¬ 
ing down any planes, from the same height, to the same 
horizontal line, are equal. 

Carol. 2. If the velocities be equal, at any two equal 
altitudes, d, e ; they will be equal at all other equal alti¬ 
tudes A, c. 

Carol. S. Hence also, the velocities acquired by de¬ 
scending down any planes, are as the square roots of the 
heights. 


scholium. 


197. We may here introduce some useful formulae, re¬ 
lative to motions along inclined planes, analogous to those 
already given for bodies falling freely (art. 154, 158.) 

I. Let g, as before =: 3^4 feet, s the space along an in¬ 
clined plane whose inclination is i, t the time, v the velocity; 
then 


1.5 = Ag<* sin. i 


sin. i 
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2. V zz gt sir. i v' (^5 sin. i) =: -y 
2s 2s 

8. t =: -r= 

SlU. ? V 

II. SupjKJse V to be the velocity with which a body is 
projected up or down the plane; then, we have 

4. T> “ V + g'i ,sfn. ? 

. . 

D. s = \t + ■IJi'i sin. i — -—:— 

sin. If 

Making v =: o, in e([ua. 4, and the iaHer mcniher of ecjua. 
5; the first will give tlie Hjiic at wliicii the l)o<ly will cease 
to rise, the latter the space. 

III. li’ii be a constant resistance to nuuion on a horizon¬ 
tal plane, then 

(). i' n V — ii^ 


1. s zz v/ — }u/- 


whcrc, making v ~ 0 , we fintl when the motion ceases. 

108. Tlie first eight of the following problems will serve 
to exemplify those theorems. 

1. How far will a body deseend from (jiiieseencc in 4 se¬ 
conds, along an incjiried plane whose length is 400 ami 
height 800 feet ? 

2. What velocity will such a body have acquired when it 
has reached the bottom a of the jjiane,^ (lig. to art. 104.) 

8. Suppose All =r Dll, in what time will the body pa.ss over 
each of those portions ? 

4. How long would a body be in falling down 100 feet of 
a plane whose length ab is 150 feet, and height nc 00? 

5. If AB = 90 , and in: — 25 feet, what velocity w^ould a 
body acquire in falling through 70 feet ? 

0. A body is projected up an inclined jilane, whose length 
is 10 times its height, with a velocity of 80 feet ^icr second; 
in what time will its velocity be destroyed, and it cease to 
ascend ? 

7. Sup])osc that at the moment a body is projected up ab 

with the velocity acquired by lidliiig down it, another body 
begins to fall down it, where will they meet, the length of 
AB being given ? ^ 

8. Given ab “ 0(1, bc zz 00 feet. And supjiose two bo- 
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dies to be let fall the same moment, one vertically, the other 
down the plane ca ; what distance cd will the latter have 
moved, when the former has descended to b ? 

9. Ascertain, geometrically, the position of the right line 
of quickest descent, from a given point to a ^ven plane. 

10. Find, geometrically, the slope of a roof, down which 

rain may descend quickest. * 

199. Phot. If a body descend down any number of con¬ 
tiguous planes, ab, bc, cd ; it 'will at last acquire the same 
velocity, as a body falling perpendicularly through the same 
lieiglit ED, supposing the velocity not altered by changing 
iVoin one plane to another. 

Produce the ])lanes DC, cb, to 
meet, tb.e liorizontal line ea pro¬ 
duced in and g. Then, by cer. 

1, last art. the •velocity at b is the 
same, whether the body descend 
through AB or kb. And therefore 
the velocity at will bc the same, 
whether the body descend through abc or through fc, 
w'hicli is also again the same as by descending through gc. 
Consequently it will have the same velocity at d, by descend¬ 
ing through the planes ab, bc, cd, as by descending through 
the plane gd ; supposing no obstruction to the motion by the 
body impinging on the planes at b and c: and this again, is 
the same velocity as by descending through the same per¬ 
pendicular height ED. ^ 

Carol. 1. If the lines abcd, 8cc, be supposed indefinitely 
small, they will form a curve line, which will bo the path of 
the body; from which it appears that a body acquires also 
the same velocity in descending along any curve, as in falling 
perpendicularly through the same height. 

CoroL 2. Hence also, bodies acquire the same velocity by 
descending from the same height, whether they descend 
perpendicularly, or down any planes, or down any curve or 
curves. And if their velocities be equal, at any one height, 
they will be equal at all other equal heights. Therefore 
the velocity acquired b}^ descending down any lines or curves, 
arc as the square roots of the perpendicular heights. 

Carol. 3. And a body, after its descent through any curve, 
will acquire a velocity which will caiTy it to the same height 
through an equal curve, or through any other curve, either 
by running up the smooth concave side, or by being retained 
in the curve by a string, and vibrating like a pendulum: 
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Also, the velocities will be equal, at all equal altitudes; and 
the ascent and descent will be performea in tlie same time, 
if the curves be the same. 

Paop. The times in which bodies descend through 
similar parts of similar curves, abc, ahCf placed alike, are as 
, the square roots of their lengths. 

That is, the time in ac is to the time in ac, as v'ac to 

€tC» 

For, as the curves are similar, they may 
be considered as made up of an equal 
number of corresponding parts, which are 
every where, each to each, proportional to 
the whole. And as they are placed alike, 
the corresponding small similar parts will 
also be parallel to each other. But the 
time of aescribing each of these pairs of corresponding pa¬ 
rallel parts, by art. 194, co7\ 1, are as the square roots of 
their lengths, which, by the supj>osition, are as Vac to V(W, 
the roots of the whole curves. Therefore, the whole times 
are in the same ratio of Vac to Vac. 

Corel. 1. Because the axes nc, dc, of similar curves, are 
as the lengths of the similar parts ac, uc ; therefore the times 
of descent in the curves ac, ac, are as v^dc to ^/dc, or the 
square roots of their axes. 

Carol. 2. As it is the same thing, whether the bodies run 
down the smooth concave side of the curves, or be made to 
describe those curves by vibrating like a pendulum, the 
lengths being nc, nc; therefore the times of the vibration 
of pendulums, in similar arcs of any curves, are as the square 
roots of the lengths of the pendulums. 

SCHOLIUM. 

201. Having, in the last corollary, mentioned the pendu¬ 
lum, it may not be improper here to add some remarks con¬ 
cerning it. 

A simple pendulum consists of a small 
ball, or other heavy body b, hung by a 
fine string or thread, moveable about a 
centre a, and describing the arc cbd ; by 
which vibration the same motions hap¬ 
pen to this heavy body, as would happen 
to lfl|r body descending by its gravity 
along tile spherical superficies cbd, if 
Uiat superficies were ^rfectly hard and 8 m 9 pth. If the 
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pendulum be carried to the situation ac, and then let fall, 
the ball in descending will describe the arc cb ; and in the 
point B it will have that velocity which is acquired by de¬ 
scending through CB, or ^ a body falling freely through sb. 
This velocity will be sufficient to cause the ball to ascend 
through an equal arc bd, to the same height i> from whence 
it fell at c; having there lost all its niotion, it will again be¬ 
gin to descend by its own gravity; and in the lowest point B 
it will acquire the same v^ocity as before; which will cause 
it to re-ascend to c: and thus, by ascending and descending, 
it will pcrfl)rm continual vibrations in the circumference cbd. 
And if the motions of pendulums met with no resistance 
fioin the air, and if there were no friction at the centre of 
motion a, the vibrations of pendulums w'ould never cease. 
Ihit from these obstructions, though small, it happens, that 
the velocify of the ball in the point B is a little diminished 
in every vibration; and consequently it does not return pre¬ 
cisely to the same points c or n, but the arcs described con¬ 
tinually become shorter and shorter, till at length they are 
insensible; unless tlie motion be assisted by a mechanical 
contrivance, as in clocks, called a maintaining power. 

Our present investigations relate to the simple pendulum, 
above described: the consideration of compound pendulums 
requires the previous knowledge of the centre of oscillation. 

202. Prop. When a pendulum vibrates in a circular arc, 
the velocities acquired in the lowest point, are as the chords 
ol‘ the semi-arcs described. 


For, the velocity at p of a body 
that has descended through any arc 
AP, is equal to the velocity at P of a 
body that has fallen freely through 
the versed-sine np (art. 199, cor. 2.) 

Hence, velocity at p after descent 
through arc ap, is to velocity at p 
after descent through arc a'p, as -v/np to a/n'p, that is 
(Geom. th. 87) as chord ap to chord a'p. 

203. Carol, If, therefore, we would impart to a body a 
given velocity, we have only to compute the height np, 



such 


di that NP = through the point N 


draw the horizontal line na ; then aa'p an are (of any circle 
passing through p) is one, through which when a body has 
fallen it will have acquired the proposed velocity. This is 
extremely useful in experiments on collision. 
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3, Peop. To investigate the time of vibration of a pen¬ 
dulum of given length, in an indefinitely small arc. 

Now, in estimating the time of 
an oscillation in an indefinitely 
small circular arc, let it be re¬ 
collected that the excess of such 
an arc above its chord, being 
incomparably less than itself, may 
be Defected; so that we may con¬ 
sider the square of such an arc 
(like that of its chord, Geom. th. 

87) as equal to the rectangle 
under the versed-sine and the 
diameter. 

Indeed, if instead of indefinitely small arcs we took arcs 
of 4()' or 50', and compared the respective difiercnces of iheir 
squares and those of their chords, we should find tliat the 
error would not exceed the SOOOOdth part of either result. 

Thus, arc*^ 50' - arc* 40' = 145144* - 116355* 
rr 261799 X 2908!), 

while chord* 50' — chords 40' =: 145442' — 116354'^ 

= 261796 X 29088. 

Let, then, dpb represent sucli a very short oscillation of a 
pendulum whose length, /, is sp, s being the ]K)int of suspen¬ 
sion. 

Then, versin. kp =: arc* dp -f- 2/ 
versin. np = arc* ap -f- 2/. 

J)p2 _ 

Their diflP. kn n- ^ -; which is the altitude through 



which a body must fall to acquire the velocity at a. Putting 
this value of the altitude in the usual expression for falling 

bodies, v = it becomes v = ^/{2g 


Dl 


AP- 


21 


■) 


= V-y . — AP*). This will be the velocity with 

which Jthe pendulum will describe an exceedingly minute 
portion of the arc, such as aa'. 

Draw, horizontally, dp = arc dp ; with dp as radius de¬ 
scribe the quadrantal arc dcc'a; make da = da, aa' n aa', 
Efjd draw ac, a'd, parallel to pq, 

•[iQwb, wel. at A 

^(w*-AF»)= Vj. ^/(de‘-ar<‘)= ac^f. 


OSCILLATIONS OF PENDULUMS. 

But, since time of describing a space as aa' =: ad, iij- 


s 


versely as the velocity, or t — —, we have 

. , , , rv I cd I 

time through aa' (or aa) =— y/— = — 

° ' ac g cv g 

/I 1 • ■ 

(because, by sim. tri. — = —). , 

etc CP 

The same reasoning applies for every minute successive 
portion, such as a a', of the semi-arc described by the pendu¬ 
lum : and when the ball has descended from n to p, the cor¬ 
responding arc to dr its equal is tlic quadrant dcdii : the ex- 
j)rcssion for the time, therefore, becomes, in that case, 

dco I semicircum. I , I 

t' = -- ^/- =- - -v'- 

PO g diam. g 

The time of ascending through pb = pd is, manifestly, 
equal to the above: therefore, ultiraatel}'^, the time of com¬ 
plete oscillation through dpb, is, 

^ ^ • ■ • • • It)* 

g 

Consequently, the times of oscillation are as the square 
roots of the lengths of the pendulums, the force of gi'avity 
remaining the same. « 

W4>. For the same reason that we have the above equa. 
when I is the length of the pendulum, and g the lineal mea- 

sure of the force of gravity, we have = in any 

other place where f measures the force of gravity, and /' is 
the length of the pendulum. 

Consequently, in general, 

t : tl : : ./■— ; ^ .(^). 

If the force of gravity be the same, we have 

tVl .(^)- 

If the same pendulum be actuated by different gravitating 
forces, we have 

^ —: -/-j • • : \^g^ .... (4). 

S & 

When pendulums oscillate in equal times in different placesj, 
we have, 

g'.gwl'.V, . . . . ( 5 ). 

Other theorems may readily be deduced. 
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^5. If either ^ or / be determined by experimentj the 
eoua. 1. ibriE will give the other. Thus, if or the space 
fallen through by a heavy body in 1" of time, be found, then 
Ais theorem will ^ve the length of the seconds pendulum. 
Or, if the length of the seconds pendulum be observed by 
experiment, which is the easier way; this theorem will give 
Now, in the latitude of London, the length of a pendu¬ 
lum which vibrates seconds, has been found to be 39^inches; 


and this being written for I in the theorem, it gives tt v^- 

= 1": and hence is found [g — -*7r®Z = x 39= 193*07 
inches = 16^?^ ^^et, for the descent of gravity in 1"; which 
it has also been found to be very exactly, by many accurate 
experiments. 
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206. Hence is found the length of a pendulum that shall 
make any number of. vibrations in a given time. Or, the 
number of vibrations that shall be made by a pendulum of 
a given length. Thus, suppose it were required to find the 
length of a half seconds pendulum, or a quarter-seconds 
pendulum; that is, a pendulum to vibrate twice in a second, 
or 4 times in a second. Then, since the time of vibration is 
as the square root of the length, 
therefore 1 : ^ ; v'SOl-: ^/ly 

39 ^ 

or 1 : : 398 ‘ = 9^ inches nearly, the 


length of the half-seconds pendulum. 

And 1: -j-V :: 391: inches, the length of the quarter- 

seconds pendulum. 

Agnin, if it were required to find how many vibrations a 
pendulum of 80 inches long will make in a minute. Here 


\/80:^39i 


60" or 1': 60 V' 


80 ” 


Ttv'Sl-S = 


41*95987, or almost 42 vibrations in a minute. 

207.^ For military men it is a good practice to have a 
portable pendulum, made of painted tape with a brass bob 
at the end, so that the whole except the bob, may be rolled 
up within a box, and the whole enclosed in a shagreen case. 
The tape is marked 200,190,180,170,160, &c. 80,75, 70, 
65,60, at points, which being assumed respectively as points 
of suspension, the pendulum will make 200,190, &c. down 
to 60 vibrations in a minute. Such a portable pcusdulum is 
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highly useful in experiinesits relative to ftdlmg the 

velocity of sound, &c. 

For the comparison of the times of oscillation in inde* 
finitely small arcs of circles, in finite arcs of circles, and ip 
cycloidal arcs, the student may turn to probs. 18 and 14, at 
the end of this volume, and prob. 42 at the end of voL m. 


CENTRAL FORCES. 

208. Def. 1. Centripetal force is’a force which tends con¬ 
stantly to solicit or to impel a body towards a certain fixed 
point or centre. 

2. Centrifigal force is that by which it would recede 
from such a centre, were it not prevented by the centripetal 
force. 

3. These two forces are, jointly, called central forces. 

209. Prop, If a body, m, drawn continually towards a 
fixed point, c, by a constant force, <Py and projected in a di¬ 
rection, MB, perpendicular to cm, describe the circumference 
of a circle about the centre c, the central force (p, is to the 
weight of the body, as the altitude due to the velocity of pro¬ 
jection, is to half the radius cm. 

Let V be the velocity of pro¬ 
jection in the tangent mb, and 
r the radius cm. Independently 
of the action of the central force, 
the body would describe, along 
MB, during the very small time 
ty a space mn = tVy and would 
recede from the point c by the 
quantity in, which may, without 
error, be regarded as equal to gm, when the arc ill is ex¬ 
ceedingly small. If, therefore, the body instead of moving 
in the tangent, were kept in the circumference by the central 
force (py its operation in the time t, would (art. 180) be equal 
to ^pt^y and at the same time =: mg. But by the nature of the 

. , Ml* 

circle MG = ~— 

2r 

by the above. 

Making, therefore, 4 ^* sr it reduces to 


MN* ^ V* 

(in an extremely small arc) =: 



r 


. . (1). 



DtSAMICS. 


for llie due to the velocity-since (by 

* ' 

g^, |54!) ^ have ^ ; whence there rc- 



Thus far, we have, in reality, considered only the unit ol' 
mass; but, if we multiply the first two terms of the above 
proportion by the mass of the body, the whole will still re¬ 
main a correct proportion, and tlie general result may be 
thus enunciated: viz. 

The centripetal force of any body, if it be free, or its 
centrifugal force, if it be retained to the centre c, by a thread 
(or otherwise), is to the weight of that body, as the height 
due to the velocity ?>, is to the half of the radius cm. 

210. Hence, it appears that, so long as ip and r remain 
constant, the velocity v will be constant. 

211. If both members of the equation 1 be multiplied by 
the mass m of the body, and we put f to represent the cen¬ 


trifugal force of that mass, we shall have f = 




In like 


manner, if f' is the centrifugal force of another body which 
revolves with the velocity v' in a circle whose radius is r', 
we shall have 


: : 


^r" 

r 


( 2 ). 


212. If T and denote the times of revolution of the two 

bodies, because v = and zz —wc have 

» T t' 


F ; f' 


f ,. 


T- 




. (3). 


213. If the times of revolution arc equal, wc shall have 

F : f' :: r ; r'.(4). 

214. Aad^ if we assume ; x'® ;; r as in the plane¬ 
tary potions, the pro^rtion (3) will become 

E . . W . . yli . >.8 (K 


(5). 


SCHOLIUM. 

•ft' , . 

,of central ferces is too extensive and 
monifS^us to be adequately pursued here. The student 
may the tr^tis^ of mechanics by Gregory and 

tbo^ on fiuxions by Simpmti DeaUry, &c. 
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We shall simply present in this place, one example connected 
with practical mechanics. 

Exam. Investigate the characteristicgproperty of a conical 
pendulum applied as a regulator or governor to steaqi- 
engincs, &c. 

This contrivance will be 
readily comprehended from the 
marginal figure, where ao is a 
vertical shaft capable of turn¬ 
ing freely upon the sole a. 

Cl), CF, are two bars which 
move freely upon the centre e, 
and carry at their lower ex¬ 
tremities two equal weights, 
r, o: the bars cd, cf, are 
united, by*a proper articulation, 
to the bars o, h, which latter are 
attached to a ring, r, capable of 
sliding up and down the vertical shaft, ao. When this shaft 
and connected apparatus are made to revolve, in virtue of the 
centrifugal force the balls f, q, fly out more and more from 
Aa, as the rotatory velocity increases: if, on the contrary, 
the rotatory velocity slackens, the balls descend and approach 
Au. The ring i ascends in the former case, de/scends in the 
latter: and a lever connected with i may be made to correct 
appropriately, the energy of the moving power. Thus, in 
the steam-engine, the ring may be made to act on the valve 
by which the steam is admitted into the cylinder; to augment 
its opening when the motion is slackening, and reciprocally 
diminish it when the motion is accelerated. 

The construction is, often, so modified that the flying out 
of the balls causes the ring i to be depressed, and vice versa; 
but the general principle is the same. If fq = fi = dp 
~ Di, then I, p, a, are always in some one horizontal plane: 
but that is not essential to the construction. 

Now, let t denote the time of one revolution of the shaft, 
ar the variable horizontal distance of each ball from that 
shaft, nt as usual = 3'141593: then will the velocity of each 

ball be = —-—, and (art. 209.) its centrifugal force 


A. 



— ) = 


The balls being operated upon 


simultaneously by the centrifugal force and the force of gravity, 
of which one operates horizontally, the other verticmly, the 
VOL. II. 
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resultant of the two forces is, evidently, always in the actual 
position of the handle cd, cp'. It follows, therefore, that the 
ratio of the gravity to the centrifugal force, is that of cos. 
ICQ to sin. ICQ, or tWit of the vertical distance of a below c 
to its horizontal distance from a«. Call the former d, the 
latter being x: 

then.d : x :: ffi 

fpi^ {1 (1 

theref. = — aiid t — — = 1 •10784V'd. 

Ileiice, the periodic time varies as the square root of the 
altitude of the conic pendulum, let the radius of the base be 
what it may. 

Hence, also, wdien icq = icp r: 45°, the centrifugal foi cc 
of each ball is equal to its weight. 


ON THE CENTRES OF PERCUSSION, 
OSCILLATION, AND GYRATION. 

216. Tlie Centre of Percussion of a body, or a system of 
bodies, revolving about a point, or axis, is that point, whicli 
striking an immoveable object, the whole mass shall not in¬ 
cline to either side, but rest, as it were, in ecpiilibrio, without 
acting on the centre of suspension, 

217. The Centre of Oscillation is that point, in a body 
vibrating by its gravity, in which if any body be placed, or 
if the whole mass be collected, it will perfoDH its vibrations 
in the same time, and with the same angular velocit}^ as the 
whole body, about the same point or axis of suspension. 

218. The Centre (^Gyration is that point, in whicli if 
the whole mass be collected, the same angular velocity will 
be generated in the same time, by a ^iven force acting at any 
place, as in the body or system itself. 

219. The angular motion of a body, or system of bodies, 
is the motion ot a line connecting any point and the centre 
or axis of motion.; and is the same in all parts of the same 
revolving body. And in different unconnected bodies, each 
revQlving about a centre, the anguiar velocity is as the ab¬ 
solute velocity directly, and as.the distance from the centre 
inversely; so that, if tlieir absolute velocities be as their radii 
or distances, the angular velocities will be equal. . 
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220. Prop. To find the centre of percussion of a body or 
system of bodies. 

Let the body revolve about an axia 
passing through any point s. in the line 
S(;o, passing through the centres of gra¬ 
vity and percussion, c, and o. Let mn 
be the section of the body, or the pl^e 
in which the axis soo moves. And con¬ 
ceive all the particles of the body to be 
reduced to this plane, by perpendiculars 
let fall from them to the plane: a "sup¬ 
position which will not affect the centres 
G, o, nor the angular motion of the body. 

Let A be the place of one of the particles, so reduced; 
join SA, and draw ap pefpendicular to as, and ha perpendi¬ 
cular to SGO: then Ai* will be the direction of a’s motion as 
it revolves about*s; and the whole mass being stopped at o, 
the body a will urge the point p, forward, with a force pro- 
jiortional to its quantity of matter and velocity, or to its 
matter and distance from the point of suspension s; that is, 
as a , SA; and the efficacy of this force in a direction per¬ 
pendicular to so, at the point p, is as a . sa, by similar tri¬ 
angles ; also, the effect of this force on the lever, to turn it 
about o, being as the length of the lever, is as a . . po =: 

A . sa . (so — sp) = A . s« . so — A . s« . sp = A . s« . so 
— A . SA-. In like manner, the forces of b and c, to turn 
the system about o, arc as 



and 


SB”, 

sc% &c. 


B . . so — B 

c . sc . so — c 
But, since the forces on the contrary sides of o destroy 
one another, by the definition of this force, the sum of the 
positive parts of these quantities must be equal to the sum 
of the negative parts, 

that is, A . sa . so -j- B . so 4- c , sc . so &c ~ 

A . SA® -j- B • SB' + c . sc® &c; and 


hence so =: 


A . SA® -f“ B . SB® + C . SC® &c 


A . sa B . s6 c . sc &c’ 
which is the distance of the centre of percussion below the 
axis of motion. 

And here it must be observed that, if any of the points 
A, 6, &c, fall on the contrary side of s, the corresponding 
product A . sa, or B . s6, &c, must be made negative. 

221. Corol. 1. Since, by art. 105, a -f- -f- c &c, or the 
body h X the distance of the centre of gravity, so, is = a . 

q2 
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sa + B . sA 4- c • SC 8u;, which is the denominator of the 
value of so; therefore the- distance of the centre of percus¬ 


sion, IS so = 


A . SA® -f- B . SB® + C . SC® &C 


SG X body b 

222. Coroh 2. Since, by Geometry, thcor. 36, 37, 


it is SA® = SG® + GA® — 2 sG . Gfl, 

and SB® = so*" -f- gb® -)- 2sg . Ghj 
and sc® =: so® -j- 4" ~sg . GC, &c; 

and, by cor. 5, art. 101, the sum of the last terms is nothing, 
namely, — 2 sg . Ga -‘j- 2 sg . Gb -f- 2 sg . gc &c = 0; 
therefore the sum of the others, or a . sa® -{- ^ 


is = (a -{- B &c) . SG® -}- A . GA® -J- B . GB® + C . GC* &C, 
or rz b . SG” — f~ a • ga” “j~ ® ”1“ c • gc® ^c, 

which being substituted in the numerator of the Ibregoing 
value of so, gives^ 


so = 


b 


SG® A . GA“ B . GB® 4- 
b . SG 


, A . GA® B . 

or so = SG -j- 


GB* + C . GC® kc 
SG 


223, Carol. 3. Hence the distance of the centre of per¬ 
cussion always exceeds the distance of the centre of gravity, 

, , . , A . GA® -f- B . GB* &C 

and the excess is always go =:- 


SG 


224. And hence also, sg . go = 


A . GA® -f- B . GB® &C 


the body b ’ 
that is sG . GO is always the srame constant quantity, whcre- 
ever the point of suspension s is placed; since the point g 
and the oodies a, b, &c, are constant. Or (;o is always 
reciprocally as sg, that is go is less, as sg is greater; and 
consequently the point o rises upwards and approaches to¬ 
wards the point o, as the point s is removed to the greater 
distance; and they coincide when sg is infinite. But when 
s coincides with g, then go is infinite, or o is at an infinite 
distance. 


225. Prop. If a body a, at the distance sa from an axis 
passing through s, perpendicular to the plane of the paper, 
be made to revolve about that axis by any force acting at i* 
in the line sp, perpendicular to the axis of motion: it is re¬ 
quired to determine the quantity or matter of another body, 
Q, which being placed at p, the point where the force acts, it 
shall, be accelerated in the same manner, as when a revolved 
at the distance sa ; and consequently, that the angular velo¬ 
city of A And Q about s, may be the same in both cases. 
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By the nature of the lever, sa : bp : : f\ 
sp 

"—the effect of the force fy acting at p, 

SA 

on the body at a ; that is, the forcc/acting at 
p, will have the same effect on the body a, as 

SP 

the force —fy acting directly at the point a. 

SA ^ 

But as ASP revolves altogether about the axis at s, the abso¬ 
lute velocities of the points a and s, or of tlie bodies a and 
Q, will be as the radii sa, sp, of the pircle described by them. 
Here then we have two bodies a and q, which being urged 

SP 

directly by the forces^and — f, acquire velocities which are 

SA 

as SP and sa. And since the motive forces of bodies are as 
their mass land velocity: therefore - _ - _ 

sp ^ ^ in, sa" 

— / : / ; : A . SA : Q . SP, and SP^ : sa* : ; a : o =: — a, 

SA*' •' SP'^ ’ 

which therefore expresses the mass of matter which, being- 
placed at r, would receive the same angular motion from the 
action of any force at p, as the body a receives. So that the 
resistance of any body a, to a force acting at any point p, is 
directly as the square of its distance sa from the axis of mo¬ 
tion, and reciprocally as the square of the distance sp of the 
point where the force acts. 

2^6. Carol. 1. Hence the force which accelerates the point 


/. sp2 

p, is to the force of gravity, as —^ to 1, or as f . sp* 

A • b A 

to A . SA*^. 

227. Coral. 2. If any number of bodies j 

A, B, c, be put in motion, about a fixed N. 
axis passing through a, by a force acting \ 
at p; the point p will be accelerated in 
the same manner, and consequently the 
whole system will have the same angular ■{? 

velocity, if instead of the bodies a, b, c, 
placed at the distances sa, sb, sc, there be substituted the 

sa* sb" sc® 

bodies— -A, — b, ~c ; |hese being collected into the point 
p. And hence, the moving force being ^ and the matter 

_ J U.:.- A . SA'' + B . SB“ + C . SC» 


to 1, or as f . SP* 




moved being 


therefore 
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/*. SP* 

, c * .-- is the accelerating force; which 

A . SA* -f- B . SB* + c . sc* ^ 

therefore is to the accelerating force of gravity, as f . sp* to 

A . SA® 4" B • SB® + C . SC®. 

228. Carol, 3. The angular velocity of the whole system 

f m SP 

of bodies, is as-For the abso- 

A . SA‘ -f- B • SB? + C • SC' 

lute velocity of the point p, is as the accelerating force, or 
directly as the motive |brce y, and inversely as the mass 
A • SA^ SCC 

--^—: but the angular velocity is as the absolute velo- 

city directly, and the radius sp inversely; therefore the an¬ 
gular velocity of P, or of the whole system, which is the same 

thing, is as-1-5* 

229. Prop. To determine the centre of oscillation of any 
compound mass, or body mn, or of any system of bodies 
A, B, c, &c. 

Let MN be the plane of vibration, to which let all the 
matter be reduced, by letting fall perpendiculars from every 
particle, to this plane. Let 

G be the centre of gravity, • \ y 

and o the centre of oscilla- X 

tion; through the axis s 'J: , 9 nyjP m . . 
draw SGo, and the horizon- y \ I I 

tal line sg; then from every / 1 I 

particle a, b, c, &c, let fall / ' A !• 

perpendiculars Aa, A^, B^,Bg, I Ij 

cc, cr, to these two lines; and / 1- |i 

join SA, SB, SC 4 also, draw \/ ii \ 

cm, 071, perpendicular to sg. / /o In 

Now the forces of the weights \ ^ / 

A, B, c, to turn the body \X / 

about the axis, are a . sp, b . 

sg, — c . sr; therefore, by / 

cor. 3, art. 228, the angular 

motion generated by all these forces is ^ 

Also, the angular veloc. any particle p, placed in o, generates 

in the system, by its weight, is - -; or —or-, be- 

° p.so® so"" sG.so’ 

cause of the similar triangles sow, sow. But, by the pro- 


I >a x> 





CENTRE OF OSCILLATION. 


231 


blein, the vibrations are performed alike in both cases, and 
therefore these two expresaions must be equal to each other, 
sm _ A . sp -{- B . s<7 — c . sr 


that 


IS, 


so . so A . SA® +*B . SB“ 4" 

sm A . SA® 4- B . SB® 4- C . SC® 

SO = -X-^-. 

SO A . s/; B . 85 - — c . sr 

But, by cor. 2, art. 105, the sum a . SjO -j" 

(a -j- B + c) • sm ; therefore the distance so 

A . SA®^-|“ ^ 4" C . sc® A .^SA® 4" ' 


and lienee 


c . sr =: 




C . sc 


so . (a 4 “ I* 4~ c) A ■ 4 ~ “ 1 “ c 

by art. 107, which is the ilistance of the centre of oscillation 
o, below the axis of suspension ; where any of the products 
A . so, B . s5, must he negative, when o, b, &c, He on the 
other side of s. So that this is the same e\pression as that 
for the distance of the centre of percussion, found in art. 220. 

Hence it appears, that the centres of percussion and of 
oscillation, are in the very same point. And therefore the 
properties in all the corollaries there Ibund for the former, 
are to be here understood of the latter; and it will be neces¬ 
sary to mark them carefully, as they are of great practical 
utility. 


230. Carol. I. If/? bo any particle of a body /?,^nd d its 

distance from the axis of motion s ; also g, o the centres of 
gravity and oscillation. Then the distance of the centre of 
oscillation of the body, from the axis of motion, is - - - 

_sum of all the 
“ sG X the body b ' 

231. Carol. 2. If b denote the*matter in any compound 
body, whose centres of gravity and oscillation are g and o; 
the body p, which being placed at p, where the force acts as 
in the last proposition, and which receives the same motion 


from that force as the compound body 6, is p 


SG . so 

SP* 


.b. 


For, by corol. 2, art. 222, this body r is = - - - . 

A . SA* 4 “ K • SB*’ 4 “ C . sc® .r. 1 

- — 4 ;-. But, by corol. 1, art. 221, 

o *r 

SG . SO . b ~ A . S4® 4 - B • SB® 4- c . SC*; therefore 
SG . so 


p = 


SP 


. h. 
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232. By the method of Fluxions, the centre ol oscillation, 
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for a regular body, will be found from cor, 1, But for an 
irregular one; suspend it at the given point; and hang up 
also a simple pendulum of such a length, that making them 
both vibrate, they may keep time together. Then the 
length of the simple pendulum, is equal to the distance of 
the centre of oscillation of the body, below the point of sus¬ 
pension. 

^33. Or it Avill be still better found thus: Suspend the 
body very freely by the given point, and make it vibrate in 
very small arcs, counting the number of vibrations it makes 
in any time, as a minute, by a good stop watch ; and let that 
number of vibrations made in a minute be called nt Then 

shall the distance of the centre of oscillation, be so r=- 

n?i 

inches. For, the length of the pendulum vibrating seconds, 
or 60 times in a minute, being 394- i^^ches; and the lengths 
of pendulums being reciprocally as the square of the number 
of vibrations made in the same time; therefore - - _ - 

?i' : 60’:: 391 •-=-: the length of the pcn- 

nfi nn ® 

dulum which vibrates n times in a minute, or the distance 
of the centre of oscillation below the axis of motion. 

Or, so = S9f in inches, t being the time of one oscil¬ 
lation in a very small arc. 

234. The foregoing determination of the point, into which 
all the matter of a body being collected, it shall oscillate in 
the same manner as beiorc, only respects the case in which 
the body is put in motion by the gravity of its own particles, 
and the point is the centre of oscillation: but when the body 
is put in motion by some other extraneous force, instead of 
its gravity, and made to rotate instead of oscillate, then the 
point is different from the former, and is called the Centre of 
Gyration; which is determined in the following manner: 

235. Prop. To determine the centre of gyration of a com¬ 
pound body OV of a system of bodies. 

Let R be the centre of gyration, or ^ 

the point into which all the particles A, / \ 

B, c, &c, being collected, it shall re- I/ \ \ 

ceive the same angular motion from a / \ I 

force jT acting at p, as the whole system / / -Gy 

receives. / li .R \ 

Now, by cor. 3, ajrt. 228, the an- ( O c ; 
gular velocity generated in the system by -P 

the force is as- -r-. -5-5—, 

A . SA* + ^ • SB* &c’ 
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and by the same, the angular velocity of tha system placed 
in R, is p : then, by making these two ex¬ 

pressions equal to each other, the equation gives 
A . SA” 4- B . SB* C . sc* 

SR = -;-;--, lor the distance ot the 

A + B + c ’ ^ 

centre of gyration below the axis of motion. 

236. Corol. 1, Because a . sa® ^ > sb* &c ~ sG . so . w, 
where g is the centre of gravity, o*the centre of oscillation, 
and w the weight of the body a b 4" ^ therefore sr’’ = 
SG . so; that is, the distance of the centre of gyration, from 
the point of suspension, is a mean proportional between those 
of gravity and oscillation. 

237. Cdrol. 2. If p denote any particle of a body w, 
at d distance from the axis of motion; then sr* 

sum of all the pd* 
body w. 

Or, if f be put for sr, the distance of the centre of gyra¬ 
tion from the point of suspension, — a . sa*^ -J- b . sb* 
-j- c . sc* -f &c. = sum of all the pd*. 
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238. By means of the theory of the centre of gyration, 
and the values of f thence deduced in the note to prop. 2. 
chap. xi. vol. iii. the phaenomcna of rotatory motion become 
connected with those of accelerating forces: for then, if a 
weight or other moving power p act at a radius r to give 
rotation to a body, weight w, and dist. of centre of gyration 
from axis of m 'tion =: f, we shall have for the accelerating 
force, the expression 



rr* 


pr® 4“ wf* ’ 


and consequently for the space descended by the actuating 
weight or power p, in a given time we shall have the usum 
formula 


* = 

introducing the above value of/I 


239. For applications of these formulsB and their obvious 
modifications, as they are exceedingly useful in rotatory mo¬ 
tions, the student may solve the following problems. 
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Problems illihtrative of the Principle of the Centre of 

Gyration. 

1. Suppose a cylinder that weighs lOOlbs. to turn upon a 

horizontal axis, and imagine motion to be communicated by 
a weight of lOlbs. attached to a cord which coils upon the 
surface of the cylinder: how far will that weight descend in 
10 seconds? Ans. 268 055 f. 

2. Required the actuating weight such that when attached 
in the same way to the ^anie cylinder, it shall descend 16-/.^ 

i s w , 

feet in 3 seconds. r rr —7 -= 6 S 

gT^ - S + 

3. Another cylinder, whicli Aveighs 2001bs. is actuated in 

like manner by a weight of 30lbs. How far will tlie w'cight 
descend in 6 seconds ? Ans. ‘133*6 feet. 

4. Suppose the actuating weight to be 30 pounds; and 

that it acsccnds through 48 feet in 2 seconds, what is tlie 
weight of the cylinder ? Ans. 20 ,-\lbs, 

5. Suppose a cylinder that weighs 20lbs. to have a weight 
of 301bs. actuating it, by means ©f a cord coiled about the 
surface of the cylinder; w'hat velocity will the descending 
weight have acquired at the end of the first second ? 

Ans. 24y. 

6 . Of what weight will the axis be relieved in the case of 
the last example, when the system is completely in motion ? 

Ans. 22*lbs. 

7. A sphere, w, whose radius is three feet, and weight 

5001bs. turns upon a horizontal axis, being put in motion 
by a weight of 20 lbs. acting by means of a string tliat goes 
over a wheel whose radius is half a foot. How long will the 
weight, P, be in descending 50 feet ? Ans. 33~". 

8 . Of what w'cight will the axlo be relieved as soon as 

motion is commenced ? Ans. /j_°-lbs. 

9 . If in example seventh the radius of the wheel be equal 
to that of the sphere, what ratio will the accelerating force 
bear to that of gravity ? 

10. A paraboloid, w, whose iveight is 200lbs. and radius 
of base 20 inches, is put in motion upon a horizontal axis 
by a weight i* of 15lbs. acting by a cord that passes over a 
wneel whose radius is 6 inches. After p has descended for 
10 seconds, suppose it to reach a horizontal plane and cease 
to act, then how many revolutions would the paraboloid 
make in a minute ? 
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BALLISTIC PENDULUM. 

240. Prop. To explain the construction of the Ballistic 
Pendulum, and show its use in determining the velocity with 
which a cannon or other ball strikes^it. 

The ballistic pendulum is a heavy block 
of wood MN, suspended vertically by a strong 
horizontal iron axis at s, to which*it is con¬ 
nected by a firm iron stem. This problem 
is the application of the preceding articles, 
and was invented by Mr. Robins, to deter¬ 
mine the initial velocities of military pro¬ 
jectiles ; a circumstance very usefid in that 
science; and itas the best method yet known 
for determining them with any degree of 
accuracy. 

Let c, R, o be the centres of gravity, gyration, and oscil¬ 
lation, as determined by the foregoing propositions; and let 
p be the point where the ball strikes the face of the pendu¬ 
lum ; the momentum of which, or the product of its weight 
and velocity, is expressed by the forceyj acting at p, in the 
foregoing propositions. Now, 

Put/; = the whole weight of the pendulum, 
b =: the weight of the ball, 
g = SG the distance of the centre of gravity, 
o — so the distance of the centre of oscillation, 

7’ = SR = V the distance of centre of gyration, 
i == sp the distance of the point of impact, 

V — the velocity of the ball, 
u =. that of the point of impact p, 
c = chord of the arc described by o. 

By art. 235, if the mass p be placed all at r, the pen¬ 
dulum will receive the same motion from the blow in the 

SR® r® fi'O 

point p : and as sp® : SR®:: p: — . p or-^ p or^rp,(art. 23b), 

the' mass which being placed at p, the pendulum will still 
receive the same motion as before. Here then are two 

quantities of matter, namely, h and'—p, the former tnoving 

with the velocity v, and striking the latter at rest; to deter¬ 
mine their common velocity m, with which they will jointly 
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proceed forward together after the stroke. In which case, 
by the law of the impact of non-elastic bodies, we have 

^ , , , ■, 1 ^ bn-{-gop . 

^0 + 0 : 6 :; V : u, and therefore v =-n-— u the vc- 

^ bit 


locity of the ball in terms of m, the velocity of the point p, 
and the known dimensions and weights of the bodies. 

But now to determine the value of 14 , we must have re¬ 
course to the angle through which the pendulum vibrates; 
for when the pendulum descends again to the vertical posi¬ 
tion,' it will have acquired the same velocity with which it 
began to ascend, and by the laws of lulling bodies, the velo¬ 
city of the centre of oscillation is such as a heavy body 
would acquire by freely falling through the vc'rsed sine of 
the arc described by the same centre 0 . But the chord of 
that arc is c, and its radius is o ; and, by the nature of the 
circle, the chord is a mean proportional between the versed 


cc 


sine and diameter, therefore So : c c : - , the versed sine 


o 


of the arc described by o. Then, by the laws of falling bodies 
cc 2(1 

v/16-rV: 324 :cV —, the velocity acquired by the 

4^0 O 

point o in descending through the arc whose chord is c. 


2a Cl 


o 


a 


where a — 16xV feet: and therefore 0 : i :: c v'— : —-v/ 

000 

which is the velocity u, of the point p. 

Then, by substituting this value for u, the velocity of the 

ball, before found, becomes v = — x c v/—. So 

4 bio o 

that the velocity of the ball is directly as the chord of the arc 
described by the pendulum in its vibration. 


SCHOLIUM. 

241. Inuthe foregoing solution, the change in the centre 
of oscillation is omitted, which is caused by the ball lodging 
in the point p. But the allowance for that small change, 
and that of some other small quantities, may be seen in my 
Tracts, 4 where all the circumstances of this method arc treated 
at full length. 

For an example in numbers, suppose the weights and 
dimen^ons to be as follow: namely, ' 
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m 


p 

b 


g 

o 

i 

c 


5701b. Then 

18ozlidr|5n-f xro® 1*181 x 94*32+78:- x 84’! x 570 

l*1311b. --^ 

78: inc. ] g .73 
84^inc. X —=: 656*56, 

7 065feet| 

94 ,Vine. AndA/—— */ — a/ —2*1337 

18*73inc - ^7*06£r*" '^42-89 “ 


M31 x94,Vx842 


Therefore 656*56 x 2*1337, or 1401 feet, is the velocity, 
per second, with which the ball moved when it struck the 
pendulum. * 

242. When the impact is made upon the centre of oscil¬ 
lation, the computation becomes simplified. 

In that case, since the whole mass, p, of 
the pendulum, may be regarded as concen¬ 
tered at b, and the ball, 5, strikes that point, 
we shall have bv — (b p) tV ® being the 
velocity of the ball before the impact, and 
that of the ball and pendulum together, 
after the impact. Now, if the centre of 
oscillation o, after the blow, describes the 
arc 00 ', before the motion is destroyed, the 
velocity v' will be equal to that acquired by 
falling through the versed sine vo, of tlie 
arc od or angle s to the radius so. But, if the time ^ of a 
very minute oscillation of the pendulum be known or in¬ 
ferred from that in an ascertained arc (vol. iii. p. 357 ), we 
have (art. 233), so =: 39 inches rr feet. 

Hence vo = .>-0 nat. versin s, 

rr 3*26045^2 versin s, 

and (art. 154) d — v'(64f x 3 * 2604^^2 versin s) 

“ 14 48286^ versin s. 

Conseq. v =. . 14*48286if v/versin s. 



This mode of computation, with a slight and obvious 
change, applies to qu. 48 of the Practical Exercises in Na¬ 
tural I’hilosophy. 


OF HYDROSTATICS. 

243. Hydrostatics is the science which treats of the 
pressure, or weight, and equilibrium of water and other fluids, 
especially those that are non-elastic. 
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244. A fluid is elastic, when it can be reduced into a less 
bulk by compression, and which restores itself to its former 
bulk again when the pressure is removed; as air. And it 
is non-elastic, when it is not compressible or expansible, as 
water, &c. 


245. Piior. If any part of a fluid he raised higher tha” 
the rest, by any force, and then left to itself; the higher 
parts will descend to the lower places, and the fluid will not 
rest, till its surface be quite even and level. 

For, the parts of a fluid being easily moveable every way, 
the higlier p.'U'ts will desetnd by their superior gravity, and 
raise the lower parts, till tlic whole come to rest in a level or 
horizontal plane. 


Corol. 1. Hence, water that communi¬ 
cates wdth other w ater, by means of a close 
canal or pipe, will stand at the same height 
in both places. Like as watei' in the two 
legs of a syphon. 


Corol. 2. For the same reason, if a fluid 
gravitate towards a centre ; it will dl.s])o.se 
Itself into a s}}herlcal figure, the centre of 
which is the centre of force. Like the sea 
in respect of tlic earth. 



246. Prop. When a fluid ir at rest in a vessel, the base 
of W'hicli is parallel to the horizon ; equal parts of tlie base 
are equally pressed by the fluid. 

For, on every equal part of this base there is an equal 
column of the fluid supported by it. And as all the columns 
are of equal height, by the last proposition they arc of equal 
weight, and therefore they press the base equally; that is, 
equal parts of the base sustain an equal pressure. 

Corol, 1. All parts of the fluid prc.ss equally at the same 
depth. For, if a plane parallel to the horizon be conceived 
to be drawn at that depth ; then the pressure being the same 
in any part of that plane, by the proposition, therefore 
the parts of the fluid, instead of the plane, sustain the same 
pressure at the same depth. 

Corol^%. The pressure of the fluid at any depth, is as the 
depth of* the fluid. For the pressure is as the weight, and 
the weight is as the height of the fluid. 

Corol. 3. The pressure of the fluid on any horizontal sur- 
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face or plane, is equal to the weight of a column of the fluid, 
whose base is equal to that plane, and altitude is its depth 
below the upper surface of the fluid. 

247. Prop. When a fluid is pressed by its own weight, 
or by any other force; at any point it presses equally, in all 
dir(‘ctions whatever. 

This arises from the nature of fluifjity, by which it yields 
to any force in any direction. If it cannot recede from any 
force applied, it will press against other parts of the fluid in 
the direction of that three. And the pressure in all direc¬ 
tions will be the same; for it' it \/ere less in any j)art, the 
fluid would move that way, till the pressure be equal every 
way. 

CoroL 1. In a vessel containing a fluid; the pressure is 
the same .against the bottom, as against the sides, or even 
upwards at the «anie depth. 

Carol. 2. Hence, and from the 
last proposition, if abcd be a 
vessel of water, and there be taken, 
in the base produced, de, to repre¬ 
sent the presMU'e at the bottom; 
joining ae, and drawing any pa¬ 
rallels to the base, as eg, hi ; then 
shall EG represent the pressure at 
tlie depth ag, and iii the pressure at the depth ai, and so 
on ; because the parallels - eg, hi, ed, 
by sim. triangles, aij} as the depths ag, ai, ad ; 
which ai*e as the pressures, by the proposition. 

And hence the sum of all the fg, hi, &c, or the area of the 
triasigle ade, is as the pressure against all the points g, i, 
&c, that is, against the line AD. Uut as every point in the 
line CD is pressed with a force as de, and that thence the 
pressure on the whole line cd is as the rectangle ed . dc, 
while that against the side is as the triangle ade or . de ; 
therefore the pressure on the horizontal line dc, is to the 
pressure against the vertical line da, as dc to yDA. And 
hence, if the vessel be an upright rectangular one, the pres¬ 
sure on the bottom, or whole weight of the fluid, is to the 
pressure against one side, as the base is to half that side. 
Therefore the weight of the fluid is to the pressure against 
all the four upright sides, as the base is to half the upright 
surface. And the same holds true also in any upright vessel, 
whatever the sides be, or in a cyhndrical vessel. Or, in the 
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cylinder, the weight of the fluid is to the pressure against 
the upright surface, as the radius of the base is to double the 
altitude. 

Also, when the rectangular prism becomes a cube, it ap¬ 
pears that the weight of the fluid on the base, is double the 
pressure against one of the upright sides, or half the pressure 
against the whole upright surface. 

Carol. 3. The prcs^irc of a fluid against any upright 
surface, as the gate of a sluice or canal, is equal to half the 
weight of a column of the fluid wiiose base is equal to the 
surface pressed, and its altitude tlie same as the altitude (jf 
tliat surface. For the pressure on a horizontal base equal 
to the upright surface, is equal to that column; and the 
pressure on the upright surface, is but half that on the base, 
of the same area. 

So that, if b denote the breadth, and d the depth of such 
a gate or upright surface; then the pressure against it, is 
equal to the weight of the fluid whose magnitude is '^bd^ z=: 
4ab . Ai)‘. Hence, if tlic fluid be \vater, a cubic f(x>t of 
which weighs 1000 ounces, or 02? pounds; and if the depth 
AD be 12 feet, the breadth au 20 feet; then the content, 
or ‘ab . ad", is 1140 feel; and the pressure is 1410000 
ounces, or 90000 pounds, or 40? tons weight ncarl 3 ^ 

248. Fnoi’. The pressure of a fluid on a surface any way 
immersed in it, whetlicr perpendicular, or horizontal, or ob¬ 
lique; is equal to the weight of a column of the fluid, whose 
base is ctjual to the surface pressed, and its altitude equal to 
the depth of the centre of gravity/ of the surface pressed below 
the top or surface of the fluid. 

For, conceive the surface pressed to be divided into innu¬ 
merable sections parallel to the horizon; and let .9 denote 
any one of those horizontal sections, also d its distance or 
depth below the top surface of the fluid. Then, by art. 246, 
cor. S, the pressure of the fluid on the section is equal to the 
weight of ds; coiisetmently the total pressure on the whole 
surface is equal to all the weights ds. But, if b denote the 
whole surface pressed, and g the depth of its centre of gra¬ 
vity below the top of the fluid; then, by art. 108, dg is equal 
to the sum of all the ds^ Consequently the whole pressure 
of the fluid on the body or surface b, is equal to the weight 
of the bulk 6g of the fluid, that is, of the column whose base 
is the given surface b, and its height is g the depth of the 
centre of gravity in the fluid. 

249. Prop. The pressure of a fluid, on the base of the 
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veibel in which it is conUimed, is as the base and parpendt- 
cular dtitude; whatever be the fl|ruFe of the vessel that con-' 
tains it. 

If the sides of the base be upright^ so that 
it be a prism of a uniform width throughout) 
then the case is evident; for then the base 
supports the whole fluid, and the pressure is 
just equal to the weight of the fluid. * 

But if the vessel be wider at top than bot¬ 
tom ; then the bottom sustains, or is pressed 
b^, onl^ the part contained within <the up¬ 
right hnes ac, ; because tlie parts Aca, 

BD& are supported by the sides ac, bd; 
and those parts have no other effect on the 
part ahnc than keeping it in its position, by 
the lateral pressure against <tc and bn, which 
does not alter its* perpendicular pressure downwards. And 
thus the pressure on the bottom ds less than the weight of 
the contained fluid. 

And if the vessel be widest at bottom; then 
the bottom is still pressed with a weight which 
is equal to that of the whole upright colunm 
abac. For, as the parts of the fluid are in 
c^quilibrio, all the parts have an equal pressure 
at the same depth; so that the parts within cc 
and (In press equally as those in cd, and there¬ 
fore equally the same as if the sides of the vessel had gond 
upright to a and b, the defect of fluid in the parts ACa and 
bdA being exactly compensated by the downward pressure 
or resistance of the sides ac and nn against the contiguous 
fluid. And tbps the pressure on the base may be made to 
exceed the weight of the contained fluid, in any proportion 
whatever. 

So that, in general, be the vessels of any figure whatever, 
regular or irregular, upright or sloping, or variously wide 
and narrow in different parts, if the bases and perpendicular 
altitudes be but equal, the bases always sustain the same 
pressure. And as that pressure, in the regular upright 
vessel, is the whole column of the fluid, which is as the base 
and altitude; therefore the pressure in aU flgures is in that 
same ratio. 

Carol. 1. Hence, when the heights are equal, the pressures 
are as the bases. And when the bases are equal, the pres¬ 
sure's as the height. But-when both the heights and bases 
ace equal, the pressures are eqiJal in all, though their con¬ 
tents be ever so different. 

VOL. II. 
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Carol, S. The nrcssiirc on ll^c bnitsc of any vessel is the 
same as mi lliat ol a cylimfer, of an equal base and hciglit. 

Cored. 3. If there be aa inverted sypiion, 
or bent tube, Aue, containing two dilrert‘nt 
fluids cn, A13D, that balance each other, t»r 
rest in cquilibrio; then their liciglits in the 
two legs, AE, CD, above the point of meeting, 
will be reci[)rocalJy as their densities. 

For if they do not meet at the bottom, the 
part bdJ balances the part be, and therefore 
the part cd balances thc'pm't ae ; that is, the 
weight of CD is equal to the weight of ae. 

And as the surface at d is the same, where 
they act against each other, therefore ae : cd :: density of 
CD : density of ae. 

So, if CD be water, and ae quicksilver, wliich'is near I I 
times heavier; then cd will be — 1 Iae ; that is, if ae be 
1 inch, CD will l)e 11 inches; if ae be inches, cd will bo 
28 inches; and so on. 



250. Prop. If a body be immersed in a fluid of the same 
density or specific gravity; it will rest in any place wlu*ic 
it is put. But a body of greater density will sink'; and one 
of a less density will rise to the top, and float. 

The body being of the same den¬ 
sity, or of tlie same weight with 'the 
like bulk of the fluid, w ill press the 
fluid under it, just as much ar il'its 
^ace were filled with the fluid itself. 

The pressure then all around it will 
be the same as if the fluid were in 
its place; consequently there is no 
force, neither upward nor down¬ 
ward, to put the body out of its 
place. And therefore it will remain 
wherever it is put. 

But if the body be lighter; its pressure downward will be 
less than before, and less than die water upward at the same 
depth; therefore the greater force will overcome the less, and 
push the body upward to a. 

And if the body be heavier than the fluid, the pressure 
downward wul be greater than the fluid at the same depth; 
therefore the greater force will prevail, and carry the body 
down to the bottom at c. 

Corot. 1. A body immersed in a fluid, loses as much 
weight, as an equal bulk of the fluid weighs. And the fluid 
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l^ins the game weight. Thus, if the body be of cqtnl den¬ 
sity with the fluid, it loses all its weight, and so requires no 
force but the fluid to sustain it. If it be heavier, its weight 
in the water will be only the difference between its own 
weight and the weight of the same bulk of water; and it re¬ 
quires a force to sustain it just equal to that difference. But 
if it be lighter, it requires a force equal to the same difference 
of weights to keep it from rising up in the fluid. 

Carol. 2. The weights lost, by iramerging the same body 
in different fluids, are as the specific gravities of the fluids. 
And bodies of equal weight, but Sifferent bulk, lose, in the 
same fluid, weights which are reciprocally as the specific 
gravities of the bodies, or directly as their bulks. 

Carol. 3. The whole weight of a body which will float in 
a fluid, is equal to the weight of as much of the fluid, as the 
immersed part/)f the body displaces when it floats. For the 
pressure under the floating body, is just the same; as so much 
of the fluid as is equal to the immersed part; and therefore 
the weights are the same. 

Coral. 4. Hence the magnitude of the whole body, is to 
the magnitude of the part immersed, as the specific gravity 
of the fluid, is to that of the body. For, in bodies of equm 
weight, the densities, or specific gravities, are reciprocally as 
their magnitudes. 

Carol, 5. And because, when the weight of a body taken 
in a fluid, is subtracted from its wefght out of the fluid, the 
difference is the weight of an equal bulk of the fluid ; this 
therefore is to its weight in the air, as the specific gravity 
of the fluid is to that of the body. 

Therefore, if w be the weight of a body in air, 
w its weight m water, or any fluid, 
s the specific gravity of the body, and 
s the specific gravity of the fluid; 
then w — ey : w :: ,9 : s, which proportion will give cither of 
those specific gravities, the one from the other, 
w 

Thus s =:■ - specific gravity of the body; 

w — w 

and s =: — specific gravity of the fluid. 

So that the specific gravities of bodies, are as their weights 
ill,the air directly, and their loss in the same fluid inversely. 

Coral. 6. And hence, for two bodies connected together, 
or mixed together into one conqwund, of different specific 

11 2 
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gravititfs, we have the following cq^iiations, denoting their 
weights and specific gravities, ns below, viz. 

H = weight of the heavier body in air, ( . „ravitv; 

h = weiglit of the same in water, 5 ‘ S ^ 

I. = weight of the ligliter body in air, } . cvravitv 

I z=. weiglit of the same in water, ^ ‘ P ® ^ ’ 

c = weicht of the comixmnd in air, 1 •, 

c = «ci|htol-tl.o«miJ‘m water, j/Usapccgravit^; 

w = the specific gravity of water. Then, 

1st, (h — /4)s = Hzty, From which equations may be 
2d, (l — l)s zz LK», found any of the above quantities, 
dd, (c — c\f — cay, in terms of die rest. 

4th, H I. c, Thus, from one of the first three 

5th, A -j- I = c, equations, is found the specific gra- 

6th, ~ ^ I '’ity of any body, as s zz by 

' dividing the absolute weight of the 
body by its loss in water, and multiplying by tlic specific 
gravity of water. 

But if the body l be lighter dian water; then I will be 
negative, and we must divide by l + / instead of L — /, and 
to find / we must have recourse to the compound mass c; and 
because, from the 4tli and 5th equations, l — / = c — c — 

H — h, therefore s =: -^; that is, divide 

the absolute weight of the liffht body, by the difference Ik*- 
tween the losses m water, of the compound and heavier body, 
and multiply by the specific gravity of w'ater. Or thus, 

5 =: —^-—^9 as found from the last equation. 

Also if it were required to find the quantities of two 
ingredients mixed in a compound, the 4th and 6lh equations 
would ^ve their values as rollows, viz. 

(J'—s)s (s — f)s 

H = --^c, and L = ;-TTiiC, 

(s - 5)/ (S — ^)/ 

the quantities of, the two ingredients h and l, in the com¬ 
pound c. And so for any other demand. 

Prop. To find the specific gravity of a body. 

251. Case i.— When the body is heavier than water: weigh 
it both in water and out of water, and take the difference, 
which will be the weight lost in water. Then, by corob 6, 

BW 

art, 250, s where b is the weight of the body out of 
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water, h its weight in water, s its specific gravity, and w the 
specific gravity of water. That is, 

As the weight lost in water, 

Is to the whole or absolute weight, 

So is the specific gravity of water, 

To the specific gravity of the body *. 

FiXAMVLK- If a piece of stone %i^igh 101b, but in water 
only O^lb, required its specific gravity, that of water being 
1000? Ans. 3077. 

252. Case ii. —When the body is lighter than r£ater,so that 
it mil not sinJc: annex to it a piece of another body, heavier 
than water, so that the mass compounded of the two may 
sink together. Weigli the denser body and the cornpound 
mass, separately, both in water, and out of it; then find bow 
much each loses in water, by subtracting its weight in water 
from its’weight in air; and subtract the less of these re¬ 
mainders from the greater. Then say, by proportion, 

As the last remainder. 

Is to tlie weight of the light body in air. 

So is the specific ^avity of water, 

To the specific gilkity of the body. 


That is, the specific gravity is s = -- 

hy_ cor.. 0, art. 250. 

Example. Suppose a piece of elm weighs 151b. in air; 
and that a piece of copper, which weighs 18lb. in fur and 
lOlb. in water, is aflixed to it, and that the compound weighs 
61b. in water; required the specific gravity of the elm ? 

Ans. 600. 

253. Case hi. —For a fluid of any sort .—^Take a pece of 
a Imdy of known specific gravity; weigh it Ixith in and out 
of the fluid, finding the loss of weight b^ taking the differ¬ 
ence of the two; then say. 

As the whole or absolute weight, 

Is to the loss of weight. 

So is the specific gravity of the solid. 

To die specific gravity of the fluids 


That is, the spec. grav. w — - ■■■— - s, by cor. 6, art, 250. 

Example. A piece of cast iron weighed 34*61 ounces in 
a fluid, and 40 ounces out of it; of what specific gravity is 
that fluid 'i * Ans. IQOO. 


* In the Lectures on Naturaf'Pliilosophy, in the Royal Mil. 
Academy, Coates’s Hydrostatic slcclyard is em])]oyed for this 
purpose. It is an improvement upon the one described m No. 
280 of Tilloch’s Phil. Magazine, 
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354. Prop. To find the quantities of two ingredients in a 
given oompound. 

Take the three differences of every pair of the three spe¬ 
cific gravities, namely, the specific gravities of the compound 
and each ingredient; and multiply each specific gravity by 
the difference of the other two. Then say, by proportion. 
As the greatest product. 

Is to the whole weight of the compound. 

So is each of the other two products, 

To the weights of the two ingredients. 

That is, H =“ —^.c r= the one, and L =: 7 ^—c, 
(8 - si/ ^8 - si/ 

the other, by cor. 6 , art. 250. 

Example. A composition of 1121b. being made of tin 
and copper, whose specific gravity is found to be 3781; re¬ 
quired tne quantity of each ingredient, the cpecific gravity 
of tin being 7320, and that of copper 9000 ? 

Answer, there is 1001b. of copper > • ,1 
and consequently 12 Ib. of tii!, i 

senoLfbM. 

255. The specific gravities of several sorts of matter, as 
found from experiments, are expressed by the numbers an¬ 
nexed to their names in the following Tables. 


TABLES OF SPECIFIC GRAVITIES. 

SOLIDS. 

^,722|Bar Iron 


Platina 

Gold, pure, hammered 19,362 
Guinea of George III. 17,629 
Tungsten - - 17,600 

Mercury, at 32® Fahr.*13,598! 
ILead - - 11,352 

Palladium - - 11,300 

Rhodium - - 11,000 

Virgin Silver - 10,744| 


Pure Cornish Tin - 
Do. hardened 
Cast Iron 

Zinc - . . 

Antimony 
Tellurium 
Chromium 
ISpar, heavy 


Shilling George III. 10,^4J Jargon of Ceylon -. 

Oriental Ruby 
Sapphire, Oriental - 
Do. Brazilian 
[oriental Topaz 
Oriental Beryl 
Diamond from 3,501 
English Flint-Glass 
Tourmalin 
Asbestus 


Bismuth, molten 
Copper, wiredrawn 
Red Copper, molten 
Molybdena - 
iki&ic 
T^cklpI, molten 
Urahium 
Steel. - from 7,767 to 7,816| 
Cobalt, molten - 7,812 


9,822 

8,878 

8,788' 

8,611 

8,308 

8,279 

8,100 


7,788 

7,291 

7,299 

7,207 

6,862 

6,712 

6,115 

5,900 

4,430 

4,416 

4,283 

3,994 

3,131 

4,019 

3,549 

to3,S31 

3,329 

3,155 

2,996 




sPKeiPic 

ciiiAVixy. 



Marble,green, Campan. 2,742 

Alabaster 


1,874 

-Parian 

- 2,887 

Alum 


1,720 

-Norwegian 

- 2,728 

Copal, opnque 

M 

1,14D 

-green, Egyptian 2,668 

Sodium 


973 

F.mcrald. 

- 2,775 

Oak, heart of. 


950 

l*carl - - . 

- 2,752 

Gunpowder, about 

• 

937 

Chalk, British 

- 2,784 

Ice 

. 

930 

Jasper 

- 2,710 

Polassitim 

- 

866 

Coral 

- 2,680 

Beccli 

: » 

852 

Rock Crystal 

- 2,653 

Ash ^ - 

- 

815 

ICnglisli Pebble 

- 2,619 

Ap]:)le-Trcc 


793 

Limpid Feldspar 

- 2,564 

Orange-Wood 

- 

705 

Glass, green 

- 2,612 

Pear-Tree 

- 

661 

-white 

- 2,892 

Linden-Tree 

m 

604 

-bottle 

- 2,733 

Cypress 

m 

598 

Porcelain®, China 

- 2,385 

Cedar 


561 

-— Limoges 

2,341 

Fir 

- 

550 

Native Sulphur 

- 2,033 

Poplar 

- 

383 

Ivory 

- 1,917 

Cork 

- 

240 

* \ 

LiqpiDs. 



Sulphuric Acid 

- 1,841 

Olive Oil 

- 

915 

Nitrous Acid 

- 1,550 

Muriatic Ether 

- 

874 

W ater from iheDcadSca 1,240 

Oil of Turpentine 

- 

870 

Nitric Acid 

- 1,218 

Liquid Bitumen 


848 

Sea-Water 

- 1,026 

Alcohol, absolute 

m 

792 

Milk 

- 1,030 

Sulphuric Ether 

- 

716 

Distilled Water 

- 1,000 

Air at the Earth’s Surface, 

Wine of Bourdoaux 

994 

about 


1 * 

Burgundy Wine 

- 991 





Since a cubic foot of water M the temperature 40® 
Fahrenheit, weighs 1000 ounces avoiraupois, or CSi- pounds, 
the numbers in the preceding Tables exhibit very nearly the 
respective weights of a cubic foot of the several substances 
tabulated. 

256. Trop. To find the magnitude of any body, from its 
weight. 

As the tabular specific gravity of the body, 

Is to its weight in avoirduppis ounces,.. 

So is one cubic foot, «lr 1728 cubic inches. 

To its content in feet, or indies, respectively. 

Exam. 1 . Required the content of an irregular block 
of green marble, which weighs 1 cwt, or 1121 b? 

A ns. 11 CO G cubic inches. 
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£1zam. % How many cubic inchoB of gunpowder sro there 
in lib. weight? Ans. 29 t cubic inchra nearly. 

Eyam. 3. How many cubic feet are there in a ton weight 
of dry oak ? Spec, grav, 925. Ans. 8844! cubic feet. 

257. Pfiop. To find the weight of a body from its mag¬ 
nitude. 

As one cubic fqpt, or 1728 cubic inches, 

Is to the content of the body, 

So is the tabular specific gravity. 

To the weight of the bo^. 

Exam. 1. Required the weight of a block of marble, 
wliose length is 68 feet, and breadth and thickness each 12 
feet; being the dimensions of one of the stones in the walls 
of Balbeck ? 

Ans.-688Tij ton, which is nearly equal to the burden of 
an East-India ship. 

Exam. 2. What is the weight of 1 pint,*ale measure, of 
gunpowder? Ans. 19 oz. nearly* 

Exam. 8. What is the weight of a block of dry oak, 
which measures 10 feet in length, 3 feet broadband 2^ feet 
deep or thick ? * Ans. 4835||lb. 


BUOYANCY OF PONTOONS. 

GENERAL SCHOLIUM. 

258. The prindples established in art. 250 have an in¬ 
teresting application to military men, in the use of pontoons, 
and the buoyancy by which they b^ome serviceable in the 
construction of temporary bridges. When the dimensions, 
magnitude, and weight of a pontoon are known, that weight 
can readily be deducted from the weight of an equal bulk of 
water, and the remainder is evidently the weight which the 
pontoon will carry before it will sink. 

Pontoons as usually constructed, are prisms whose vertical 
sections are equal trapezoids, as exhibited in the marginal 
figure. 

Suppose AB = L 

AIS:Kb=:4{l—0=^ 

ci = D 


. Uniform width of the pontoon = all in feet and parts. 
Supp«»se also cl = df, depth of the part immersed; w 
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w^lit in ftTcardtipois jpounds of the water displaced; and c 
== OS^ibs. weight of a cubic foot of rain water. Theft, by 
the following expressions, which are left for the student to 
investigate, d may be found when xv and the rest are given, 
and w may be found when d and the rest are given; also the 
maximum value of w. 

—. bed I - . 

\ d/ 

2. 7Cf when a max. =: ben (/ + ^) = \:bcD (l -jr /) 

__ rn/w ^d\ “I in 
“ $ \bc'^ls)j "Ij- 

Ex. 1. Given ab = feet, cd = 17^ feet, ci = 2^ feet, 
h — 4|- feet. Required the weight of the pontoon and its 
load, when it is immersed to the depth cl of I4 feet, 

An8,*8287|:lbs. nearly. 

Ex. % Suppose the weight of such a pontoon to be 900lhs. 
what is the greatest weight it will carry ? Ans. 12014^1bs. 

Ex. 3. SupfK>se the weight of the above pontoon and its 
load to be COOOlbs. how deep will it sink in water ? 

Ans. 1*08872 f = 13*064 inches. 


3. d 


HYDRAULICS OR HYDRODYNAMICS. 

259* Hydraulics or Hydrodynamics is that part of me- 
chaidcal science which relates to the motion of fluids, and the 
forces with which they act upon bodies against which they 
strike, or which move in them. 

This is a very extensive subject; but we shall here give 
only a few elementary propositions. 

260. Prop. If a fluid run through a Qanal or riyer, or 
pipe of various widths, always filling it; the velocity of the 
fluid in different parts of it, ab, cd, will be reciprocally as the 
transverse sections in those parts. 

That is, veloc. at a ; veloc. 
at c:: CD : ab; where AB and 
CD denote, not the diameters 
at A and b, but the areas or 
sections th^e. 

•For, as the channel is always equally full, the quantity of 
water runnin^r through ab is equal to the quantity running 
through CD, in the some time; that is, the column through 
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AB is equal to the column through CD, in the same time 
or AB X length of its column rs cd x length of its column; 
therefore ab ; cd :: length of column through cd ; length 
of column through ab. But the uniform velocity of the 
water, is as the space run over, or length of the columns; 
therefore ab : cd : : velocity through cd : velocity through 

AB. f, 

261. Carol. Hence, by observing the velocity at any place 
AB, the quantity of water discharged in a second, or any 
other time, will be found, namely, oy multiplying the section 
AB by the velocity there. 

But if the channel be not a close pipe or tunnel, kept 
always full, but an open canal or river; then the velocity m 
all parts of tlic section will not be the same, because the 
velocity towards the bottom and sides will be diminished by 
the friction against the bed or channel; and 3,hcrelbre a me¬ 
dium among the three ought to be taken. So, if the velo¬ 
city at the top be - 100 feet per minute, 

that at the bottom - 00 

and that at the sides - 50 

3 ) 210 sum ; 

dividing their sura by 3, gives 70 for the mean velocity, 
which is to be niiiltiplied by the section, to give the quan¬ 
tity discharged in a minute: and in many cases still greater 
accuracy will be necessary in determining the mean. 

262. Prop. The velocity with which a fluid runs out by 
a hole in the bottom or side of a vessel, is equal to that which 
is generated by gravity through the height of the M'alcr alxive 
the hole; that is, the velocity of a heavy body acquired by 
falling freely through the height ab. 

Divide the altitude ab into a great 
numlierof very small parts, each bcingl, 
their number a, or a = the altitude ab. 

^ow, by art. 246, the pressure of the 
fluid against the hole b, by which the 
motion is generated, is equal to the 
weight of the column of fluid above it,* 
tliat is the column whose height is ab 

and baso the area of the hole b. Therefore the pres¬ 
sure on the hole, or small part of the fluid 1, is to its weight, 
or dm natural force of gravity, as « to 1. But, by art. 127, 
the velocities generated in the same body in any time, are*as 
those forces; and because gravity generates the velocity 2 in 
descending through the small space 1, therefore 1 : o;: 2: 2®, 
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the velocity ^Derated by the pressure of the column of fluid 
in the same time. But 2a is alsis by coroL 1, art. 132) tlie 
velocity generated by gravity in deluding through a or ab. 
That IS, the velocity of the issuing water, is equal to that 
wiiich is acquired by a body in falling through the height Ad. 

The seme otherwise. 

The momenta, or quantities of mofion, generated in two 
given bodies, by the same force, acting during the same or 
an equal time, are equal. And the force in this case, is the 
weignt of the superincumbent column of the fluid over the 
liole. Let then the one body to be moved, be that column 
itself, expressed by aA, where a denotes the altitude ab, and 
h the area of the hole; and the otlier body is the column of 
the fluid that runs out uniformly in one second suppose, 
with the middle or medium velocity of that interval of time, ' 
which is \hvt if v be the whole velocity required. Then the 
mass with the velocity y, gives the quantity of motion 
-Jiv X u, or generated in one second, in the spouting 
water: also or 32^ feet, is the velocity generated in the 
mass ahy during the same interval of one second; conse- 
<jiiently ah x or a7ig, is the motion generated in the 
column ah in tlie same time of one second. But as these 
two momenta must be equal, this gives = a7ig: hence 
then = 2aff, and v zz y'Stfg’, f(>r the value of the velocity 
sought; whidi therefore is exactly the same as the velocity 
generated by the gravity in falling through the space a, or 
the whole heighten the fluid. 

For example, if the fluid were air, of the whole height of 
the atmosphere, supposed uniform, which is about 5^ miles, 
or 27720 feet = o. Then v'2ag = 2^/(27720 x 16 a) = 

1335 feet =: v the velocity, that is, the. velocity with which 
common air would rush into a vacuum. 

263. Carol, 1. The velocity, and qua^ty run out, at dif¬ 
ferent depths, are as the square roots of the depths. For the 
velocity acquired in falling through ab, is as ^ab. 

.264. Corol. 2. The fluid spouts out with the same velocity, 
whether it be downward or upward, or sideways; because 
the pressure of fluids is the same in all directions, at the 
same depth. And therefore, if an adjutage be turned up¬ 
ward, the jet will ascend to the height of the surface pf the 
water in the vessel. And this is confirmed by experience,» 
by ^which it is found that jets really ascend nearly to the 
height of the reservoir, abating a small quantity only, for the 
friction against the sides, and some resistance from the air 
and from the oblique motion of the fluid in the hole. 
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S65. Corol. 3. The quantity run out in any time, is equal 
to a cdumn or prism, whose base is the area of the hole, and 
its lengfth the space described in that time by the velocity 
acquired by /ailing through the altitude of the fluid. And 
the quantity is the same, whatever be the figure of the ori¬ 
fice, if it is of the same area. 

Therefore, if a denote the altitude of the fluid, 
and h the area of the orifice, 
als<5 l-g =z 16-r^ feet, or 193 inches; 
then Qh will be the quantity of water discharged in a 
second of time; or nearly S^^hy/a cubic feet, when a and h 
arc taken in feet. 

So, for exanijfle, if the height a he 95 inches, and the 
orifice =: 1 square inch ; then %hV\a^ — 9y/95 x 193 =: 

, 139 cubic inches, which is the quantity that would be dis¬ 
charged per second. 

SCHOLIUM. 

266. When the orifice is in the side of the vessel, then the 
velocity is different in the different parts of the hole, bring 
less in the upper parts of it than in the lower. However, 
when the hole is out small, the difference is inconsiderable, 
and the altitude may be estimated from the centre to obtain 
the mean velocity. But when the orifice is pretty large, then 
the mean velocity is to be more accurately computed by 
other principles, given in the next proposition. 

267. It is not to be expected that experiments, as to the 
quantity of water run out, will exactly agree with this theory, 
both on account of the resistance of the air, the resistance of 
the water against the sides of the orifice, and the oblique 
motion of the particles of the water in entering it. For, it 
is not merely the particles situated immediately in the column 
over the hole, which enter it and issue forth, as if that column 
only were in motion; but also particles from all the sur¬ 
rounding parts of the fluid, which is in a commotion quite 
around; and the particles thus entering the hole in all direc¬ 
tions, strike against each other, and impede one another’s 
motion: from which it happens, that it is the particles in the 
centre of the hole only that issue out with the whole velo¬ 
city due'to the entire lieight of the fluid, while thfe other 
particles towards the sides of the orifices pass out with de- 

velocities; and hence the medium velocity through 
the orifice, is somewhat less than that of a single wdy only, 
uilged'irith the same pressure of the superincumbent column 
the fluid. And experiments on the quantity of water 
disdbarged through apertures, show that the quantity must 
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be dlininlshcd, by those causes, rather more than the fourth 
part, wheu the oriiice is small, or such as to make the mean 
velocity nearly equal to that in a body falling through 4. the 
height of the fluid above the orifice, if the velocity be taken 
as that due to the whole altitude above the orifice, then in* 
steatl of the area of the orifice, the area of the contracted 
vein at a small distance from it miis^ be taken. Sec Gre¬ 
gory’s Mechanics and Bossut’s Ilydrodynaniique. 

208. Experiments have also been made on the extent to 
which the spout of water ranges on a horizontal plane, and 
compared with the theory, by calculating it as a projectile 
discharged with the velocity ac([uircd by descending through 
the height of the fluid. For, when the aperture is in the 
side of the vessel, the fluid sixjuts out horizontally with a 
uniform velocity, which, combined with the perpendicular 
velocity frOm the action of gravity, causes the jet to form 
the curve of a parabola. Then 
the distances to which the jet will 
spout on the horizontal plane ug, 
will be as the roots of ihc rect¬ 
angles of the segments ac . cb, 

AD . DB, AE . EB. For the spaces 
BF, B6, are as the times atid hori¬ 
zontal velocities; but the velocity 
is as a/ac; and the time of tin? 
fall, wliich is the same as the time 
of movin g, is as a/cb ; therefore the distance BF is as 
a/ac . CB ; and the distance bg as a/ad . db. And hence, 
if two holes are made equidistant from the top and bottom, 
they will project the water to the same distance ; for if ac =: 
EB, then the rectangle ac . cb is equal the rectangle ae . eb; 
which makes bf the same for both. Or, if on the diameter 
ab a semicircle be described ; then, because the squares of 
the ordinates cii, di, ek are equal to the rectangles ac . eb, 
&c; therefore the distances bf, bg are as the ordinates ch, 
n. And hence also it follows, that the projection from the 
middle point d will be farthest, for di is the greatest or¬ 
dinate. 

These are the proportions of the distances; but for the 
absolute distances, it will be thus. The velqpity through 
any hole c, is such as will carry the water horizontally 
through a space equal to Sac in the time of falling through 
AC :dmt, after quitting the hole, it describes a paralxda, and 
comes to p in the time a body will fall through cb; and 
to find this distance, since the times arc as the roots of 
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the spaocft, therefore a/ac : a/cb : : 2ac : . cb r= 

2ch “ BFj tli« space ranged on the horizontal plane. And 
the greatest range bg = 2i)i, or 2ai), or etuial to ab. 

And as these ranges answer very nearly to the experi¬ 
ments, this confirms the theory, as to the velocity assigned. 

^J69. Prop. If a notch or slit eh in form of a parallelogram, 
be cut in the side of £fc.vessel, full of water, ad ; the quantity 
of water flowing through it, will be ^ of the quantity flowing 
through an equal orifice, placed at the whole depth eg, or 
at the base gh, in the same time; it being supposed that the 
vessel is always kept fulf. 

For tlie velocity at gh is to the velo¬ 
city at IL, as a/eg to v/ei ; that is, as 
OH or IL to IK, the ordinate of a para¬ 
bola EKH, whose axis is eg. Therefore 
the sum of the velocities at all the points 
I, is to as many times the velocity at g, 
as the sum of all the ordinates ik, to the 
sum of all the il^s ; namely, as the area 
of the parabola egh, is to the area eghf; that is, the 
quantity running through the notch eh, is to the quantity 
running through an equal horizontal area placed at gh, as 
eohke, to EGHF, or as 52 to 3; the area of a parabola being 
^ of its circumscribing parallelogram. 

Corot. 1. The mean velocity of the water in the notch, is 
equal to ^ of that at gh. 

Cord. 2. The quantity flowing through the hole igiil, is 
to that which would flow through an equal orifice placed as 
low as GH, as the parabolic frustum igiik, is to the rectangle 
IGHL. This appears from the demonstration. 



OF PNEUMATICS. 

270. Pneumatics is the science which treats of the pro¬ 
perties of air, or elastic fluids. 

271. Prop. Air is a fluid body; which surrounds the earth, 
and gravitates on all parts of its surface. 

These properties of air are proved by experience.—-That 
it is a fluitj, is evident from its easily yielding to any the 
least ftwree impressed on it, without making a sensible re¬ 
actance. 

it is moved briskly, by any means, as by*a fan 
W a ^ir of liellows; or when any botly is moved very 
briskly through it; in these cases we become sensible of it 
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as a l)ody, by the resistance it makes iu such motions, and 
also by its impelling or blowing away any light substancjes. 
So that, being capable of i .sisting, or moving other Imdies, 
by its impulse, it must itself be a body, and be heavy, like 
all other bodies, in proportif)n to the matter it contains; and 
therefore it will press on all bodies that are placed under it. 

Also, as it is a fluid, it spreads itsc]f all over on the earth; 
and, like oUicr fluids, it gravitates and presses every where 
on the earth’s surface. 


272. The gravity and pressure of the air ^ 

are also evident from many exj’KJiimcuts. 

Thus, for instance, if water, or quicksilver, 
be poured into the tube ace, and the air be 
suffered to press on it, in both ends of the 
tube, the fluid will rest at the same height in 
both Ic^si but if the air be drawn out of one 
end as E, by any means; then the air press¬ 
ing on tlie other end A, will jircss down the 
fluid in this leg at u, and raise it up in the other to d,, as 
much higher than at b, as the pressure of the air is equal 
to. From which it appears, not only that the air does 
really press, but also how much the intensity of that 
pressure is ccjual to. And this is the principle of the 
barometer. 


273. Fiior. The air is also an elastic fluid, being con¬ 
densible and cx})ansible: and the law it observes is this, that 
its density and elasticity are proportional to the force or 
weight which compresses it. 

This property of the air is proved by many experiments. 
Thus, it the handle of a syringe be pu.shed inward, it will 
condense the inclosed air into less space, thereby showing its 
condensibility. But the included air, thus condensed, is 
felt to act strongly agiiinst the hand, resisting the force com¬ 
pressing it more and more; and, on witlidrawing the Iiand, 
the handle is pushed back again to where it was at first. 
Which shows that the air is clastic. 


274. Again, fill a strong bottle half full of 
water; then insert a small glass tube into 
it, putting its lower end down near to the 
bottom, and cementing it very close round 
the mouth of the bottle. Then, if air be 
strongly injected through the pipe, as by 
blowing with the mouth or otherwise, it 
wilF pass through the water from the lower 
end, ascending into the parts before occu¬ 
pied with air at n, and the whole mass of 
air become there condensed, because the 
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water is not compressible into a less space. But, on remorii^ 
the force which injected the air at a, the water will be^pn 
to rise from thence in a jet, being pushed up the pipe by the 
increased elasticity of the air b, by which it presses on the 
surface of the water, and forces it through the pipe, till as 
much be expelled as there was air forced m; when the air at 
n will be reduced to the same density as at first, and, the 
balance being restored, the jet will cease. 

275. Likewise, if into a jar of water 
AB, be inverted an empty,glass tumbler 
CD, or such-like, the moutli downward; 
the water will enter it, and partly fill 
it, but not near so high as the water in 
the jar, compressing and condensing 
the air into a less space in the upper 
parts c, and causing tne glass to make a 
sensible resistance to the hand in push¬ 
ing it down. Then, on removing the hand, the elasticity of 
the internal condensed air throws the glass up again. All 
these showing that the air is condensible and dostic. 



276. Again, to show the relation of the A 
elasticity to the condensation: take a long K. 
crooked glass tube, equally wide throughout, 
or at least in the part bd, and open at a, biit 
close at the other end b. Pour in a little 

S uicksilver at a, just to cover the bottom to 
le bend at cd, and to stop the communica¬ 
tion between the external air and the air in 
BD. Then pour in more quicksilver, and 
mark the corresponding heights at which it 
stands in the two legs:.so, when it rises to 
H in the open leg ac, lei it rise to e in the 
close one, reducing its included ftir from the 
natural bulk bd to the contracted space be, by the pressure 
of the column hc ; and when the quicksilver stands at i and 
K, in the open leg, let it rise to f and o in the other, reducing 
the mr to the respective spaces bf, bg, by the weights of the 
columns i/J Kg. Then it is always found, within moderate 
limits, that the condensations and elasticities are as the com¬ 



pressing weights and columns of the quicksilver, and the 
atmosphere U^ether. So, if the natural bulk of the air bd 
be compressed into the spaces be, bp, bg, which are If i 
of BD, or as the numbers 6, 2, 1; then the atmospfiere, 
to|ether with the corresponding columns ue, i/j k^, are also 
f^ttd to be in t!^ same pre^rtion reciprocally, vii. as a, 
-f, or as the numbers 2, 3, o. And then hc — ^a, ]fzz a, 
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andK^ = 3A; wher»Aistheweight of tlie atmosphere. Which 
show that the condensations are directly as the compressifig 
forces. And the elasticities are in the same ratio, since the 
columns in ac are sustained by the elasticities in bd. 

From the foregoing principles may be deduced many use¬ 


ful remarks, as in the following corollaries, viz. 

277. Carol. 1. The space in • i ^ » 

which any quantity of air is con- . M _ll 

fined, is reciprocally as the force 1 

that compresses it. So, the forces pK. 1 

which confine a quantity of air in * 
the cylindrical spaces ag, bg, cg, 

are reciprocally as the same, or If 

reciprocally as the heights ad, bd, 

CD. And therefore it to the two 


pcrpendicalar lines da, dh, as asymptotes, the hyperbola ikl 
be described, and the ordinates ai, bk, cl be drawn; then 
the forces which confine the air in the spaces ag, bg, cg, 
will be directly as the corresponding ordinates ai, bk, cl, 
since these are reciprocally as the a^cisses ad, bd, cd, 
by the nature of the hyperbola. 

Coj-ol. 2. All the air near the earth is in a state of com¬ 
pression, by the weight of the incumbent atmosphere. 

Coral, 3. The air is denser near the earth, than in high 
places; or denser at the foot of a mountain, than at the top 
of it. And the higher above the earth, the less dense it is. 

Carol. 4. The spring or elasticity of the air, is equal to 
the weight of the atmosphere above it; and they will pro¬ 
duce the same effects: since they always suslmn and balance 
each other. 

Carol. 5. If the density of the air be increased, preserving 
the same heat or temperature, its spring or elasticity is also 
increased, and in the same proportion, 

Carol. 6. By the pressure and gravity of the atmosphere, 
on the surface of fluids, the fluids are made to rise in any 
pipes or vessels, when the spring or pressure within is de¬ 
creased or taken ’off. 

278. Prop. Heat increases the elasticity of the air, and 
cold diminishes it. Or, heat expands, aim cojd condenses 
the air. 

This property is also proved by experience. 

T^us, tie a bladder very close with some air in it; and 
lay it before the fire: then as it warms it will more and more 
distend the bladder, and at last burst it; if|the heat be con- 

VOL% II. s 
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tinued, mid increased high enough/ But if the Uadder be 
removed from the fire, as it cools it will contract again, as 
before. And it was on this principle that the first air-bal¬ 
loons were made Montgolfier: for, by heating the air 
within them, by a nre beneath, the hot air distends them to 
a size which occupies a space in the atmosphere, whose weight 
of common air exceeds^that of the balloon. 

Also, if a cup or glass, with a little air in it, be inverted 
into a vessel of water; and the whole be heated over the fire, 
or otherwise; the air in the top^wrill expand till it fill the 
glass, and expel the water out or it; and part of the air itself 
will follow, by continuing or increasing the heat. 

Many other experiments, to tlic same effect, might be ad¬ 
duced, all proving the properties mentioned in the projiosi- 
tion. 


SCHOLIUM. 

279. So that, when the force of the elasticity of air is con¬ 
sidered, regard must be had to its heat or temjicrature; the 
same quantity of air being more or less elastic, as its heat is 
more or less. And it has been found, by experiment, that 
the elasticity is increased by the 4*35th, part, for each degree 
of heat, of which there are 180, between the freezing and 
boiling heat of water, in Fahrenheit’s thermometer. 

N. B. Water expands about the part, with each 

degree of heat. (Sir Geo. Shuckburgh, Philos. Trans. 1777, 
p. 560, &c.) 

Also, the 

Spec. grav. of air 1*201 or when the barom. is 29*5, 
water 1000 Vand the therm, is 55“ 
mercury 13592 ) which are their mean heights 

in this country. 

when the barom. is 30, 
and thermometer 55. 

280. Prop. The weight or pressure of the atmosphere, 
on any base at the eartms surface, is equal to the weight of 
a column of quicksilver, of the same base, and the height of 
which is between 28 and 31 indies. 

This IS proved by the barometer, an instrument which 
measures tne pressure of the air, and which is described 
below (art. 302). For, at some seasons, and in some places, 
the air sustains and balances a column mercury, ot about 
28 mdies- but at other times it balances a column of 29» or 
30, or n^'31 laches high; seldom in the extremes ^ or 


*222 or 1^ 


Or thus, air 1 

water 1000 
mercury 13600 J 


I 
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31, but Commonly about the means ^ or 30. This varia¬ 
tion depends partly on the different dt^ees of heat in the 
air near the surface of the earth, and partly on the commo¬ 
tions and changes in the atmosphere, from winds and other 
causes, by which it is accumulated in some places, and de¬ 
pressed in others, being thereby rendered denser and heavier, 
or rarer and lighter; which changes i^ its state are almost 
continually happening in any one place. But the medium 
state is commonly about or 30 inches. • 

281. Cordl. 1. Hence the pressure of the atmosphere on 
every square inch at the earth’s surface, at a medium, is very 
near 15 pounds avoirdupois, or rather 141 pounds. For, a 
cubic foot of mercury weighing 13600 ounces nearly, an inch 
of it will weigh T’866 or almost 8 ounces, or nearly half a 
pound, which is the weight of the atmosphere for every inch 
of the barofiietcr on a base of a square inch; and therefore 
30.inches, or the medium height, weighs very near 144 
pounds. 

282. Corol. 2. Hence also the weight or pressure of the 
atmosphere, is equal to that of a column of water from 32 
to 35 feet high, or on a medium 33 or 34 feet high. For, 
water and (piicksilver are in weight nearly as 1 to 13'6 ; so 
that the atmosphere will balance a column of w'ater 13*6 
times as high as one of quicksilver; con^^lluently 

13'6 times 28 inches z: 381 inches, or 311 feet, 

13*6 times 29 inches = 394 inches, or 32feet, 

13‘6 times 30 inches = 408 inches, or 34 feet, 

13’6 times 31 inches = 422 inches, or 354 

And hpnee a common sucking pump (art. 292) will not 
raise water higher than aliout 33 or 34 feet. And a siphon 
will not run, if the perpendicular height of the top of it be 
more than about 33 or 34 feet (art. 291). 

283. Corol, 3. If the air were of the same uniform density 
at every height up to the top of the atmosphere, as at the 
surface of the earth; its height would be alxiut 5^ miles at 
a medium. For, the weights of the same bulk of air and 
water, are nearly as 1*222 to 1000; therefore as 1*222: 
1000 ;: 334 fe5t: 27600 feet, or 54 miles nem’ly. And so 
hi^ the atmosphere would if it were homqgeneotis, or 
all of uniform density, like water. But, instead of that, from 
its expansive and elastic quality, it becomes continually more 
and more rare, the farther above the earth, in a certain pro¬ 
portion, which will be treated of below, ats also the methc^ 
of measuring heights by the barometer, which, depends on it. 
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284, CoroL 4. From this proposition and the l|ist it fol¬ 
lows, that the height is always the same, of a homogeneous 
atmosphere above any place, which shall be all of the uni¬ 
form density with the. air there, and of equal weight or 
pressure with the real height of the atmosphere above that 
place, wiiether it be at the same place, at dilferent times, 
or at any different places or heights*al)ove the earth; and 
that height is always about 5A miles, or 27600 feet, as above 
found,. For, as the density varies in exact proportion to tlie 
weight of the column, therefore it requires a column of the 
same height in all casco, to make the respective weights or 
pressures, O'luis, if w' and xc be the weights of atmosphere 
above any places, d and d their densities, and h and h the 
heights of the uniform columns, of the same densities and 

w 

weights; then h x d r: w, and 7t x d z= a?; tlicrefore — 

w 

or H is equal to -y or h: the temperature being the same. 


28.5. Prop. With regard to the atmosphere, at diffei'cnt 
heights above the earthy this law obtains that when the heights 
increase in arithmetical progression, the densities decrease in 
geometrical progression. 


Let the indedUite perpendicular line ap, 
erected on the earth, be conceived to be divided 
into a great number of very small equal parts, 

A, B, c, D, &c, forming so many thin strata of 
air in the atmosphere, all of different density, 
gradually decreasing from the greatest at a : 
then the density of the several strata a, b, c, 

D, &c, will be ifi geometrical progression de¬ 
creasing. 

For, as the strata A, B, c, &c, are all of c(]ual 
thickness, the quantity of matter in each of them, is as the 
density there; but the density in any one, being as the com¬ 
pressing force, is as the weight or quantity of all the matter 
from that place upward to the top of the atmosphere; there¬ 
fore the quantity of matter in each stratum, is also as the 
whole quantity from that place upward. Now, if from the 
whole weigljt at any place os b, the weight or quantity in the 
stratum b Iki subtracted, the remainder is the weight at the 
next stratum c; that is, from each weight subtracting a part 
which is proportional to itself, leaves the next weight; or, 
which is the same thing, from each density subtracting a part 
which is proportional to itself, leaves the next density. But 
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when quantities ai’e continually diminished by parts 
which are proportional to themselves, the remainders form a 
series of continued proportionals: consequently these den¬ 
sities are in geometrK|^ progression. 

Thifs, if the first density be n, and from each be taken 

its nth part; there will then remain its-part, or the — 

^ m n ^ n 

part, putting m for w — 1; and therefore the scries of den- 

. . , m ^ ^ 

sitics will be D, — D, —tB, ~d, —- D, &c, the common ratio 

of the series being that of n to m. 


SCHOLIUM. 


^86. Because the terms of an arithmetical series, are pro^ 
portional to the‘logarithms of the terms of a geometrical 
series: theiisfore different altitudes above the cartn’s surface, 
are as the logarithms of the densities, or of the weights ol' 
air, at those altitudes. 

So that, if D denote the density at the altitude a, 
and d - the density at the altitude a ; 
then A lieing as the log. of D, and a as the log. of d, 

the dif. of alt. a— o will be as the log. n ■— log. d, or log. —• 

CL 

% 

And if A = 0, or D the density at the surface of the earth ; 


then any altitude above the surface £35, is as the log. yf 


D 



Or, in general, the log. of is as the altitude of the,one, 

place above the other, whether the lower place be at the sur¬ 
face of the earth, or any where ejse. 

And from this property is derived the method of deter- * 
milling the heights of mountains and other eminences, by the 
barometer, which (art. 302) is an instrument that'measures 
the pressure or density of the air at any place. For, by taking, 
with this instrument, the pressure or density, at the foot of 
a hill for instance, and again at the top of it, the difference 
of the logarithms of these two pressures, or tlie logarithm 
of their quotient, will be as the difference of altitude, or as 
the height of the hill; supposing the temperatures of the air 
to bu the same at both places, and the gravity of air not 
altered by the different distances from the earth’s centre.. 

287. But as this formula expresses only the relations be¬ 
tween different altitudes with respect to their densities, re- 
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course must be had to some experiment, to obtain the real 
altitude which corresponds to *any given density, or the 
density which corresponds to a given altitude. And there 
are various experiments by which tl^ nfty be done. The 
first, and most natural, is mat which results from the known 
specific gravity of air, with respect to the whole pressure of 
the atmosphere on the surface of the earth. Now, as the alti¬ 
tude a is always as log. ; assume 7i so that a^hx log. 


where h will be of one constant value for all altitudes; and 
to determine that value,*Iet a case be taken in which we know 
the altitude a corresponding to a known density d ; as for 
instance, take a = I foot, or 1 inch, or some such small al¬ 
titude ; then, because the density d may be measured by the 
pressure of the atmosphere, or the uniform column of 27600 
feet, when the temperature is 55"; therefore 27600 feet will 
denote the density d at the lower place, and 2^99 the less 

27600 

density J at 1 foot above it; consequently Izz/t x log. 


which, by the nature of logarithms, is nearly == It x 


7i 


2739i) 
43429448 
^7600 


nearly; and hence 63551 feet; which gives. 


for any altitude in general, this theorem, viz. a = 63551 x 
log. or = 63551 x log. feet, or 10592 x log. ~ 

u _ TO o jfi 

fathoms; where m is the column of mercury which is equal 
to the pressure or weight of the atmoS])here at the bottom, 
and TO*fhat at the top of the altitude a; and where m and rn 
may be taken in any measure, either I’cct or indies, &;c. 

288. Note, that tliis formula is adapted to the mean tem- 
• peratup of the air 55°. But, for every degree of tempera¬ 
ture different from this, in the medium between the leiu- 
ptiraturcs at the top and bottom of the altitude r/, that alti¬ 
tude will vary by its 435th part; which must be added, when 
that medium exceeds 55°, otherwise subtracted. 

Note, also, that a column of 30 inches of mercury varies 
its length by about the of inch for every degree 

of heat, or rather of the whole volume. 

289. But the formula may be rendered much more con-, 
venient for use, by reducing the factor 10592 to 10000, by* 
changing the temperature proportionally from 55°; thus, 
as the diff. 592 is the 18th part of the whole factor 10592; 
anti as 18 is the 24th part of 435; tiicrefore the correspond- 
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ing cliangc of temperature is wluch reduces the 55° to 

ML 

31«. So that the formula is, a = 10000 x log. — fathoms, 

1H, 

when the temperature is 31 degrees; and for every degr^ 
above that, the result is to be increased by so many times its 
4135th part* 

290. Taking, instead of the logarithms, the first term of 

* B — h 

the logarithmic series, we have 55000. ^ j for the altitude 

in feet: b and 6, being the heights of the barometrical co¬ 
lumns observed at the bottom and top of the hill. ^ This 
formula is for the mean temperature 55®, and is easily re¬ 
membered because the effective figures of the co-efficient are 
also 55. The reductions for any other temperature are the 
same as in the logarithmic rule. 

ExAMf 1. To find the height of a hill when the pressure 
of the atmosphere is equal to 29*68 inches of mercury at the 
bottom, and 25*28 at the top; the mean temperature being 
50‘! ? Ans. 4378 feet, or 730 fathoms. 

Exam. 2. To find the height of a hill when the at¬ 
mosphere weighs 29*45 inches of mercury at the bottom, 
and 20*82 at the top, the mean temperature being 33®? 

. Ans. 2385 feet, or 3974 fathoms. 

Exam. 3. At what altitude is the density of the atmo- 
snhere only the 4th part of what it is at tlie earth’s surface ? 

Ans. 0020 fathoms. 

lly the weight and pressure of the atmosphere, the effect 
and operations of pneumatic engines may be accounted for, 
and explained; such as siphons, pumps, barometers, &c.; 
of whicli it will be proper here to give a brief description. 


OF THE SIPHON. 

291. The Siphon, or Syphon, is any 
bent tulx?, having its two legs either of 
e(jaal or of unequal length. 

If it be fillcdt with water, and then 
inverted, with the two open ends 
downward,.and held level in that po¬ 
sition; the water will remain suspenaed 
in it, if the two legs be equal. For 
tbp atmosphere will press equally on 
the surface of the water in each end, 
and support them, if they arc not more than 34 feet high ; 
and the legs being equm, the water in them is an exact 
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counterpoise by their equal weights; so that the one has no 
power to move more than the other; and they arc both sup¬ 
ported by the atmosphere. 

But if now the siphon be a little inclined to one side, so 
that the orifice of one end be lower than that of the other; 
or if the legs be of unequal length, which is the ^me thing; 
then the equilibrium is destroyed, and the water will all de¬ 
scend out by the lower end, and rise up in the higher. 
For, the air pressing equally, but the two ends weighing 
unequally, a motion must commence where the power is 
greatest, and so continue Jill all the water has run out by the 
lc)wcr end. And if the shorter leg be immersed into a vessel 
of water, and the siphon be set running as above, it will 
continue to run till all the water be exhausted from the 
vessel, .or at least as low as that end of the siphon. Or, it 
may Ixj set running without filling the siphon as above, by 
only inverting it, with its shorter leg into the vessel of water; 
then, with the mouth applied to the lower orifice a, suck 
out the air; and the water will presently follow, being forced 
up into the siphon by the pressure of the air on the water in 
the vessel. 

If a siphon be fixed in a vessel of water capable of rota¬ 
tion upon a vertical axis, and the orifice be lateral instead ol' 
at the bottom of the pi}>e, the reaction may be advantageously 
employed as a motive force. This is the principle of Mr. 
Busby’s Hydraulic Orrery, 

OF THE PUMP. 

292.* There are three sorts 
of pumps; the Sucking, the 
Lifting, and the Forcing Pump. 

By the first, water can be raised 
only to a]>out 33 feet, viz, by 
the pressure of the atmosphere; 
but oy the others, to any height; 
but then they require more ap¬ 
paratus and power. 

The annexedfigure represents 
a common sucking pump, ab 
is the barrel of the pump, being 
a hollow cylin^r, made of me¬ 
tal, and smooth within, or of 
wood lor common pur¬ 

poses. Cb is the handle, move¬ 
able about the pin i,, by moving 
file end c up and down, lu 
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an iron rod turning about a pin d, whiph connects it to the 
end of the handle. This rod is fixed to the piston, bucket, 
or sucker, fg, by which this is moved up and down within 
the barrel, which it must fit very tight and close, that no air 
or water may pass between the piston and the sides of the 
barrel; and for this purpose it is commonly armed with 
leather. The piston is made hollo^ oy it has a perforation 
through it, the orifice of which is covered by a valve h 
opening upwards, i is a plug firmly fixed in the lower part 
of the barrel, also perforated, and covered by a valve k 
opening upwards. 

293. When the pump is first to be worked, and the water 
is below the plug l; raise the end c of the handle, then the 
piston descending, compresses the air in hi, which by its 
spring shuts fast the valve x, and pushes up the valve h, 
and so enters into the barrel above the piston. Then put¬ 
ting the end c 5f the handle down again, raises the piston 
or sucker, which lifts up with it the column of air above it, 
the external atmosphere by its pressure keeping the valve u 
shut: the air in the barrel being thus exhausted, or rarefied, 
is no longer a cour^terpbise to Uiat which presses on the sur¬ 
face of the water in the well; this is forced up the^pipe, and 
through the valve K, into the barrel of the pump. Then 
pushing' the piston down again into this water, now in the 
barrel, its weight shuts the lower valve k, and its resistance 
forces up the valve of the* piston, and enters the upper part' 
of the barrel, above the piston. Then, the bucket being 
raised, lifts up with it the water which had passed above its 
valve, and it runs out by the jiock l ; and taking off the 
weight below it, the pressure of the external atmosphere on 
the water in the well again forces it up through the pipe and 
lower valve close to the piston, all the ■vjay as it ascends, 
thus keeping the barrel always full of ^ater. And thus, b^ 
repeating the strokes of the piston, a continued discharge is 
made at the cock l. 

294 ^. There is a farther limitation of the operation, than 
that which relates to the 33 feet. If the clastic force of the 
air within the tube joined to tlie weight of water in the tube 
equal the pressure of the atmosphere, the water cannot rise 
in the pump. To prevent this, the product of the stroke of 
the piston into 33 must always exceed the squdre of half tlie 
greatest altitude of the piston above the surface af the water 
in tjic well. Otherwise diminish the diameter of the sucking- 
[)il>c pvo}X)rtionally. 
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OF THE AIR-PUMP. 


295. Nearly on the same principles as the water-pump, 
is the invention of the air-pump, by which the air is dimwn 
out of any vessel, like as water is drawn out by the former, 
A brass barrel is bored and polished truly cylindrical, and 
exactly fitted with a turned piston, so that no mr can pass by 
the sides of it, and furnished with a proper valve opening 
upward. Then, by lifting pp the piston, the air in the close 
vessel below it follows the piston, and fills the barrel; and 
being thus diffused through a larger space than before, when 
it occupied the vessel or receiver only, but not the barrel, 
it is made rarer than it was before, in proportion as die ca¬ 
pacity of the barrel and receiver together exceeds the re¬ 
ceiver alone. Another stroke of the piston exhausts ariother 
barrel of this now rarer air, which again farifies it in the 
same proportion as before. And so on, for any number of 
strokes of the piston, still exhausting in the same geometri¬ 
cal progression, of which the ratio is^ that which the capacity 
of tne receiver and barrel together exceeds the receiver, till 
this is exhausted to any proposed degree, or as far as the na¬ 
ture of the machine is capable of performing; which hapriens 
when the elasticity of the included air iS so far diminished, 
by rarefying, that it is too feeble to push up the valve of the 
piston, and escape. 

296 . From the nature of this exhausting, in geometrical 
progression, we may easily find how much the air in the re¬ 
ceiver is rarefied by any number of strokes of the piston; or 
what number of such strokes is necessa^, to exhaust the re¬ 
ceiver to any given degree. Thus, if the capacity of the 
receiver and barrel together, be to that of the receiver alone, 
as c to r, and 1 denote the natural density of the mr at first; 
then 


c : r :: 1 : —, the density after 1 stroke of the piston, 


9 " 

c : r ;: ” ; , the density after two strokes, 

c : r :: , the density after three strokes. 


&c, and -pj-, the density after n strokes. » 

So| if the barrel be equal to ^ of the receiver; then c : r :: 
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4 “ . 

5:4; and 0’8" is =: d the density after n turns. And 

if « be 20, then 0‘8®° = *0115 is the density of the included 
air after 20 strokes of the piston; which being the 86^ part 
of 1, or the first density, it follows that the air is 86-^ times 
rarefied by the 20 strokes. 

297. Or, if it were required to find the number of strokes 
necessary to rarefy the air any number of times; because 

— is =: the proposed density d-^ therefore, taking the loga¬ 


rithms, n X log, — =: log, d, and n =: , the number 

of strokes required. So if r be ^ of c, and it be required 
to rarefy the air 100 times: then d = or *01; and hence 

n = nearly. So that in 20| strokes the 


air will be rarefied 100 times. 


OF THE DIVING BELL AND CONDENSING 

MACHINE. 

298 . On the sape principles too depend the ojxirations 
and effect of the Condensing Engine, by wliich air may lie 
condensed to any degree, instead of rarefied as in the air- 
pump. And, like as the air-pump rarefies the air, by ex¬ 
tracting always one barrel of air aftQr another; so, by this 
other machine, the air is condensed, by throwing in or add¬ 
ing always one barrel of air after another; which it is 
evident may be done by only turning the valves of the pis¬ 
ton and barrel, that is, making them to open the contrary 
>vay, and working the piston in the same manner; so that, 
as they both open upward or outward in the air-pump, or 
rareficr, they will both open downward or inward in the con¬ 
denser. 

299. And on the same principles, namely, of the com¬ 
pression and elasticity of the air, depends the use of the 
Diving Bell, which is a large vessel, in which a person de¬ 
scends to the bottom of the sea, the open end of the vessel 
being downward; only in this case the air is not condensed 
by forcing more of it into the same space, as in the condeng- 
ing engine; but by compressing the same quantity of air into 
a less space in the bell, by increasing always the force wliicli 
compresses it. 
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300. If a vessel of any sort be inverted into water, and 
pushed or let down to any depth; then by the orcssurc of 
the water some of it will ascend into the vessel, out not so 
high as the water without, and will compress the air into less 
space, according to the difference between the heights of the 
internal and external water; and the density and dastic force 
of the air will be increSjSed in the same proportion, as its 
space in the vessel is diminished. 

So, if the tube ce be inverted, and pushed down into 
water, till the external water exceed the internal, by the 
height AB, and the air of the tube be reduced to the space 
CD; then that air is pressed both by a co¬ 
lumn of water of the Iieight ab, and l)y the 
whole atmosphere which presses oq. the 
upper surface of the water; consequently 
the space cd is to the whole space CE, as 
the weight of the atmosphere, is to the 
weights both of the atmosphere and the 
column of water ab. So that, if ab be 
about 34 feet, which is equal to the force 
of the atmosphere, then cd will be equal 
to -iCE; but if AB be double of that, or 
68 feet, then cd will be yCE; and so on. And hence, by 
knowing the depth af, to which the vessel is sunk, we can 
easily find the point d, to which the water will rise within 
it at any time. For let the weight of the atmosphere at 
that time*be equal to that of 34 feet of water; also, let the 
depth AF be 20 feet, and the length of the tube ce 4 Ibct ; 
then, putting the height of the internal water de = x, 
it is 34 + ab : 34 :: CE : cd, 
that is 34 4- AF — de : 34 : : ce : ce — de, 
or 54 — a: : 34 :: 4 : 4 — a;; 
hence, multiplying extremes and means, 216 — 58ar -f- ar* 
= 136, and the root is .r =: ^2 very nearly 1-4] 4 of a 
foot, or 17 inches nearly; being the height de to which the 
water will rise within the tube. 

301. But if the vessel be not equally 
wide throughout, but of any other 
shape, as of a bell-like form, such as 
is used in diving; then the altitudes 
will not observe the proportion above, 
but the spaces or bulks only will ac¬ 
cord with that proportion, namely, 34 

AB : 34 :: capacity ckl : capacity 
chi, if it be common or fresh-water ; 
and 33 AB : 33 : : capacity ckx. : 
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capacity cm, if it be sea-water. From which proportion, 
the height de may be found, when the nature and shape of 
the vessel or bell ckl are known. 


OF THE BARQJMETER. 

302. The Barometer is an instrument for measuring the 
pressure of the atmosphere, and elasticity of tlic air, at any 
time*. It is commonly made of^ glass tube, of near 3 feet 
long, close at one end, and filled with mercury. When the 
tube is full, by stopping the open end with the finger, then 
inverting the tube, and^immersing that end with the finger 
into a bason of qj^uicksilver, on removing the finger from the 
orifice, the fluid m the tube will descend into the bason,.till 
what remains, in the tube be of the same weight with a co¬ 
lumn of the atmosphere, which is commonly between 28 and 
31 inches of quicksilver; and leaving an entire vacuum in 
the upper end of the tube above the mercury. For, as the 
upper end of the tube is quite void of air, there is no pressure 
downwards but from the column of quicksilver, and there¬ 
fore that will be an exact balance to the counter pressure of 
the whole column of atiflospherc, acting on the orifice of the 
tube by the quicksilver in the bason. The upper 3 inches 
of the tube, namely, from 28 to 31 inches, have a scale at¬ 
tached to them, divided into inches, 
tenths, and hundredths, for mea¬ 
suring the length of the column 
at all times, by observing which 
division of the scale the top of the 
tjuicksilver is opposite to; as it 
ascends and descends within these 
limits, according to the state of the 
atmosphere. 

The weight of the quicksilver 
in the tube, above that in the ba¬ 
son, is at all times equal to the 
weight or pressure of the column 
of atmosphere above it, and of the 
same base with the tube; and bench 
the weight of it may at all times 
be computed; being nearly fit the 
rale of half a pound avmrdupois 
for every incli of quicksilver in 
the tulie, on every square inch of 
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base; or more exactly it is of a pound on the square inch, 
for every inch in the altitude of the quicksilver weighs just 
or nearly ^ a pound, in tlie mean temperature of 55° 
of heat. And consequently, when the barometer stands at 
30 inches, or 2 '- feet liigh, which is nearly the medium or 
standard height, the whole pressure of the atmosphere is 
equal to pounds, on pvery square inch of the base: and 
so in proportion for otlier heights. 

Barometers are now constructed so as to be susceptible of 
convenient motion from place to place without derangement; 
thus facilitating the pneumatic method of determining the 
heights of hills, &c. 


OF THE THERMOMETER. 

303. The Thermometer is an instrument for measuring 
the temperature of the air, as to heat and cold. 

It is mimd by experience, that all bodies expand by heat, 
and contract by cold: and sineg the expansion is, to a certain 
extent, uniform, the degrees of expansion beaime the mea¬ 
sure of the degrees of heat. Fluids are more convenient for 
this purpose than solids: and quicksilver or mercury is now 
most commonly Used for it. A very line glass tube, having 
a pretty large hollow ball at the bottom, 
is filled about half way up with quick¬ 
silver: the whole being then heated 
very hot till the quicksilver rise quite 
to the top, the top is then hermetically 
sealed, so as jxjrfectly to exaude all 
communication with the outward air. 

Then, in cooling, the quicksilver con¬ 
tracts, and consequently its surface de¬ 
scends in the tuoe, till it come to a 
certain point, correspondent to the tem¬ 
perature or heat of the air. And when 
the weather becomes warmer, the quick¬ 
silver expands, and its surface rises 
in the tube; and again contracts and 
descends when the weather becomes 
cooler. So tliat, by placing a scale of 
any divirions against the side of the 
tul^ it will show the degrees of heat 
by the expansion and contracti<l^ of 
the quicksuver in the tube; observing 
at what division of the scale the top of 
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the quicksilver stands. The method of preparing the scale, 
as used in Kngland, is thusBring the thermometer into 
the temperature of freezing, by immersing the ball in water 
just freezing, or in ice just thawing, the latter is best, and 
mar1c the scale where the mercury then stands, for the point 
of freezing. Next, immerge it in boiling water; ana the 
quicksilver will rise to*a certain hcjght in the tube; which 
mark also on the scale, for the boiling point, or the heat of 
Ixjiling water. Then the distance between these two points, 
is divided into 180 equal divisions, or degrees; and the like 
equal degrees are also continucc? to any extent below the 
freezing point, and above the boiling point. The divisions 
are then numbered as follows, namely, at the freezing point 
is set the number 82, and consequently 212 at the boiling 
point; and all the other numbers in their order. 

This division of the scale is commonly called FahrcnJteifs, 
According to this division, 55 is at the mean temperature of 
the air in this country ;«ind it is in this temperature, and in 
an atmosphere which sustains a column of 30 inches of quiclf- 
silver in the barometer, that all measures and specific gravi¬ 
ties are taken, unless when otherwise mentioned; and in tiiis 
temperature and pressure, the relative weights, or specific 
gravities of air, water, and quicksilver, arc as 

1 ^ for air, f these also arc the weights of a cubic 

1000 for water, 4 foot of each, in avoirdupois ounces, in 

13600 for mercury; (^that state of the barometer and ther¬ 
mometer. For other states of the thermometer, each of 
these bodies expands or contracts according to the follotving 
rate, with each degree of heat, viz. 

Air about - part of its bulk. 

Water about part of its bulk. 

Mercury about part of its bulk. 

Another division is that of 100 equal degrees between the 
freezing and the boiling points, tlie 0 or zero licing at the 
former. This is called the centigrade thermometer. It is 
now very common to put Fahrenheit’s division on the left of 
the tube, and the centigrade division on the right. 


ON THE MEASUREMENT OF ALTITUDES BV 
THE BAROMETER AND THERMOMETER. 

_ 

304'. From the principles laid down in arts. 286 to 289, 
concerning the measuring of altitudes by the barometer, and 
the foregoing descriptions of the barometer and thermometer. 
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wc may now collect together the precepts for the practice of 
such measurements, which are as follow: 

First. Observe the height of the barometer at the bottom 
of any height, or depth, intended to be measured; with the 
temperature of the quicksilver, by means of a thermometer 
attached to the barometer, and also the temperature of the 
air in the shade bv a dotached thermometer. 

Sccmdlij. Let the same thing be done also at the top of 
the said height or depth, and at the same time, or as near 
tlic same time as may be.,^ And let those altitudes of baro¬ 
meter be reduced to the same temperature, il* it be thought 
necessary, by correcting cither the one or the other, that is, 
augment the height ol' the mercury in the colder tempera¬ 
ture, or diminish that in the wariner, by its part for 
every degree of difference of the two. 

Thirdly. Take the difference of the common logarithms 
of the two heights of the barometer, corrected as alK>ve if 
necessary, cutting off‘ 3 figures next the right hand for 
decimals, when the log-tables go to 7 figures, or cut off only 
2 when the tables go to 6 places, and so on; or in 

general remove the decimal point 4 places more towai’ds the 
right hand, those on the left hand being fathoms in whole 
numbers. 


Fourthly. Correct the number last found for the difference 
of temperature of the air, as follows: take half the sum of 
the two tempei’atures, for the mean one; and for every de¬ 
gree which this differs‘from the temperature 31°, take so 
many times tlie part of the fathoms above found, and 
add them if the mean temperature be above 31°, but subtract 
them if the mean temperature be below 31°; and the sum or 
difference will be the true altitude in fathoms: or, being 
multiplied by 6, it will be the altitude in feet. 


Exam. 1 . Let the state of the barometers and thermome¬ 
ters be as follows; to find the altitude, viz. 


Barom. 

Lower 29*68 
Upper 25 28 


Thermom. 


attach. 

57 

43 


detach. 

57 

42 


Ans. the alt. is 
7193- fathoms. 


Exam. 2. To find the altitude, when the state of the ba¬ 
rometers and thermometers is as follows, viz. 


Barom. 

Lower 29 45 
Upper 26-82 


1, Thermom. 

attach. 

detacli. 

38 

31 

41 

35 


Ans. the alt.^s 
409 rV fatlioms, 
or 2458 feet. 
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THE RESISTANCE OF FLUIDS, SeC. 

This is a highly useful method within certain limits; but 
is by no means susceptible of that degree of accuracy which 
many have imputed to it. 


ON THE RESISTANCE OF FLUIDS, WITH 
THEIR FORCES AND ACTfDNS ON BODIES. 

305. Prof. If any body move through a fluid at rest, or 
the fluid nu>ve against tlm body rest; the force or resist¬ 
ance of the fluid against the body, will be as the square of 
the velocity and the density of the fluid. That is, K Q 

For, the force or resistance is as the quantity of matter or 
particles struck, and the ^‘locity wdth which they are struck. 
Rut the quantity or number of particles struck in an^ time, 
are as the velocity and the density of the fluid. Therefore the 
resistance, or force of the fluid, is as the density and square 
of the velocity. 

30C. Carol. 1. The resistance to any plane, is also more 
or less, as the plane is greater or less; and therefore the re¬ 
sistance on any plane, is as the area of the plane a, the den¬ 
sity of the medium, and the square of the velocity. That 
is, R a adi". 

307. Carol. 9,. If the motion be not perpendicular, but 
oblique to the plane, or to the face of the body; then the 
resistance, in the direction of motion, will be diminished in 
the triplicate ratio of radius to the sine of the angle of in¬ 
clination of the plane to the direction of the motion, or as 
the cube of radius to the cube of the sine of that angle. So 
that R a putting 1 — radius, and s =r sine of the 

angle of inclination cab. 

For, if AB be the plane, ac the 
direction of motion, and bc perpen¬ 
dicular to AC ; then no more particles 
meet the plane than what meet the 
perpendicular uc, and therefore their 
number is diminished as ab to bg or 
as 1 to A’. But the force to each par¬ 
ticle, striking the plane obliquely in the direction ca, is also 
diminished as ab to ac, or as i to 5; therefore the resistance, 
which is perpendicular to the face of the plane is as 1* to a®. 
Bui again, this resistance in the direction perpendicular to 
the face of the plane, is to that in the direction AC, by the 
parallelogram of forces, as ab to bc, or as 1 to s. Conse- 
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quently, on all these accounts, the resistance to the plane 
when moving perpendicular to its face, is to that when 
moving obliquely, as to or 1 to s\ That is, the resist¬ 
ance in the direction of the motion, is diminished as 1 to s®, 
or in the triplicate ratio of radius to the sine of inclination. 

308. Prop. The real resistance to a plane, from a fluid 
acting in a direction perpendicular to its lace, is equal to the 
weight of a column of the fluid, whose base is the plane, and 
altitude equal to that which is due to the velocity of the mo¬ 
tion, or through which a heavy body must fall to acquire 
that velocity. 

The resistance to the plane moving through a fluid, is the 
same as the force of the fluid in motion witli the same velo¬ 
city, on the plane at rest. But th i force of the fluid in mo¬ 
tion, is equal to the weight or pre'ssure which generates that 
motion ;• and this is equal to the weight or pressure of a 
column of the fluid, whose base is the area oi' the plane, and 
its altitude that which is due to the velocity, 

309. Carol 1. If a denote the area of the plane, v the 
velocity, n the density or specific gravity of' the fluid, and 

feet, or 193 inches. Then, the altitude due to 


will be the whole resistance, or motive I’orce r. 






the velocity v being —therefore a x n x 


310. Carol 2. If the direction of motion be not perpen¬ 
dicular to the face of the plane, but oblique to it, in any 
angle, whose sine is 6‘. Then the resistance to the plane will 

anv'^s^ 

311. Carol 3. Also, if w denote the weight of the body, 
whose plane face a is resisted by the absolute force r; then 


the retarding force ft or 


R 

w 


will be 


anv^s^ 

2 gw 


312. Carol 4. And if the body be a cylinder, whose face 
or end is and radius r, moving in the direction of its axis; 
because then s = 1, and a = irr®, where Tt — 3* 141593; then 


•grva^r^ . rnt'^r^ 

— will be the resisting force R, and -r-the retard- 

® 2g2v 

ing force f. 

313. Coral 5. This is the value of the resistance wjien 
the end of the cylinder is a plane perpendicular to its axis, 
or to the direction of motion. But were its face an elliptic 
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section^ or a conical surface, or any other figure every where 
equally inclined to the axis, or direction of motion, the sine 
of inclination being s ; then, the number of particles of the 
fluid striking the face being still the same, but the force of 
each, opposed to the direction of motion, diminished in the 
duplicate ratio of radius to the sine of inclination, the resist- 

ing force r would be — 5 , 

314. pRoi‘. The resistance to a sphere moving through a 
fluid, is but half the resistance to its great circle, or to the 
end of a cylinder of the same diameter, moving with an equal 
velocity. 

Let AFEB be half the sj^ere, moving 
in the direction ceg. Descnbe the para¬ 
boloid AiEKB on the same base. Let any 
particle of tlie mejdiura meet the semicir¬ 
cle in F, to which draw the tangent fg, 
the radius fc, and the ordinate fih. Then 
the force of any particle on the surface at 
F, is to its force on the base at h, as the 
square of the sine of the angle g, or its 
equal the angle fch, to the square of radius, that is, as hf® 
to (!F®. Therefore the force of all the particles, or the whole 
fluid, on the whole surface, is to its force on the circle of the 
base, as all the iif® to as many times cf®. Rut cf® is =: ca^ 

— AC . CB, and hf® = ah . hb by the nature of the circle: 
also, AH . HB : AC . CB :: HI : ce by th. 2, parabola; conse¬ 
quently the force on the spherical surface is to the force on 
its circular base, as all the Hi’s to as many ce's, that is, as 
the content of the paraboloid to the content of it;5 circum¬ 
scribed cylinder, namely, as 1 to 2 (th. 18, parab.) 

315. Corol, Hence, the resistance to the sphere is r 

- - —, being the half of that of a cylinder of the same dia- 

O 

meter. For example, a 91b. iron ball, whose diameter is 
4 inches, when moving through the air with a velocity of 
1600 feet per second, would meet a resistance which is equal 
to a weight of 132?lb. over and above the pressure of the 
atmosphere, for want of the counterpoise behind the ball. 
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OF THE WEIGHT AND DIMENSIONS OF 
BALLS AND SHELLS. 

The weight and dimensions of Balls and Shells might be 
found from the problems given under tlie head of specific 
gravity. But they may he found still easier by means of the 
experimented weight, of a ball of a given size, from the known 
proportion of similar figures, namely, as the cubts of their 
diameters, or like linear dimensions. 

rilOBLEM I. 

To find ilic Wd^ft qf‘an Iron Ball, from its Diameter. 

An iron ball of 4 inches di-.meter weighs 91b. and the 
weights being as the cubes of the diameters, it will be, as 64 
(which is the cube of 4) is to 9 its Meight, so is the cube of 
the diameter of any other ball, to its weight. Or take of 
the cube of the diameter, for the weight. Or, take of the 
cube of the diameter, and of that again, and add the two 
together, for the weiglit. 

Exam. 1. The diameter of an iron shot being 6*7 inches, 
required its weight.? Ans. 43-2941b. 

Exam. 2. What is the weight of an iron ball, w-hose dia¬ 
meter is 5 54 inches.? Ans. 241b. nearly. 


mOBLEM II. 

Tofnd the Weight of'a Leaden Ball. 

A leaden ball of 1 inch diameter weighs of a lb.; there¬ 
fore as the cube of 1 is to or as 14 is to 3, so is the cube 
of the diameter of a leaden ball, to its weight. Or, take 
of the cube of the tliameter, for the weight, nearly. 

'Exam. 1. Required the weight of a leaden ball of 6*6 
inches diameter.? Ans. 616061b. 

Exam. 2. What is the weight of a leaden ball of 5-30 
inches diameter.? Ans. 321b. nearly. 

Exam. 3. How many shot, each of an inch diameter, 
may be made out of 101b. of lead.? Ans. 2986667. 

PROBLEM III. 

To find the Diameter (fan Iron Ball. 

Multiply the weight by 7f, and the cube root of the pro¬ 
duct will w the diameter. 
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Exam. 1. Required the diameter of a 421b. iron ball ? 

Ans. 6*685 inches. 

Exam. 2. What is the diameter of a 241b. iron ball ? 

Ans. 5'54 inches. 


PROBLEM IV. 

To Jind the Diameter of a LItaden Ball. 

Multiply the weight by 14, and divide the product by 3; 
then the cube root of the quotient wdl be the diameter. 

Exam. 1. Required the diameter of a 641b. leaden ball ? 

Ans. 6*684 inches. 

Exam. 2 . What is the diameter of an 81b. leaden ball ? 

Ans. 3*343 inches. 


. PROBLEM V. 

To find the Weight of'an Iron Shell. 

Take ^ of the difference of the cubes of the external and 
internal diameter, for the weight of the shell. 

That is, from the cube of the external diameter, take the 
cube of the internal diameter, multiply the remainder by 9, 
and divide the product by 64. 

Exam. 1. 'fbe outside diameter of an iron shell being 12*8, 
and the inside diameter 9*1 inches; required its weight? 

Ans. 188*941lb. 

Exam. 2. What is the weight of an iron shell, whose ex¬ 
ternal and internal diameters are 9*8 and 7 inches ? 

Ans. 84|lb. 


PROBLEM VI. 

To find how much Powder will fill a Shell. 

Divide the cube of the internal diameter, in inches, by 
57 3, for the lbs. of powder*. 


* This and the following are onlj’' approximative rules, founded 
upon the supposition that, at a medium, 30 cubic inches of gun¬ 
powder weigh a pound. Of 18 different kinds of* gunpowder 
used in the Royal Laboratory, Woolwich, the weights vary fiom 
58lb. ioz. to 49lb. 13oz. per cubic foot, and the specific gravi¬ 
ties, consequently, from 929 to 727. The specific gravity of 
French gunpowder usually lies between narrower limits; viz. 
those of 944 and 897. 
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Exam* 1. How much powder will fill the shell whose in¬ 
ternal diameter is 9*1 inches? Ans. 13^ylb. nearly. 

Exam. 2 . How much powder will fill a shell whose in¬ 
ternal diameter is 7 inches ? Ans. 61b. 

PROBLEM VII. 

To find how much Poxvder will fill a Rectmigidar Box. 

Find the content of the box in inches, by multiplying the 
length, breadth, and depth all together. Then divide by 30 
for the pounds of powder. 

Exam. 1. Reqdired what quantity of powder will fill a 
box, the length being 15 inches, the breadth 12, and the 
depth 10 inches ? Ans. 601b. 

Exam. 2. How much powder will fill a cubical box whose 
side is 12 inches? , Ans. 574lb. 


PROBLEM VIII. 

To find how much Poiodcr will fill n Cylinder. 

Multiply the square of the diameter by the length, then 
divide by 38 2 for the pounds of piwder. 

Exam. 1. How much powder will the cylinder hold, 
whose diameter is 10 inches, and length 20 inches ? 

Ans. 52ylb. nearly. 

Exam. 2. How much powder can be contained in the 
cylinder whose diameter is 4 inches, and length 12 inches ? 

Ans. Sx-I-Tlb. 


PROBLEM IX. 


To find the Size of a Shell to contain a given Weight of 

Powder. 


Multiply the pounds of powder by 57'3, and the cube 
root of the product will be the diameter in inches. 

Exam. 1. What is the diameter of a shell that will hold 
13^1b. of powder? Ans. 9'1 inches. 

Exam. 2. What is the diameter of a shell to contain 61b. 
of powder ? Ans. 7 inches. 


• . problem X. 

To find the Size of a Cudneal Box, to contain a given 

Weight of Powder. > 

Multiply the weight in pounds by 30, and the cube root 
of the product will be the side of the box in inches. 
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Exam. 1 . Required the side of a cubical box, to hold 501b. 
of gunpowder ? Ans. 11-44 inches. 

Exam. 2. Required the side of a cubical box, to hold 
4001b. of gunpowder ? Ans. 22*89 inches. 


PROBLEM XI. 

To Jind xvhat Length of a Cylmder^ill he Jilled by a given 

Weight of Gunpozvder. 

Multiply the weight in pounds by 38*2, and divide the 
product by the square of the diameter in inches, for the 
length. 

Exam. 1. What length of a 36*-poiinder gun, of inches 
diameter, will be filled ^^^^h 12ib. of gunpowder.? 

Ans. 10’314 inches. 

Exam. 2. \Yhat length of a cylinder, of 8 inches diameter, 
may be filled with 201b. of powder ? Ans. II 44 inches. 


OF THE PILING OF BALLS AND SHELLS. 

Ikon Balls and Shells are commonly piled by horizontal 
courses, either in a pyramidical or in a wedge-like form ; the 
base being either an equilateral triangle, or a square, or a 
rectangle. In the triangle and square, the pile finishes in a 
single ball; but in the rectangle, it finishes in a single row 
of balls, like an edge. 

, In triangular and square piles, the number of horizontal 
rows, or courses, is always equal to the number of balls in 
one side of the bottom row. And in rectangular piles, the 
number of rows is equal to the number of balls in the breadth 
of the bottow row. Also, the number in the top row, or 
edge, is one more than the difference between the length an(^ 
breadth of the bottom row. A rule or two on this subject 
have been given in the first volume: the substance of them 
is repeated here, with a few additional rules. 

PROBLEM I. 

To find the Number of Balls in a Triangular Vile. 

Multiply continually together the number of balls in one 
side of the bottom row, and that number increased by 1, 
also the same number increased by 2; then | of the last 
product will be the answer. 



S80 


PILING OF BALLS AND S^LLS. 

That is, ~n . (w -f" 1) • "1~ nnml)er or sum, 

where n is the number in the bottom row. 

Exam. 1. Required the number of balls in a triangular 
pile, each side of the base containing 30 balls ? Ans. 4960. 

Exam. S. How many balls are in the triangular pile, each 
side of the base containing 20? Ans. 1540. 

9 

PROBLEM ir. 

To Jind ilie Number of Balls In a Square Pile. 

Multiply continually together the number in one side of 
the bottom course, that number increased by 1, and double 
the same number increased by 1; then ^ of the last product 
will be the answer. 

That is, ^ w . (w -f- 1) • (2 m -}- 1) the number. 

Exam. 1. How many balls are in a square pile of 30 rows ? 

Ans. 9455. 

Exam. 2. How many halls are in a square pile of 20 rows ? 

Ans. 2870. 


PROBLEM III. 

To find the Number of Bulls in a lleetangular Pile. 

From 3 times the number in the length of the base row, 
subtract one less than the breadth of the same, multiply the 
remainder by the same breadth, and the product by one more 
than the same; and divide by 6 for the answer. 

That is, -i 5 . (5 + 1) • <^3/ — 5 -f~ 1) is the number; 

where I is the length, and h the breadth of the lowest course. 

Note. —In all the piles the breadth of the bo.ttom is equal 
to the number of courses. And in the oblong or rectangular 

f )ile, the top row is one more than the difference between the 
ength and breadth of the bottom. 

Exam. 1. Required the number of balls in a rectangular 
pile, the length and breadth of the base row being 46 and 
15? Ans. 4960. 

Exam. 2. How many shot are in a rectangular complete 
pile, the length of the bottom course being 59, and its breadth 
20? Ans. 11060. 


PROBLEM IV. 

To Jind the Number of Balls in an Incomplete Pile. ' 
From the number in the whole pile, considered as com 
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plete, subtract the number in the upper pile which is want¬ 
ing at the top, both computed by the rule for their proper 
form ; and the remainder will be the number in the frustum^ 
or incomplete pile. 

Exam. 1. To find the number of shot in the incomplete 
triangular pile, one side of the bottom course being 40, and 
the top course 20 ? , Ans. 10150. 

Exam. 2. How many shot are in the incomplete triangular 
pile, the side of the base being 24, and of the top 8 

. Ans. 2516. 

Exam. 3. How many balls are in the incomplete square 
pile, the side of the base being 24, and of the top 8 ? 

% Ans. 4760. 

Exam. 4. How many shot are in the incomplete rectan¬ 
gular pik> of 12 courses, the length and breadth of the base 

being 40 and 20.^ Ans. 6146. 


OF DISTANCES BY THE VELOCITY OF 

SOUND. 

From various experiments recently made, with great care, 
by the present editor of this volume, it has been found that 
sound flies through the air uniformly at the rate of alx)ut 
1110 feet ])er second, when the air is (juiescent, and at a 
medium temperature. At the temperature of freezing, or a 
little below, the velocity is 1100 feet; at the temperature of 
75", on Fahrenheit’s thermometer, the velocity is about 1120. 
The approximate velocity under difterent temperatures may 
be found, by adding to 1100, Aalf aJbot^ for every degree, 
on Fahrenheit’s thermometer, above the freezing point. 
The mean velocity may be taken at 670 yards per second; 
or a mile in 4|- seconds. 

Hence, multiplying any time employed by sound in 
moving, by 370, will give the corresponding space in yards. 
Or, dividing any space in yards by 370, will give the time 
which sound will occupy in passing uniformly over that 
space. 

If the wind blow briskly, as at the rate of from 20 to 60 
feet per second, in the direction in which the sound moves, 
the velocity of the sound will be proportionably augmented: 
if the direction of the wind is opposed to that of the sound, 
the difference of their velocities must be employed. 

iVo^c.—-The time for the passage of sound in the interval 
between seeing the flash of a gun, or lightning, and hearing 
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the report, may be observed by a watch, or a small pendulum. 
Or, it may be observed by the beats of the pulse in the wrist, 
counting, on an average, about 70 to a minute for persons in 
moderate health, or Si- pulsations to a mile; ana more or 
less according to circumstances. 

Exam. 1. After observing a flash of lightning, it was 12 
seconds before the thupder was heard ; required the distance 
of the cloud from whence it came ? Ans. 2’52 miles. 

Exam. 2. How long, after firing the Tower guns, may the 
report be heard at Shooter’s-Hill, supposing the distance to 
be 8 miles in a straight line ? Ans. 38|^ secapd^. 

Exam. 3. After observing the firing of a large cannon at 
a distance, it was 7 seconds befo.e the report w^as heard; 
what was its distance? ' Ans. 1*47 mile. 

Exam. 4. Perceiving a man at a distance hewing down a 
tree frith an axe, I remarked that 4 of iny pulsations passed 
between seeing him strike and hearing the report of the blow; 
what was the distance between us, allowing 70 pulses to a 
minute ? 

Exam. 5. How far off w^as the cloud from which thunder 
issued, whose report was 5 pulsations after tlie flash of light¬ 
ning ; counting 75 to a minute ? 

Exam. 6 . If I sec the flash of a cannon, fired by a ship in 
distress at sea, and hear the report 33 seconds after, how fai¬ 
ls she off? 


PRACTICAL EXERCISES IN MECHANICS, STA¬ 
TICS, HYDROSTATICS, SOUND, MOTION, 
GRAVITY, PROJECTILES, AND OTHER 
BRANCHES OF NATURAL HISTORY. 

Question 1. Required the weight of a cast iron ball of 
3 inches diameter, supposing the weight of a cubic inch of 
the metal to be 0*2581b. avoirdupois. Ans. S-647391b. 

Qn t sT. 2. To determine tbe weight of a hollow spherical 
iron shell, 5 inches in diameter, the thickness of the metal 
being one inch. Ans. 13*78lb. 

Quest. 3. Being one day ordered to observe how far a 
battery of cannon was from me, I counted, by my watch, 17 
seconas between the time of seeing the flash and hearing the 
report; what then was the distance ? Ans. 3|- miles. 
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Quest. 4. It is proposed to determine the proportional 
quantities of matter in the earth and moon; the density of 
the former beinj; to that of the latter, as 10 to 7, and their 
diameters as 7930 to 2160. Ans. as 71 to 1 nearly.. 

Quest. 5. What difference is there, in point of weight, 
between a block of marble, containing 1 cubic foot and a 
half, and another of brass of the same dimensions? 

Ans. 4961b. 14oz. 

Quest. 6. In the walls of Balbeck in Turkey, the ancient 
Heliopolis, there are three stones laid end to end, now in 
sight, that measure in length 6f yards; one of which in par¬ 
ticular is 21 yards or 63 feet long, 12 feet thick, and 12 feet 
broad : now if this blqpk be marble, wJiat power would ba¬ 
lance it, so as to prepare it for moving ? 

Ans. 683y'^ tons, the burden of an £ast-India ship. 

Quest. 7-.The l)attering-ram of Vespasian weighed, sup- 
|X)se 10,000 pounds; and was moved, let us admit, with 
such a velocity, by strength of hand, as to pass through 20 
feet in one second of time; and this was found sufficient to 
demolish the walls of Jerusalem. The question is, with what 
velocity a 32lb. ball must move, to do the same execution ? 

Ans. 6250 feet. 

Quest. B. There are two bodies, of which the one con¬ 
tains 25 times the matter of the other, or is 25 times heavier; 
but tlie less moves with 1000 times the velocity of thp 
greater: in what proportion then are the momenta, or forces, 
with which they move ? 

.'\ns. the less moves with a force 40 times greater. 

Que.st. 9 A body, weighing 201b. is impelled by such a 
force, as to send it through 100 feet in a second; with what 
velocity then would a body of 81b. weight move, if it were 
impelled by the same force ? Ans. 250 feet per second. 

Quest. 10. There arc two bodies, the one of which weighs 
1001b. the other 60; but the less body is impelled by a force 
8 times greater than the other; the proportion of the velo¬ 
cities, with which these bodies move, is required? 

Ans. the velocity of the greater to that of the less, as 3 to 40, 

Quest. 11. There are two bodies, the greater contains 8 
limes the quantity of matter in the less, and is moved with 
a force 48 times greater: the ratio of the velocities of these 
two bodies is required ? 

* Ans. the greater is to the less, as 6 to 1. 

Quest. 12. There are two bodies, one of which moves 
40 times swifter than the other; but the swifter body has 
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moved only one minute, whereas the other has been in mo¬ 
tion 2 hours; the ratio of the spaces described by these two 
bodies is required ? 

A ns. the swifter is to the slower, as 1 to 3. 

Quest. 13. Supposing one body to move 30 times swifter 
than another, as also tlie swifter to move 12 minutes, the 
other only 1: w hat difference w'ill there be between the spaces 
described bv them, supposing the last has moved 5 feet ? 

Ans. 1795 feet. 

Quest. 14 There are t\\o bodies, the one of which has 
passed over 50 miles, the other only 5; and the first had 
moved with 5 times the celerity of the second; what is the 
ratio of the times they have been in describing those spaces ? 

' Ans. as 2 to 1. 

Quest. 15. What w'eight will a man be able to rai.'ic, who 
presses with the force of a hundred and a hak*‘, on the end 
of an'^quipoised handsj)ike, 100 inches long, meeting with 
a convenient prop exactly 7inches from the lower end of 
the machine ? Ans. 20721b. 


Quest. 16. A weight of I’-lb. laid on the shoulder of a 
man, is no greater burden to him lhan its absolute weight, 
or 24 ounces; Avhat difference will he fi’cl between the said 
weight applied near hi^ elboAv, at 12 inches from the shoulder, 
and in the palm of his hand, 28 inches from the .same; and 
how' much more must his muscles then draw', to sup])ort it 
at right angles, that is, having his arm stretched right out? 

Ans. 24lb. avoirdupois. 

Quest. 17. What weight hung on at 70 inches from the 
centre of motion of a steel-yard, will balance a small gun of 
94 cwt. freely suspended at 2 inches distance from the said 
centte on the contrar}'^ side ? Ans. 30^lb. 


Quest. 18. It is proposed to divide the beam of a steel¬ 
yard, or to find the points of division where the weights of 
1, 2, 3, 4, &c. lb. on the one side, will just balance a constant 
weight of 95lb. at the distance of 2 inches on the other side 


of the fulcrum ; the weight of the beam being 101b. and its 
whole length 36 inches 

Ans. 30,15, 10, 7-', 6, 5, 4^-, 3-i, 3|-, 3, 2 jv, 2^, &c. 


Quest. 19. T.w'o men carrying a burden of 2001b. weight 
between them, hung on a pole, the ends of which rest on 
their shoulders; how much of this load is borne by each 
man, the weight hanging 6 inches from the middle, and the 
whole length of the pole being 4 feet ? ^ 

Ans. 1251b. and 751b. 
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Quest. 20. If, in a pair of scales, a body weigh 901b. in 
one scale, and only 401b. in the other; required its true 
weight, and the proportion of the lengths of the two arms of 
the balance beam, on each side of the point of suspension ? 

Ans. the weight GOlb. and the proportion 3 to 2. 

Quest. 21. To find the weight of a beam of timber, or 
other body, by means of a man’s ywn weight, or any other 
weight. For instance, a piece of tapering timber, 24 feet 
long, being laid over a prop, or the edge of another beam, 
is found to balance itself when the prop is 13 feet from the 
less end; but removing the pr«p a foot nearer to the said 
end, it takes a man’s weight of 2101b. standing on the less 
end, to hold it in equilibrium. Required the weight of the 

tree.^ ' Ans. 25201b. 

• 

Quest. 22. If ah be a cane or walking-stick, 40 inches 
long, suspended by a string so fastened to the middle point 
1) : now a bod^)^ being hung on at e, 6 inches distance from D, 
is balanced by a weight of 2lb. hung on at the larger end a ; 
but removing the body to e, one inch nearer to d, the 2lb. 
weight on the other side is moved to g, within 8 inches of d, 
before the cane will rest in equilibrio. Required the weight 
of the body * Ans. 241b. 

Quest. 23. If ab, uc be two inclined planes, of the lengths 
of 30 and 40 inches, and moveable about the joint at b: 
what will be the ratio of two weights p, o, in equilibrio on 
the planes, in all positions of them; and what Avill be the 
altitude bd of the angle b above the horizontal plane ac, 
when this is 50 inches long ? 

Ans. Bi) =: 24 ; and p to q as ab to bc, or as 3 to 4. 

Quest. 24. A lever, of 0 feet long, is fixed at right angles 
in a screw, whose threads are one inch asunder, so that the 
lever turns just once round in raising or depressing the screw 
one inch. If then this lever be urged by a weight or force 
of 501b. with what force will the screw press ? 

Ans. 2261lb. 

Quest. 25. If a man can draw a weight of 1501b. up the 
side of a perpendicular wall, of 20 feet high ; what weight 
will he be able to raise along a smooth plank of 30 feet long, 
laid aslope from the top of the wallAns. 2251b. 

Qu est. 26. If a force of 1501b. be applied on the head of 
a rectangular wedge, its thickness being 2 inches, and the 
length of its side 12 inches; what weight will it raise or btu- 
lance perpendicular to its side ? Ans. 9001b. 

Quest. 27. If a round pillar of 30 feet diameter be raised 
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on a plane, inclined to the horizon in an angle ofuTS^ or the 
shaft inclining 15 degrees out of the perpendicular; what 
length will it bear before it overset ? 

Alls. 30(2 4" \/6) or 111*9615 feet. 

Quest. 28. If the greatest angle at which a bank of na¬ 
tural earth will stand, be 45"; it is proposed to determine 
what thickness an iipqght wall of stone must be made 
throughout, just to support a bank of 12 feet high; the spe¬ 
cific gravity of the stone being to tliat of earth, as 5 to 4. 

Ans. ■y* a/tj or 4*29325 feet. 

Quest. 29. If the stone'^ wall be made like a wedge, or 

having its upright section a triangle, tapering to a point at 

top, but its side next the bank of eayth perjicndicular to the 

horizon; what is its thickness at the bottom, so as to support 

the same bank ? Ans. 12 or 5'36G56 feet. 

* ^ 

r 

Quest. 30. But if the earth will only stand at an angle of 
30 degrees to the horizontal line; it is required to determine 
the thickness ol‘ wall in both the jireceding cases ? 

Ans. the breadth of the rectangle 12-v/i, or 5*36656. 
but the base of the triangular bank 12 or 6 57267. 

Quest. 31. To find the thickness of an upright roctan- 

f ular wall, necessary to support a body of water; the water 
eing 10 feet deep, and the wall 12 feet high; also the spe¬ 
cific gravity of the w all to that of the water, as 11 to 7. 

Ans. 4*204374 feet. 

Quest. 32. To determine the thickness of the wall at the 
bottom, when the section of it is triangular, and the altitudes 
as before, Ans. 5* 1492865 1‘eet. 

Quest. 33. Supposing the distance of the earth from the 
sun to be 95 millions of miles; I would know at w'hat distance 
from him another body must be placed, so as to receive light 
and heat quadruple to that of the earth. 

Ans. at half the distance, or 474: millions. 

Quest. 34. The distance between the eartli and the sun 
being accounted 95 millions of miles, and between Jupiter 
and the sun 495 millions; the degree of light and heat re¬ 
ceived by Jupiter, compared with that of the earth is required ? 
Ans. or nearly of the earth’s light ana heat. 

Quest. 35. A certain, body on the surface of the earth 
weighs a cwl., or 1121b.; the questibn is whither this body 
must be carried, that it maj/ weigh only 101b.? ' 

Ans, either at 3*3466 serai-diameters^ or ^ of a 
semi-diameter, from the centre. 
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Quest. 30. If a body weigh 1 pound, or 16 ounces, on 
the surface of the earth ; what will its weight be at 50 miles 
above it, taking the earth’s diameter at 7930 miles ? 

Ans. 15oz. 9{dr. nearly. 

Quest. 37. Whereabouts, in the line between the earth 
and moon, is their common centre of gravity; supposing the 
earth’s diameter to be 7930 miles, anc^ the moon’s 2160; also 
the density of the former to that of the latter, as 99 to 68, or 
as 10 to 7 nearly, and their mean distance 30 of the earth’s 
diameters ? 

Ans. at parts of a diamettr from the earth’s centre, 
or parts of a diameter, or 648 miles below the 
surlace. 

Quest. 38. Whereabouts, between the earth and moon, 
are their attractions equal to each other ? Or where must 
another body be placed, so as to remain suspended in equi- 
librio, not being*more attracted to the one than to the other, 
or having no tendency to fall either way? Their dimensions 
being as in the last question. 

Ans. From the earth’s centre 26 ,^,- ^ of the earth^s 
From the moon’s centre diameters. 

Quest. 30. Suppose a stone dropped into an abyss, should 
be stopped at the end of the 11th second after its delivery; 
what .space would it have gone through? Ans. 1946^— feet. 

Quest. 40. If a heavy body be observed to fall through 
100 feet in the last second of time, from what height did it 
fall, and how long was it in motion ? 

Ans. time sec. and height 209 ^t^^ feet. 

Quest. 41. A stone being let fall into a well, it was ob¬ 
served that, after being dropped, it was ten seconds before 
the sound of the fall at the bottom reached the ear. What 
is the depth of the well? Ans. 1270 feet nearly. 

Quest. 49. It is proposed to determine the length of a 
pedulum vibrating seconds, in the latitude of London, where 
a Heavy body falls through 16xz feet in the first second of 
time? Ans. 39T1 inches. 

By experiment this length is found to be 394- ii»ches. 

Quest. 43. What is the length of a pendulum vibrating 
in 2 seconds; also in half a second, ajid in a quarter second ? 
Ans. the 2 second pendulum 156 a 
* the 4 second pendulum 9x4 

the 4 second pendulum in<^hes. 
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Quest. 44. What difference will there be in the number 
of vibrations, made by a pendulum of 6 inches long, and 
another of 12 inches long, in an hour’s time ? Ans. 26924. 

Quest. 45. Observed that while a stone was descending, 
to measure the depth of a well, a string and plummet, that 
from the point of suspension, or tlie place where it was held, 
to the centre of oscillation, measured just 18 inches, had 
made 8 vibrations, when the sound from the bottpm re¬ 
turned. ll’hat was the depth of the well ? 

Ans. 412‘6l feet. 

Quest. 46. If a ball vibrate in the arch of a cinrle, 10 de¬ 
grees on each side of the perpendicular; or a ball roll down 
the lowest 10 degrees ol' the arch,; required the velocity at 
the lowest jwint.'’ the radius of the circle, or length of the 
pendulum, being 20 feet. Ans, 4'4213 feet per second. 

Quest. 47. If a ball descend down a smooth inclined 
plane, whose length is 100 feet, and altitude 10 feet; how 
long will it be in descending, and what will be the last 
velocity ? 

Ans. the veloc. 25‘364’ feet per sec. and time 7 8852 sec. 

Quest. 48. If a cannon ball, of'Ilb, weight, be fired 
against a pendulous block of wood, and, striking the centre of 
oscillation, cause it to vibrate an arc whose cord is 30 inches; 
the radius of that arc, or distance from the axis to the low est 
point of the pendulum, being 118 inches, and the pendulum 
vibrating in small arcs 40 oscillations })er ininule. Required 
the velocity of the ball, aud the velocity of the centre of 
oscillation of the pendulum, at tlie lowest point of the arc; 
the whole weight of the pendulum being 5001b. 

Ans. veloc. ball 195()’6054 feet per sec. 
and veloc. cent, oscil. 3 9054 feet per sec. 

Quest. 49. How deep wdll a cube of oak sink in common 
water; each side of the cube being 1 foot, Spec. grav. = 925 ? 

Ans. II-A-i^iches. 

Quest. 50. How deep wdll a globe of oak sink in water; 
the diameter being 1 foot ? Ans. 9’9867 inches. 

Quest. 51. If a cube of wood, floating in common water, 
have three inches of it dry above the water, and 4,4 t inches 
dry when in isea-water; it is proposed to determine the mag¬ 
nitude of the cube, and what sort of wood it is made of.'* 

Aus. the wood is oak, and each side 4K) inches. 

Quest. 52. An irregular piece of lead ore weiglis, in air 
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12 ounces, but in water only 7; and another fragment weighs 
in air 14^ ounces, but in water only 9; required their com¬ 
parative densities, or specific gravities ? 

Ans. as 145 to 152. 

Quest. 53. An irregular fragment of glass, in the scale, 
weighs 171 grains, and another of magnet 102 grains; but 
in water the first fetches up no mora than 120 grains, and 
the other 79: what then will their specific gravities turn out 
to be ? Ans. glass to magnet as 3983 to 5202 

or nearly as 10 t£> 13. 

Quest. 54. Hiero, king of Sicily, ordered his'jeweller to 
make him a crown, containing 63 ounces of gold. The 
workmen thought that substituting part silver was only a 
proper perquisite; which tsaking air, Archimedes was ap¬ 
pointed to^examine it; who, on putting it into a vessel of 
water, found it yaised the fluid 8‘2245 cubic inches: and 
having discovered that the inch of gold more critically 
weighed 10‘36 ounces, and that of silver but 5*85 ounces, he 
found by calculation what part of the king’s gold had been 
changed. And you are desired to repeat the process. 

Ans. 28'8 ounces. 

Quest. 55. Suppo.sing the cubic inch of common glass 
weigh 1'4921 ounces troy, the same of sea-water *59542, and 
of brandy ‘5368; then a seaman having a gallon of this 
liquor in a glass bottle, which weighs 3*841b. out of water, 
and, to conceal it from the officers of the customs, throws it 
overboard. It is proposed to determine, if it will sink, how 
much force will just buoy it up ? Ans. 14*1496 ounces. 

Quest. 56. Another person has half an anker of brandy, 
of the same specific gravity as in the last question ; the wood 
of the cask suppose measures ^ of a cubic foot; it is proposed 
to assign what quantity of lead is just requisite to keep the 
cask and liquor under water ? Ans. 89*743 ounces. 

Quest. 57. Suppose, by measurement, it be found that a 
man-of-war, with its ordnance, rigging, and appointments, 
sinks so deep as to displace 50000 cubic feet of fresh water; 
what is the whole weight of the vessel ? Ans. 1395-iig^ tons. 

Quest. 58. It is required to determine what would be the 
height of the atmosphere, if it were every where of the same 
density as at the surface of the earth, when the quicksilver 
in the barometer stands at 30 inches; and also, what would 
be th«? height of a water barometer at the same time ? 

Ans. height of the air 28636 tV or 5*4235 miles, 
height of water 35 feet. 

ir 


VOI,. II. 
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Quest. 69. With what velocity would each of those 
three fluids, viz. quicksilvrr, water, and air, issue through 
a small orifice in the botiom of vessels, of the respective 
heights of 30 inches, 35 feet, and 5*5240 miles, estimating 
the pressure by the whole altitudes, and the air rushing 
into a vacuum ? 

Ansr the veloc. of quicksilver 12*681 feet, 
the veloc. of water - 47*447 
the veloc. of air - 1369*8 

Quest. 60. A very large vessel of 10 feet high (no mat¬ 
ter what shape) being kept constantly full of water, by a 
large supplying cock at the top; if 9 small circular holes, 
each 4- of an inch diameter, be opened in its perpendicular 
side at every foot of the de})th ; it is required to determine 
the several distances to which they will spout on the hori¬ 
zontal plane of the base, and the quantity of water discharged 
by all of them in 10 minutes.^ 

Ans, the distances arc 
Vm or 6*00000 
-v/64 - 8-00000 
^/84 - 9*16515 
V96 - 9 "9796 

V100- 10 00000 

^/96 - 9 79796 
^/84 - 9*16515 
^/64 - 8-00000 
-x/36 - 6*00000 

and the quantity discharged in 10 min. 123*8849 gallons. 

Note. In this solution, the velocity of the water is sup¬ 
posed to be equal to that which is ac({uired by a heavy body 
in falling through the whole height of the water above the 
orifice, and that it is the same in every part of the holes. 

Quest. 61. If the inner axis of a hollow globe of copper, 
exhausted of air, be 100 feet; vvhat thickne.ss must it bo of, 
that it may just float in the air ? , 

Ans. *02688 of an inch thick. 

Quest 62. If a spherical balloon of copper, of of an 
inch thick, have its cavity ol' 100 feet diameter, and be filled 
with inflamnuable air, of -g- of the gravity of common air, 
what weight will just balance it, and prevent it from rising 
up into the atmosphere? Ans. 21j^73lb. 

Quest. 63. If a glass tube, 86 inches long, close at top, 
be sunk perpendicularly into water, till its Tower or open 
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end be 30 inches below the surface of the water; how hiffh 
will the water rise within the tube, the quicksilver in the 
common barometer at the same time standing at SQi inches.'* 

Ans. 2*26545 inches. 

Quest. 64. If a diving bell, of the form of a parabolic 
conoid, be let down into the sea to the several depths of 
5, 10, 15, and 20 fathoms; it is req*iired to assign the re¬ 
spective heights to which the water will rise within it: its 
axis and the diameter of its base being each 8 feet, and the 
quicksilver in the barometer standing at 30*9 inches ? 

Ans. at 5 fathoms deep thS water rises 2*03546 feet, 
at 10 - - - 3*06393 

at 15 - - 3*70267 

at 20 - . - - 4*14658 


THE DOCTRINE OP FLUXIONS. 

DEFINITIONS AND PRINCIPLES. 

Art. 1. In the Doctrine of Fluxions, magnitudes or quan¬ 
tities of all kinds are considered, not as made up of*a number 
of small parts, but as generated by continued motion, by 
means of which they increase or decrease. As, a line, by 
the motion of a point; a surface by the motion of a line; 
and a solid by the motion of a surface. So likewise, time 
may be considered as represented by a line, increasing uni¬ 
formly by the motion of a point. And quantities of all 
kinds whatever, which are capable of increase and decrease, 
may in like manner be represented by geometrical magni¬ 
tudes, conceived to be generated by motion. Indeed, not¬ 
withstanding all that has been advanced to the contrary, this 
seems the most natural, as well as the simplest, way of con¬ 
ducting the higher investigations; since it is impossible to 
conceive a geometrical magnitude to be brought into exist¬ 
ence, or to change its magnitude, figure, or place, without 
motion. 

2. Any quantity thus generated, and variable, is called a 
Fluent, or a Flowing Quantity. And the rate or proportion 
according to which any flowing quantity increases, at any 
posifion or instant, is the Fluxion of the said quantity, at that 
position or instant: and it is proportional to the magnitude 
by which the flowing quantity would be uniformly increased 

u 2 
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in a given time, with the generating celerity uniformly con¬ 
tinued (luring that time. 

3. The small nviuntitios that arc actually generated, pro¬ 
duced, or described, in any small given time, and by any 
continued motion, eitlier uniform or variable, are called In¬ 


crements. 

4. Hence, if the mopon of increase be uniform, by which 
increments are generated, the increments will in that case be 
proportional, or equal, to the measures of the fluxions: but 
if the motion of increase be accelerated, the increment so 
generated, in a given finite time, will exceed the fluxion: 
and if it be a decreasing motion, the increment, so generated, 
will be less than the fluxion. But if the time be indefinitely 
small, so tliat the motion be considered as uniform lor that 
instant; then these nascent increments will always be pro¬ 
portional, or equal, to llie fluxions, and may be substituted 
instead of them, in any calculation. 

5. To illustrate these definitions: Sup¬ 
pose a point m he conceived to move from vi 

the position a, and to generate a line Ar, ^ p' ' ’ 

by a motion any how regulated ; and sup- ^ 

pose the celerity of the point at any 

position r, to he sucli, as would, if from thence it should 
become or continue uniform, be sufficient to cause tlie p(jint 
to describe, or ])ass uniformly over, the distance pp, in the 
given time allowed for the fluxion: then will the said line vp 
represent the fluxion of the fluent, or flowing line, ap, at that 


position. 

6. Again, suppose the right q 

line mn to move, from the po&i- ' 

tion AB, continually parallel to 

itself, with any continued motion, _ m 

so as to generate the fluent or A 1’ 

flowing rectangle abqp, while the 

point m describes the line ap : also, let the distance pp be 
taken, as before, to express the fluxion of the line or base 
AP; and complete the rectangle PQgp. Then, like as^pp is 
the fluxion of the line ap, so is pgr the fluxion of the flowing 
parallelogram aq ; both these fluxions, or increments, being 
uniformly described in the same time. 

7. In like^manner, if the solid F_ r y 

AERP be ainceived to be gene- K ~ \ ^ C 

rated by the plane pqu, moving S Q I 

from ^ position abe, always I_ \ _ 

parallel to itself, along the line \ \ ~~X 

AD; and if vp denote we fluxion ^ ^ ** 

of the line ap ; Then, like as the 
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rectangle VQ.qp, or pq x p^, denotes the fluxion of the flowing 
rectangle abqp, so also shall the fluxion of the variable 
solid, or prism aberop, bo denoted by the prism PQRr<7p, or 
the plane pr x vp. And, in both these last two cases, it 
appears tliat the fluxion of the generated rectangle, or prism, 
is equal to the product of the genleraling line, or plane, drawn 
into the fluxion of the line along which it moves. 

8. Hitherto the generating line, or plane, has been con¬ 
sidered as of a constant and invariable magnitude; in which 
case the fluent, or quantity generated, is a rectangle, or a 
prism, the former being described by the motion of a line, 
and the latter by the motion of a plane. So, in like manner 
are other figures, wheth^ jilane or solid, conceived to be de¬ 
scribed by the motion of a Variable Magnitude, wliether it 
be a line or a plane. Thus, let a variable line Po. be carried 
by a parallel motion along ap ; or while a point p is carried 
along, and de&:ribes the line ap, suppose another point 



u to be carried by a motion perpendicular to the former, 
and to describe the line pq : let pq be another position of 
PQ, indefinitely near to the former ; and draw qt parallel to 
AP. Now in this case there are several fluents, or flowing 
quantities, with their respective fluxions; namely, the line 
or fluent ap, the fluxion of which is vp or or ; the line or 
fluent PO, the fluxion of which is rq\ the curve or oblique 
line AQ, described by the oblique motion of the point q, the 
fluxion of which is Qg; and lastly, the surface apo, described 
by the variable line pq, the fluxion of which is the rectangle 
PQrp, or PQ X vp. In the same manner may any solid be 
conceived to be described, by the motion of a variable plane 
parallel to itself, substituting the variable plane for the 
variable line; in which case the fluxion of the solid, at any 
position, is represented by the variable plane, at that po¬ 
sition, drawn into the fluxion of the line along which it is 
carried. ^ • 

9. Hence then it follows in general, that the fluxion of 
an;^ figure, whether plane or solid, at any position, is equal 
to the section of it, at that position, drawn into the fluxion 
of the axis, or line along wdiich the variable section is sup- 
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posed to be perpendicularly carried; that is, the fluxion of 
the figure aqp, is equal to the plane pci x pp, when that 
figure is a solid, or to the ordinate pq x Pp, when the figure 
is a surface. 


10. It also follows from the same premises, that in any 
curve, or oblique line ao, whose absciss is ap, and ordinate 
b po, the fluxions of these three form a small right-angled 
plane triangle aqr ; for gr =: pp is the fluxion of the absciss 
AP, qr the fluxion of the ordinate pq, and Qq the fluxion of 
the curve or right line aq. And consequently that, in any 
curve, the square of the flik'xion of the curve, is equal to the 
sura of the squares of the fluxions of the absciss ana ordinate, 
when these two are at right angles,to each other. 


11. From the premises it also, appears, that contempora¬ 
neous fluents, or quantities that flow or increase together, 
which are always in a constant ratio to each other, have their 
fluxions also in the same constant ratio, at every position. 
For, let AP and bq be two contempo¬ 
raneous fluents, described in the same_ 

time by the motion of the points p p * * 

and o, the contemporaneous positions__ 

being p, q, and p, q ; and let ap be to g O <7 

BQ, or Ap to pq, constantly in the ra- " 

tio of 1 to n. 


Then - - - is w x ap r: bq, 

and n y. Ap — pq; 
therefore, by subtraction, n x pp zz Qq; 
that is, the fluxion - pp : fluxion Qq :: \ in, 
the same as the fluent ap : fluent bq :: 1 : 72, 
or, the fluxions and fluents are in the same constant ratio. 


But if the ratio of the fluents be variable, so will that of 
the fluxions be also, though not in the same variable ratio 
with the former, at every position. 


NOTATION, &C. 

1% To apply the foregoing principles to the determinarion 
of the fluxions of algebrrac quantities* by means of whidi 
those of all other kinds are assigned, it will be necessary first 
to premise the notation commonly used in this science, with 
some observations. Aj, first, that the final letters of the 
alphabet z, p, or, u, &c. are used to denote variable or flow¬ 
ing quantities ; and the initial letters a, b, c, d, 8cc. to dehote 
constant or invariable ones; Thus, the variable base ap of 
the flowing rectangular figure abqp, in art. 6, be repre- 
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sented by x; and the invariable altitude pq, by a: also, the 
variable base ov absciss ap, of the figures in art. 8, may be 
represented by x, the variable ordinate pq, by y; and the 
variable curve or line aq, by 

Secondly, that the fluxion of a quantity denoted by a 
single letter, is usually reprcvsented by the same letter with a 
point over it: Thus, the fluxion of x is expressed by the 
fluxion of j/ by y, and the fluxion *of z by i. Sometimes, 
however, the fluxion of a variable quantity, especially if it 
be a compound one, is denoted by the Greek character (p be¬ 
fore it. Thus, the fluxion of ary.may be denoted by <p(xy)i 
the fluxion of xj/z by <p(x^z). As to the fluxions of constant 
or invariable quantities, as of b, c, &c. they are equal to 
nothing, because they do not flow or change their magni¬ 
tude. • 

Thirdly, that the increments of variable or flowing quan¬ 
tities, are also denoted by the same letters with a small'over 
them: Thus, the increments of x, y, z, are y, z^. 

13. From these notations, and the foregoing principles, 
fhe quantities, and their fluxions, there considered, will be 
denoted as below. Thus, in all the foregoing figures, put 

the variable or flowing line - - av — x, 

in art. 6, the constant line - - pq = as, 

in art. 8, the variable ordinate - i»a =r j/, 
also, the variable line or curve - aq rr z: 

Then shall the several fluxions be thus represented, namely, 
X zzvp the fluxion of the line ap, 
ax = VQiqp the fluxion of abqp in art. 6, 
yx =: v^rp the fluxion of apq in art. 8, 
z — aq =r. ^{x^ + >“) the fluxion of aq; and 
ax = pr the fluxion of the solid in art. 7, if a denote 
the constant generating plane pqr ; also 
n.v ■-= BQ in the figure to art. 11, and 
"'^x ~ Qq the fluxion of the same. 

14. The principles and notation being now laid down, we 
may proceed to the practice and rules of this doctrine; which 
consist of two principal parts, called the Direct and Inverse 
Method of Fluxions; namely, the direct method, which 
consists in finding the fluxion of any proposed fluent or 
flowing quantity; and the inverse methodj which consists in 
finding the fluent of any proposed fluxion. A!fe to the former 
of these two problems, it can always be determined, and that 
in finite algebraic terms; but the latter, or finding of fluents, 
can onl^ effected in some certain cases, except by means 
jof infinite series.—First then, of 



S96 


DIBICT METHOD OF FLUXIONS. 


THE DIRECT METHOD OF FLUXIONS. 

To Jind the Flitxion of the Prod'iict or Kectangle two 

Variable Quantities. 

t 

15. Let ARQP, = xi/f be the flowing 
or variable rectangle, gtfiieratcd by two 
lines PQ and rq, moving always per¬ 
pendicular to each other', from the po¬ 
sitions AR and AP; denoting the one by 
X, and the other by ?/; supposing <r and 
y to be so related, that the curve line 
AQ may always pass through the intersection a of those lines, 
or the opposite angle of the rectaivgle. 

Now, the rectangle consists of the two trilinear spaces 
APQ, ARQ, of which, the 

fluxion of the former is pq x pp, or yx, 
that of the latter is - rq x iir, or xy^ by art. 8; 
therefpre the sum of the two xy xy, is the fluxion of the 
whole rectangle xy or arqp. 

The Same Otherwise. 

16. Let the sides of the rectangle x and y, by flowing, 
become x F and ^ + y: then the product of these two, 
or xy -j- xy* -{-y^ + will be the new or contemporaneous 
value of the flowing rectangle pr or : subtract the one 
value from the other, and the remainder, 4" “h 
will be the increment generated in the same time as x* or y*\ 
of which the last term xy is nothing, or indefinitely small, 
in respect of the other two terms, because J and y are in¬ 
definitely small in respect of x and y\ which term being 
therefore omitted, there remains -\-yx^ for the value of 
the increment; and hence, by substituting x and y for ^ and 
y, to which they are proportional, there arises xy -|-Jsr for 
the true value of the nuxion of xy ; the same as before. 

17. Hence may be easily derived the fluxion of the 
powers and products of any number of flowing or variable 

uantities whatever; as of xyz^ or uxyz^ or vuxyz^ 8 ec . And 
rst, for the fluxion of xyz\ put p = ary, and the whole 
given fluent xyz — q^oxqxz xyz = pz. Then, taking the 
fluxions o{ q — pz^ by.the last article, they are q zz: pz 
pz ; but p zz ay, and so p zz xyxy hy the same article; 
substituting therefore these values of p and p instead of 
them, in the value of q, this becomes q = xyz xyzxyz. 
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the fluxion of sryz required; which is therefore equal to the 
sum of the products, arising from the fluxion of each letter, 
or quantity, multiplied by the product of the other two. 

Again, to determine the fluxion of uxxjZy the continual 
product of four variable quantities; put this product, namely 
uxyZj or qa = r, where q — ayz as above. Then, taking 
the fluxions by the last article, r qu-\- qu ; which, by 
substituting for q and q their values as above, becomes - - 

r — uxyz + uxyz uxyz + uxyz, the fluxion of uxyz as 
required: consisting of the fluxion of each quantity, drawn 
into the products of the other thftse. 

In the very same manner it is found, that the fluxion of 
vuxifz is vuxyz + 'i-'tixyz -{- vu-xjfz -f- vuxyk ; and 

so on, for any number of quantities whatever; in which it is 
always found, that there are as many terms as there are va¬ 
riable quantities in the pro}X)sed fluent; and that these terms 
consist of the fluxion of each variable quantity, multiplied 
by the product of all the rest of the quantities. 

18. Hence is easily derived the fluxion of any power of 
a variable quantity, as of j?*, or x^, or .*?*, &c. For, in the, 
product or rectangle xy, x — then is xy — xx or x®, 
and also its fluxion ^ \ xy — xx xx or Sxx, the fluxion 
of x^. 

Again, if all the three a:, z be equal; then is the product 
of the three xyz ~ ; and consequently its fluxion xyz + 

xyz + xyz zz xxx + XXX -)- XXX or the fluxion of 

In the same manner, it will appear that 
the fluxion of xf* is =: 4!X^x, and 
the fluxion of is = and, in general, 
the fluxion of ar" is = nx”~^x ; 
where n is any positive whole number whatever. 

That is, the fluxion of any positive integral power, is equal 
to fluxion of the root (x), multiplied by the exponent 
of the power (n), and by the power of the same root whose 
index is less by 1, 


* In the text, the fluxion of the product of two, three, or 
more, variable quantities is found, and thence, by supposing 
them to become equal the fluxions of the square, cube, &c. of 
a variable quantity, are inferred. Sometimes, the investigation 
commences with the fluxion of a square, and proceeds thence 
to that of a rectangle. 

Let x-~s and x be two states of the same line generated by 
an equable motion; then, while the line x—s by flowing equably 
becomes x, its square {x — sy will become x^. That is, while 
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And thus, the fluxion of a •+• c.r being cxf 
that of {a -f- ex)* is ^cx x (a 4" or 2acx -f- 2c^xxf 
that of (a -j- cx^)^ is 4c.r;E’ x (a + ca;®) or ^aexx -f* 4c'^x''x, 
that of (4r® 4- is {4>xx 4- 4yy) x (ar« 4- y% 

that of (.37 4“ is (3x 4- 6c^) x (a* 4- 

19. From the conclusions in the same article, we may 
also derive the duKion of any fraction, or the quotient of one 
variable quantity divided by another, as of 

—. For, put the quotient or fraction —=^;then,nmltiply- 

y 

ing by tlie denominator, x*:=. qy\ and, taking the fluxions, 

X — qy qyj or qy~ x — g'i; and, by division, 

• _ ^ ^ 

^ y y 

X xy xy — xy , „ . t. x . ' 

-r = —, the fluxion of —, as required. 

y y^ y^ y ‘ 

That is, the fluxion of any fraction, is equal to the fluxion 
of the numerator drawn into the denominator, minus the 
fluxion of the denominator drawn into the numerator, and 
the remainder divided by the square of the denominator. 


(by substituting the value of q, or — ), 


tlie space s is described equably by the flowing line, the space 
.r’—(j 7 —s)*=2s.*’— s' will be described by the flowing square of 
that line, and this latter is the space which would have been ge¬ 
nerated in the same time by a certain magnitude (whether as¬ 
signable or not) moving uniformly. Hence, the fluxion of the 
flowing magnitude {x—s), is to the fluxion of the flow’ing mag¬ 
nitude (<!? —s)®, as $ to 2sx — s®, or as 1 to %v — s: and as this 
must obtain in all possible values of x — it must obtain in the 
ultimate state, when (,r— s) by flowing, becomes x\ and then, 
s vanishing, the ratio becomes 1 to 2 . 2 ?. That is, the ratio of the 
fluxions of X and x* is that of 1 to 2 . 2 ?. Consequently, if x de¬ 
note the fluxion of x, then will 2xx denote the fluxion of . 2 ?*. 

The fluxion of the square of a quantity being thus found, that 
of any product is easily assigned. Thus, to determine the fluxions 
of the product of xtf'. 

Put a?-f-y = «; then ^(a?4-y) =i + 9 '=i» 
also, a,' 2xy xz s' — x* — 

and =a 4 — 4 . .27* - 4 

by the above ^ {xy) = s > — 4?i — yy^ 

x=?s (jv 4- y) — Xx — 

= (f+y} (i+jr) — XX — y'y, 

= 4?i-f a?y-|-yy — — yy, 

= Xy -p yx, ^ 

agreeing with the result in art. 15. 
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_ , . n . xy — Ty usey’^axy 

So that the fluxion of — is o x — or - —. 

y y ^ y 

20. Hence too is easily derived the fluxion of any negative 

1 

integer power of a variable quantity, as of jr-”, or which 

is the same thing. For here the numerator of the fraction 
is 1, whose fluxion is nothing; and therefore, by the last 
article, the fluxion of such a fraction, or negative power, 
is barely equal to minus the fluxion of the denominator, 
divided by the square of the said denominator. That is, the 

n ‘ nx 

fluxion of ar~”, or — is — ^^ or-—- or — 

or the fluxion of any negative integer power of a variable 
quantity, as is equal to the fluxion of the root, multiplied 
by the exponent, of the power, and by the next power less 
by 1; the same rule as for positive powers. • 

The same thing is otherwise obtained thus: Put the 

proposed fraction, or quotient — = g; then is y.r” = 1; 

and, taking the fluxions, we have 

• • 

qX^ -f- qnx'^~^x = 0; hence == — qtix^~^x ; divide by a?”, 

. qnx 1 — 

then g = — — = (by substituting ~ for q), ^^or = 

— nx~^'~^x ; the same as before. 

1 X 

Hence the fluxion of x~^ or — is — xr'^x. or-r, 

X X 


that of 
that of 
that of 
that of 


1 . ^x 

or —5 is — or- r, 

1 . rt 

x~^ or IS — Zx'~^x or —-r, 


X 


a . 


ax~^ or *--r is — xov —■ 


4>ax 


a;“" or 




X" 




nx 


is 


X 


.n+i> 


1 


that of {a-^-xY^ or •—r— is — (a-|-a;)“«;r or 

thatofc(a-f-3a;2)-«or^-q^^ is — l^cxx x (aSa?®)"*, 

12ca7;r 
(a + Sx^Y 


or —■ 
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J21. Much in the same manner is obtained the Huxiun of 

m 

any fractional power of a fluent quantity, as of or X/x'**, 


For, put the proposed quantity x*' zz q\ then, raising each 
side to the 7i power, gives a:"' = q” ; 

taking the fluxions, gi^es = nq”~'q ; then dividing 

mx"^~^x m 

--7- = — .r » X. 

n 

Which is still the same rule, as before, for finding the fluxion 
of any power of a fluent quantity, and which therefore is ge¬ 
neral, whether the exponent be positive or negative, integral 

3 . L 

or fractional. And hence the fluxion of ax^ is lai**-; 


by gives q 


JL * 

that of ax^ is ^^ax^~^xzz lax~^ 


_ ax _ ax 


2i 


2 /a-’ 


and that of 


" *“-L ^ JcJc 

V{a^-x^) or {a"~x-y is X -- • 

V [Or — 

22. Having now found out the fluxions of all the ordinary 
forms of algebraical quantities; it remains to determine those 
of logarithmic expressions; and also of exponential ones, 
that is, such powers as liave their exponents variable or flow¬ 
ing quantities. And first, for the fluxion of Napier’s, or the 
hyperbolic logarithm. 

23. Now, to determine this from 
the nature of the hyperbolic spaces. 

Let A be the principal vertex of an 
hyperbola,having its asymptotes cd, 

CP, with the ordinates da, ba, pq, 

&c. parallel to them. Tlun, from 
the nature of the hyperbola and of 
logarithms, it is known, that any space abpq is the log. of 
the ratio of cb to cp, to the modulus abcd. Now, put 
1 = CB or BA the side of the sejuare or rhombus db; 
m rr the modulus, or cb x ba x sin. c; or area of db, or 
sine of the angle c to the radius 1; also the absciss cp — x, 
and the ordinate po zzi/. Then, by the nature of the hyper¬ 
bola, cp X PO is always equal to db, that is, xy zz m-, hence 



If zz and the fluxion of the space, xy is 


vaqp 


the fluxion of the log. of x, to the modulus And, in 
the hyperbolic logarithms, the modulus m being 1, there- 
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fore —is the fluxion of the hyp. log, of x\ 


which is there 


fore equal to the fluxion of the quantity, divided by the 
quantity itself. 

Hence the fluxion of the hyp. log. 
ofl 

of 1 — jr is - 

1 ~ .r 


. AT 4“ 

OI X Z IS - ; - , 

X z 

' I 

+ xln — x)-j-x(ax) 

ot-IS — 

a ~~ X 

^ * nax 

ot ax" IS 




ax" 


(a-O 

X Ilk 
~~ X ' 


«—a:_ 9.ax 
^ a + x~~ — or*’ 


24. By means of the fluxions of logarithms, are usually 
determined those of exponential quantities, that is, quan¬ 
tities which have their exponent a flowing or variable letter. 
'I'licse ex])onentials are of two kinds, namely, when the root 
is a constant quantity, as e\ and when the root is variable as 
well as the exponent, as y'. 

25. In the first case, put the exponential, whose fluxion 
is to be found, equal to a single variable quantity 2 , namely, 
Z — then take the logarithm of each, so shall log. z=:x X 

log. c ; take the fluxions of these, so shall k x log. c. 


by the last article? hence k =z zk x log. e — k x log. e, 
which is the fluxion of the proposed quantity or z; and 
which therefore is equal to the said given quantity drawn into 
the fluxion of the exponent, and into the log. of the root. 

Hence also, the fluxion of (a -|- c)"' is (a + t’)”^ x nx x 
log. {a -f c). 

26. In like manner, in the second case, put the given 
quantity then the logarithms give log. zzzxx log. 


and the fluxions 



k . log. y X , 


y 


hence 


zxy . , * 

K rr Sap . log. y -J-n (by substituting for z) y^k . 

Ipg- y "I" which is the fluxion of the proposed quan¬ 

tity y*; and which therefore consists of two terras, of which 
the one is the fluxion of the given quantity considering the 
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exponent as constant) and the other the fluxion of the same 
quantity considering the root as constant. 

27. The fluxions of the usual trigonometrical quantities, 
sin. z, cos. Zf &c. are easily found by blending these prin¬ 
ciples with the analytical forinulse at pa. 18, of this volume. 
We assume the proportionality of me increments, and of 
their contemporaneousi fluxions, and proceed thus: 

To find (p sin. 2 , we suppose that by a motion of one of 
the legs including the angle, it becomes z j:’ or z + i. 
Then <p sin. z — sin. -f- k) — sin. z. But by equa. 9, 
p. 18, we have 

sin. {z -!-»)=: sin. z. cos. ^ -f- sin. x cos. z. 

But the sine of an arc indefinitely small docs not differ sensi¬ 
bly from that arc itself, nor its cosine differ perceptibly from 
radius; hence we have sin. « = i, and cos. «1; ami 
therefore sin. {z x) = sin. z -f- « cos. z; whence sin. 
(z js) — sin. z, or p (sin. z) ~ z cos. z, viz. the fluxion of the 
sine of an arc whose radius is unity, is equal to the product 
of the fluxion of the arc into the cosine of the same arc. 

28. In like manner, the fluxion of cos. r, or cos. (z x) 

— cos. z zz cos. z cos. z — sin. z sin. x — cos. s, or since 
cos. (z -J- «) =: cos. z cos. x — sin. z sin. i ; therefore, be¬ 
cause sin. X zz and cos. z = 1, we have <p cos. z zz cos. z 

— ss sin. z — cos. z = — X sin. z, that is, the fluxion of the 
codne of an arc, radius being 1, is found by multiplying the 
fluxion of the arc (taken with a contrary sign) by the sine of 
the same arc. 

29 . By means of these two formulae, many other fluxional 
expressions may be found, viz. 

p cos. mz zz — mz sin. mz. 

<p sin. mz = rnx cos. mz, 

X 

0 tan. z =-^ = X sec.*z. 

cos.*z 

X 

0 cotan. z = — ■' r - — » cosec.®z. 

^ sin,*z 

X sin. z X tan. z 

cos. z 

X cos. Z . X cot. z 
0 cosec. z zz . „ — 

sin.®z sm. z 

(p sin.’^z = m sin.”‘”*s * cos. z. 

f oos.*z =: — m cos.™“^z x sin. z. 
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30. Hence, by the way, will flow this useflil practical con¬ 
clusion, that if be any arc, then 


ip sin. z 
cos. z 
<p tan. z 


cos. z 
sin. z 


= cos .®;2 0 tan. z. 

, • o — P cot. z 

1 -f" tan.® 2 : 1 + cot.®js 


OF SECOND, THIRD, &c. FLUXIONS. 

Having explained th<| manner of considering and deter¬ 
mining the first fluxions of flowing or variable quantities; it 
remains now to consider thd'se of the higher orders, as second, 
third, fbusth, &c. fluxions. 

yi. If the rate or celerity with which any flowing quan*- 
tity changes its magnitude be constant, or the same at every 
position ; then is the fluxion of it also constantly the same. 
But if the variation of magnitude be continually changing, 
either increasing or decreasing; then will there be a certain 
degree of fluxion peculiar to every point or position; and 
the rate of variation or change in the fluxion, is called the 
Fluxion of the Fluxion, or the Second Fluxion of the given 
fluent quantity. In like manner, the variation or fluxion of 
this second fluxion, is called the Third Fluxion of the first 
proposed |luent quantity; and so on. 

These orders of fluxions are denoted by the same fluent 
letter with the corresponding number of points over it: 
namely, two pointe for the second fluxion, three points for 
the third fluxion, four points for the fourth fluxion, and so 
on. So, the difierent orders of the fluxion of x, are x, x, x, 
X, Set.; where each is the fluxion of the one next before it. 

39. This description of the higher orders of fluxions may 
be illustrated by the figures exhibited in art., 8, where, if x 
denote the absciss ap, and y the ordinate pq ; and if the or¬ 
dinate pa or y flow along the absciss ap or x, with a uniform 
motion; then the fluxion of x^ namely, x = pp or Q.r, is a 
constant quantity, or x = 0, in all the figures. Also, in 
fig. 1, in which aq is a right line, > = or the fluxion of 
pa, is a constant quantity, ory = 0 ^ for the angle q, = the 
angle a, being constant, ar is to rg, or * to y, in a constant 
ptit^. But in the 9d fig. rg, or the fluxion of pa, continually 
increases more and more; and in fig. 3 it continually de* 
creases more* and more, and therefore in both these cases y 
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has a second fluxion, being positive in fig. but negative in 
fig. 3. And so on, for the other orders of fluxions. 

Thus if, for instance, the nature of the curve be such, 
that is every where equal to ; then, taking the fluxions, 
it is a^y zz 3x‘'x; and, considering x always as a constant 
quantity, and taking always the fluxions, the equations of 
the several orders of fluxions will be as below, viz. 

the 1st fluxions a'} zz 

the 2d fluxions a^y — fi.ix-, 

the 3d fluxions r-. 6;f®, 

the 4;th fluxions a-y = 0, 

and all the higher fluxions also r= 0, or nothing. 

Also the higher orders of fluxions are found in the same 
manner as the lower ones. Thus, 
the first fluxion of is - - ; 

its 2d flux, or the flux, of 3 con¬ 
sidered as the rectangle of 3y®, 

and y, is - 

“aux'^of y ■ if ^ 

83. If the function proposed were aa", we should find 
p flx" = nax*‘~^ X ; the factors //, a, and x being regarded as 
constant in the first fluxion nax"~' x, to obtain the second 
fluxion it will suffice to make flow, and to multiply the 
result by nax; but = («—!) we have, there¬ 

fore, 

2nd <p ax^ =: w (n — 1) x®. 

3rd <p ax^ =: n (« — 1) {n — 2) x®. 

4th <p ax' zz n {n — 1) (w — 2) (w — 3) x^. 

Szc. =: &ic. 

mxh (p ax*'^ = w (« — 1) (?i — 2).... (« — -f-1) 

m being supposed not to exceed n, for it is manifest that in » 
the case of n being integral, the function ai" has only a 
limited number of fluxions, of which the most elevated is the 
nth, and which of course is expressed by the formula, 
nth p ax*t =:n(n—l)(ra — 2)...,3.2.1. ax** 
in which state it admits*no longer of being put into fluxions, 
as it contains/- no variable quantity, or, in other wordr^ its 
|[uxion is equal to zero. 

.34. In aforegoing articles, it has been supposed that 


Xsfy -h %y*: 
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the fluents increase, or that their fluxions are positive; but 
it often happens that some fluents decrease, and that there¬ 
fore their fluxions are negative: and whenever this is the 
case, the sign of the fluxion must be changed, or made con¬ 
trary to that of the fluent. So, of the rectangle .r//, when 
both X and y increase together, the fluxion is icy xy. but 
if one of them, as j/, decrease, while the other, x^ increases; 
then, the fluxion of y being — j>, the fluxion of xy will 
in that case be xif — xy. This may 
be illustrated by the annexed rectangle, 

ArciR r: xy.^ supposed to be gcnei’ated 
by the motion of the line pq from a to¬ 
wards c, and by the motion of the line 
HQ from b towards a : For, by the mo¬ 
tion of PQ, from A towards* c, the rect¬ 
angle is ii^creased, and its fluxion is -|- 
xy\ but, by the,motion of rq, from b 
towards a, tlie rectangle is decreased, 
and the fluxion of the decrease is therefore, taking the 
fluxion of the decrease from that of the increase, the fluxion 
of tiic rectangle xy^ when x increases and y decreases, is 
icy — xy* 

35. We may now collect the principal rules, which have 
been demonstrated in the foregoing articles, lor finding the 
fluxions of all sorts of quantities. And hence, 

1 st. For the Jiuxion (^‘ any Power of a Jloxoing quantity. 
—Multiply all together the exponent of the power, the 
fluxion of the root, and the power next less by 1 of the 
same root. 

2d, For thcfluH'ion qf the Rectangle of two quantities .— 
Multiply each quantity by the fluxion of the other, and con¬ 
nect the two products together by their proper signs. 

3d, For the jiuxion qfthe Continual Product qfany num- 
hcr qf Jlowing quantities .—Multiply the fluxion of each 
quantity by the product of all the other quantities, and con¬ 
nect all the products together by their proper signs. 

4th, For the Jiuxion qf a Fraction .—From the fluxion of 
the numerator drawn into the denominator, subtract the 
fluxion of the denominator drawn into the numerator, and 
divide the result by the square of the denominator. 

5th, Or, the 2d, 3d, and Mh causes may he all included 
undef one, and performed thus ,—Take the fluxion of the 
given expression as often as there are variable quantities in 
it, supposing first only one of them variable, and the rest 
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constant; then another variable, and the rest constant; and 
so on, till they have all in their turns been singly supjiosed 
variable; and connect all these fluxions together with their 
own signs. 

Gth, For the Fhixion of a Lo^mtfhin. —Divide the fluxion 
of the quantity by the quantity itself, and multiply the re¬ 
sult by the modulus of the system of logarithms. 

Note. —The niotlulus of the hyperbolic logarithms is 1, 
and the modulus of the common logs, is O.4o4^i91'l’35 

7th, For the fluxion of an Exponential quantity., having 
the Root Constant. —Miutiply all together, the given tjuan- 
tity, the fluxion of its exponent, an^^ the hyp. log. of the root. 

8th, For the fluxion of an Exponential quantity, having 
the Root Variable. —To the fluxion of the given cjuantity, 
Ibuiid by the 1st rule, as if the root only were variable, add 
the fluxion of the same (piantity found by ihc 7th rule, as if 
the exponent only were variable; and the sum Avill be the 
fluxion lor both of them variable. 

Note. —When the given quantity consi.sts of several terms, 
find the fluxion of each term separately, and connect them 
all together with their ])ro])er signs; also, tor the fluxions of 
trigonometrical forimihe, take the formulae in arts. 27—30. 

30. PRACTICAL EXAMPLES TO EXERCISE THE FOREOOINO 

RULES. 

1. The fluxion of axv is 

2. The fluxion of bxyz is 

3. The fluxion of cx x {ax — cy) is 

4. The fluxion of .r’"y“ is 

5. The fluxion of x‘’‘y'‘z’ is 

6. Tlic fluxion of (.r -f- y) x {x — y) i.s 

7. The fluxion of 2ax^ is 

8. The fluxion of 2x^ is 

9. The fluxion of 3 jp^j/ is 

10. The fluxion of 4a:^^* is 

J 

11. The fluxion of'ax'^y — x^y^ is 

12. The fluxion of 4.r''‘ — x-y -f" is ^ 

13. The fluxion of ’i/x or x‘^ is 


V 
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14. The fluxion of X/ i '" or is 

1 1 11 . 

15. The fluxion of , --- or —or is 




.r 


16. The fluxion of x/x or is , 

17. Tiie fluxion of l/x or x^ is 

18. The fluxion of or x^ i# 

19. The fluxion of \/\'^ or x^ is 

20. The fluxion of Va" or is 

21. The fliixipn of y.r * or x'^ is 

22. The fluxion of -|- x^) or (rt- x")^ is 

23. Tlie fluxion of \/ [a^ — X') or (a® — x"^)^ is 


M 

24. The fluxion of \/'{2rx — xx) or (2?x — xx)^ is 

1 -I . 

or (a" — X-) IS 


25. The fluxion of 


26. The fluxion of (ax — xx)^ is 

27. The fluxion of 2.ry^rt® + x~ is 

28. 3’he fluxion of (a~ — is 

• _ I 

29. Tile fluxion of or (xz)^ is 


30. The fluxion of \^xz — zz or (xz — zz)'^ is 


31. The fluxion of — 


a v'x 


or 


ix"^ is 


32. The fluxion of 


ax^ 

(I ~j~ X 
a.’” 


IS 


33. The fluxion of-is 

34. The fluxion of ^ is 

• x->ry 

35. The fluxion of — is 

xx- 


X 


O! 
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36. The fluxion of-is 

a — X 

37. The fluxion of — 7 — is 

38. The fluxion -f- i.r -j- ca - + 

39. The fluxion of.V(« + "I” -f" 

40. The fluxion of is 


41. The fluxion of - 7 : is 

42. The fluxion of the hyp. log. of ax is 

43. The fluxion of the hyp. lOg. of 1 -f- x is 

44. The fluxion of the hyp. log. of 1 — a; is 

45. The fluxion of the hyp. log. of .r • is* 

46. The fluxion of the hyp. log. of \/z is 

47. The fluxion of the hyp. log. of .r"‘ is 

2 

48. The fluxion of the hyp. log. of — is 


49 , The fluxion of the hyp. log. of 

50. The fluxion of the hyp. log. of 


1 X . 

1 — X 


IS 


1 — X . 


1 + a; 


IS 


51. The fluxion of c' is 

52. The fluxion of 10' is * 

53. The fluxion of {a + is 
64. The fluxion of 100*^ is 

55. The fluxion of x’‘ is 

56. The fluxion of is 

57 . The fluxion of is 

58. The fluxion of {xi/)'^ is 

59 . Tlie fluxion of xy is 

60. The fluxion of xy^ is 

61. The second fluxion of xy is 

62. The second fluxion of xy, when x is c(|nstant, 

63. The second fluxion of a?” is 
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64. The third fluxion of when x is constant, is 

65. The third fluxion of is 


THE INVERSE METHOD,, OR THE FINDING 

OF FLUENTS. 

37. It has been observed, that a Fluent, or Flowing 
Quiintity, is the variable quantity which is considered as in¬ 
creasing o*r decreasing. Or, the fluent of a given fluxion, 
is such a quantfty, that its fluxion, found according to the 
foregoing rules, shall be the same as the fluxion given or 
jiroposed. 

38. It may further be observed, that Contenmorary 

Fluents, or Contemporary Fluxions, arc such as now to-^ 
gether, or for the same time.—When contemporary fluents 
arc always equal, or in any constant ratio; then also are 
their fluxions respectively either equal, or in that same 
constant ratio. That is, if x—y^ then is x—y\ or if 
X \ then is .v ; y :; w ; 1; or if x ny, then is 

X = 7?y. 

39. It is easy to find the fluxions to all the given forms of 
fluents; but, on t^je contrary, it is difficult to find the fluents 
of many given fluxions; and indeed there arc numberless 
cases in which this cannot at all be done, excepting by the 
quadrature and rectification of curve lines, or by logarithms, 
or by infinite series. For it is only in certain particular 
forms and cases that the fluents of given fluxions can be 
found; there being no method of performing this universally, 
a priori, by a direct investigation, like finding the fluxion 
of a given fluent quantity. We can only therefore lay down 
a few rules for such forms of fluxions as we know, from the 
direct metho^l, belong to such and such kinds of flowing 
quantities: and these rules, it is evident, musj chiefly consist 
in performing such operations as are the reverse of those by 
whicji the fluxions are found of given fluent quantities. The 
principal cases of which are as follow. 
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40. TofnA the Fluent of Simple Fluxion; or of that in 
xohivii there is no variable quantifj/, and onlp oneJliuvlmal 
quantity. 


Tills is done by barely substllutino; the variable or Howin.'? 
quantity instead ol its Huxioii; bellithe result or reverse ot 
the notation only.— 'Huis, 

The fluent of ax is uje. 


The fluent of ay 2y is ay + 'dy. 
The fluent -{- x- is v'rt® + 


4l. When any Power of a Jloxcin^'quantity is Multiplied by 
the Fluxion of the Foot: 


Then, having substituted, as before, tlie flawing quantity, 
for its fluxion, divide the result by the new iiuK-x of the 
power. Or, which is the same thing, take out, or divide by, 
the fluxion of the root; adtl 1 to the indix of the jiower; 
and divide by the index so increased, .Which is the re¬ 
verse of the 1st rule for finding fluxions. 

So if the fluxion proposed be - - il.Px. 

Leave out, or divide by, x^ then it is - iix"’; 
add 1 to tlie index, and it is - - 

divide by the index (>, and it is - - or '.r'’, 

wliich is the fluent of the proposed fluxion Sx-'x. 

In like manner. 

The fluent of 2axx is ax\ 

The fluent of Sx^x is a:'’. 

I _ 1 

The fluent of 4tx^'x is \x'^. 

The fluent of is 

5 _ Li. 

The fluent of az^^z is ® . 

The fluent of x^x + is -f- ^y ^* 

The fluent of x^^x is 

The fluent of is 

« 

The fluent of or is 
The flpent of ^ is 
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The fluent of (a + is 
The fluent of ^ is 

The fluent of («■’ -f- is 

The fluent of («" + is 

The fluent of (a" -f- y'Yyy is 

_ <ViV 

The fluent of- —~ is 

v/(a^+z*) 

X 

The fluent of —r-r is 

\/\a — x) 

\ 

42. JVhen the Root rindar a Vhicidum is a Compound 
Qmintity; and the Index of the part or factor Without 
the Vinculum^ increased by 1, is some Multiple of that 
Under the Vincidum: 

Put a single variable letter for the compound root; and 
substitute its power and fluxion instead of those of the same 
value, in the given quantity; so will it be reduced to a sim¬ 
pler form, tp which the preceding rule can then be applied. 

a 

Thus, if the given fluxion be y — (or x-fx^x, where 
S, the index of the quantity without the vinculum, increased 
by 1, making 4, which is just the double of 2, the exponent 
of x~ within the vinculum : therefore, putting js r= ^ 2 ^ 
thence x'^ z — a-, the fluxion of which is 2xx ~ k; hence 
then x^x = z:: — a^), and the given fluxion y, or 

x')^x^x, is rr — a^) or =: ~ and 

8 ^ s_ 

hence the fluent^ is — 

Or, by substituting the value of z instead of it, the same 
fluent is3(a'^-i-ar«)'3' x (or *) x (x" -|«*). 

In like manner for the following examples. 

To find the fluent of a,/ a + CX X x^x. 

To find the fluent of (a + cx)'*x^x. 

0 

To find the fluent of (« dx^x, 

czz 

To find the fluent of — r,-— or (a -J- zYczz. 
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To find the fluent of —- or (a + 


To find the fluent of —^ - or (a" + z")^z 

To find the fluent of f -or (a — ^a-. 


43. When there are several Terms, involving Txoo or rtwrc 
Variable Quantitwe, having the Fluxion of each Multi¬ 
plied by the other Quantity or Quantities. 


Take the fluent of each tcrin^ as if there were only one 
variable quantity in it, namely, that whose fluxion is con¬ 
tained in it, supposinfF all the others to be constant in that 
term; then, if the fluents of’all the terms, so found, be the 
very same quantity in all of them, that quantity will be the 
fluent of the whole. Which is the reverse of the 5th rule 
for finding fluxions: Thus, if the given fluxion be xy-F xy, 
then the fluent of xy is o-y, supposing y constant: and the 
fluent of xy is also jy, supposing x constant; therefore xy is 
the required fluent of the given fluxion xy -f- x^. 

In like manner. 


The fluent of xyz + xyz -f- ‘’vyz is xyz. 
The fluent of ^xyx -f- x^y is x^y. 


The fluent of ^xy^ -f- ^x^yy is 
The fluent of ——— or- -t is 


The fluent of 


y. y y. 

1 r 

9>axxy^ — ■\ax^y~'^y 9.axx 

y ^y 


ax'^y . 
71 -IS 

^y^'y 


44. When the given Fluxional Expression is in this Form 
xy-^xy 

- 5 —, namely, a fraction, including Two Quantities, 

y 

being the Fluxion of the former of them drawn into the 
latter, minus the Fluxion of the latter drawn into the 
former, and divided by the Square of the latter. 


X 


Then, the fluent is the fraction —, or the former quantity 

y 1 , 
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divided by the latter, by the reverse of rule 4, of finding 
fiuxions. That is. 

The fiuent of - is —. And, in like manner, 

y y 

— 9>x'yy . x~ 

The fluent of- ^ , — is —. 

U 

Though, indeed, the examples of this case may be per¬ 
formed by the foregoing one. Thus, the given fiuxion 

XU — xy X xy x 

-—;— reduces to- 


y 


or —» — ; of which, 

y ^ y ^ 

Sc X 

the fluent of—is —supposing constant; and 

y y • 

X 

the fluent*of — xyy-"^ is also xy~^ or ~, when a; is constant; 

X 

therefore, by that case, — is the fluent of the whole 

y 

xy—xy 

y" 

45. When the Fluxion of a Quantity is Divided by the 

Quantity itself: 

Then the fluent is equal to the hyperbolic logarithm of 
that quantity; or, which is the same thing, the fluent is 
equal to 2'30258509 multiplied by the common logarithm of 
the same quantity, by rule 6, for finding fluxions. 

X 

So, the fluent of — or x~^x, is the hyp. log. of x. 

X 


Ov 


The fluent of — is S x hyp. log. of x, or = hyp. log. xK 

X 

CLX 

The fluent of —, is « x hyp. log. x, or = hyp. log. of 

X 


The fluent of 


X 


fl-j-a:’ 


IS 


_ Qx^x , 
The fluent of —;—■, is 
a-\-x^ 


46. %Lany fluents may he found by the Direct Method thus: 
Take the fluxion again of the given fluxion, or the second 
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fluxion of tlie fluent souglit; into which substitute — for ie, 

X 

— for y, &c.; that is, make sc, x, x, as also y, y, y, &c. to 

be in continual proportion, or so that x \ x x \ x x, and 
y ' y ■ y \ y, &c.; then divide the square of the given 
fluxional expression by the second fluxion, just found, and 
the quotient will be the fluent required in many cases. 


Or the same rale ma^ be otherwise delivered thus: 

f 

In the given fluxion f, write x for x, y fory, &c. and call 
the result g, taking also the fluxion ol‘ this quantity, g ; then 
make g : f : : g : v ; so shall the fourth proportional f be 
the fluent sought, in many cases. • 

It may be proved if this be tlie true fluent, by taking the 
fluxion of it again, which if it agree with tlie pro[)oscd 
fluxion, w ill show tliat the fluent is right; otherwise, it is 
wrong. 


EXAMPLES. 


Exam. 1. Let it be required to find the fluent of wjt" i:v. 

Hero F = nx''^~^x. Write x for x, then na^'^^x or nx*— c; 

the fluxion of this is g =: 7t^x "~^x ; therefore g : f :: g : f , 
becomes nyx"~^x : ux“~^x : : fix” : x” — f, the fluent sought. 

Exam. 2. To find the fluent of -|- xy. 

Here f zz xi/ -j- xy ; then writing x for x, and y for y, 
-it is xy + xy or 2jy = g ; hence g ~ 2xy + ; then 

G : F : : G : f, becomes 2xy-j-2xy : xy-j-xy : : 9,xy : xy = f, 
the fluent sought. 

47. Tojind Fluents hy means of a Table of Forms of 
Fluxions and Fluents. 

In the following Table are contained the most usual forms 
of fluxions th*at occur jn the practical solution of problems, 
with their corresponding fluents set opposite to them; by 
means of which,-namely, by comparing any proposed fluxion 
with the corresponding form in the table, the fluent of it will 
be found. 




Forms. 


FOEMS OF FLUXIONS AND FLUENTS. 



Fluxions. 


Fluents. 



\mna x’ 


'(a ± 




(rt + x")'"+‘ 


4 (" 


[(iaijx -\-nxy) x 
5 ! ,mx , ny ^ 

!“'•(-+“Kr 


ih.k'"~ ' xif'z’' -\-nx’"y'^~'yz'’ -\-rx"‘p'‘z‘~^ z, 
or{mxiyz nxyz -j- rxyk) x"^~^y‘'~^z‘ 
mx ny , rz 


mna ' (a±a:”)" 





— or x~^x 

X 


log. of X 


x'’~^x 
« + a;" 


+—log. of a ± x"' 


\a i; a;" 


- loff. of — 



a x” 


1 

—- log. ot-, 

Ua/u ^ V ' a — 



V{ ± « + x'‘) 


—log.of v'Cia+iK”) 
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Forms. 

Fluiions. 

Fluents. 

13 

xn—1 
.r* X 

\/{a — x“) 

2 . a?" 

— X arc to sin. — , or 

n a 

1 2ir" 

— X arc to vers. — 

n a 

14 

15 

a;~^x 

1 Ito of 

^/[a±x") 

n ^/a V'a-j- V {a±x”) 

x~^x 

— «+ 

1 

2 af^ 

, X arc to sQcant V , or 
n\/a a 

1 . 2fl — jr“ ‘ 

- X arc to cosin. - 

n a .r" 

16 

Xsjdx - 

g circ. seg. to diam. d and vers, x 

17 

9.x \/{p?’— X'^') 

circ. zone, rad. c, and height from centre x. 

18 

19 

1 

C^^X 

c" 

n log. c 

xflog.y + x7/-^y 

f 

1 

J^x\^(l'X± a) 

x'^{ibx±(,)V{l>x±a) 0 ® 1 1 

■" « „^j+Iog.j + 

21 

x^ii^{a—bx) 

a)v^(a—/w) fl’ , bx 

+ -— ——— + ——— X arc. tang, v-— 

4b 4b\^b a—bx 

X's/{bx ± a) 

+ )^‘^(bx±a)±-—y, log. 1 i^bx + ../{bx ± o) | 

f 

22 

.4 


























FORMS OF FLUXIONS AND FLUENTS. 


317 


Fluxions. 

Fluents. 

xV(a ± ftar®) 

X 

= + ^(a ± fti®) — 0 X log. ^-i 

X 

■i^ibx'f — a) 

X 

D fti®— a 

=■ + j\/(bx* ^d) — a X arc. tang. */ - 

X 

2 ft + 2cx 

a + fta‘ + Cl* 

'v/(4rtc—ft*) /v/(4ac—6®)' 


«+ h.r—cx^ 


+ tj' + fj’’) 


|x(a + 6a;—fo.®) 


I i.r 
' a + fci + cx'^ 


2 a/(4«c+ ft®) —(6—2ca:) 

—7^- X loff. —-^-. 

'J (4af + ft®) •/{a + ftx— ra;®) 


1 , ^{a+hx+cx^) 

— — X log. -. 

a X 

h b + 2cx 

- 7 -, -\ ^ arc. tan. —-- 

^ aA/(4«c—ft®) ^(4ac—6®) 


■ 1 , V(a + bx — cx^) 

- X log. ----. 

a X 

h '\/(4ac+ft®) —(ft —2fx) 

^ a'i/(4ac+ft®) yy/(^a+ bx—cx^) 


^ -j-~ X log. (a+fta’ + ca;®) 

~ 1 ft ft + 2rx 

I- : -r-v X arc. tan. —r— --rr. 

1. CA/(4ac—ft®) 'v/(4«c—ft ) 


(2rx + ft) -s /(a + bx + cj?®) 4ac —ft® 

' 4c ‘ BcV'c ^ 

Jog- {2ra?+ft + 2c^^(a + ftar + ra?®) j. 


gg iA/(o +ft* —cx®) = 


, (2cx-h)\/(a + bx-cx^) , 4ac+ft®^ 
4 *“ 8cVc 


arc. tan. 


2fx—ft 


2c^ v'(<a + bx —rx*) 


+ BT).r 
a+ ftA' + ca?® 
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Fluxions. 

Fluents. 

a + bjc — c.i* ' 

^ b.v~cx-‘) 

, 2ca + ?)H , (/)—2r.r) 

T —;-r- ^ ^- - —^:—. 

' 

5 i . 

^ 1 ^ 

-j—)c log. \ icx + b H- 2c 

’ + hx + cx*) 

* ++ 1 ■ 

X 

1 2(\r—b 

^ v'(a + t.c—ci*) 

^ 2c* \\a + hr ~ r.i'®) 

). _ = - 

-—X loti. ^ ‘2n + li.i + 2«'^^(r(+ /’.!'+cj'*) ^ 

1 v(«+ fcr + ex®) 

{ ,, M 

" =4 

.lV(- + + ' 

1 2n"V'( — 0 +h-r + r.i'^) 

‘2a.—hx 


Note, The logarithms, in tlie above forms, arc tlie hyper¬ 
bolic ones, which are found by multiply in*;’ the common 
logarithms by 2’30!io85()9"f994. And the arcs, whose sine, 
or tangent, &c. are mentioned, have the radius 1. ainJ are 
those m the common tables of sines, tangents, and secants. 
Also, the numbers w,&c, are to be some real (quantities, 
as the forms fail when m =: 0, or n — 0, &c. 

The Use of the Foregoing Table of Forms f Fluxions and 

Fluents. 

48. In using the foregoing table, it is to be observed, that 
the first column serves only to show the number of the form; 
in the second column are the several forms of fluxions, which 
are of different kinds or classes; and in the third or last 
column, are the corresponding fluents. 

The method of using the table, is this. Having any 
fluxion given, to find its fluent: First, Compare the given 
fluxion with the several forms of fluxions in the second co¬ 
lumn of the table, till one of the forms be found that agrees 
with it; which is done by comparing the terms of the given 
fluxion with the like parts of the tabular fluxion, namely, 
the radical quantity of the one, with that of the other; and 
the exponents of the variable quantities of each, both within 
and without the vinculum; all which, being found to agree 
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or correspond, will give the particular values of the general 
quantities in the tabular form: then substitute these par¬ 
ticular values in the general or tabular form of the fluent, 
and the result will be the particular fluent of the given 
fluxion; after it is multiplied by any co-efficient the proposed 
fluxion may have. 

EXAMPLES. , 

5 

Exam. 1 . To find the fluent of the fluxion 
Tills is found to agree with the first form. And, by com¬ 
paring the fluxions, it ajipears th;^ x — x, and to — 1 = -§-» 
or zi -|L; which being substituted in the tabular fluent, or 

1 . . V . I 

- x", gives, after multiplying by 3 the co-efficient, 3 X 

8 

or foi’ the fluent sought. 

Exa:u. To fi ntf the fluent of Sx'x /<?•'’ —.r', or5x^x(c^ — x^y^. 

This fluxion, it appears, belongs to the f^d tabular form: 
for a z=: c^, and — x" — — x^, and to = 3 under the vincu¬ 
lum, also 7 a — 1 = or m — I, and the exponent of 
without the vinculum, by using 3 for to, is to — 1 ~ 2 , 
which agrees with x® in the given fluxion: so that all the 
parts of the form are found to correspond. Then substituting 

these values into the eeneral fluent,- (a — x'')’K 

^ ’ mn^ '’ 

3 3 

it becomes — t x I- (c^ — x^y — — (c^ ~~ x^)^. 

X 

Exam. 3. To find the fluent of,—;—r. 

1 - 1 - 

• - • 

This is found to agree with the 8 th form; where - - - 

+ a" = -}- in the denominator, or to — 3 ; and die nume¬ 
rator then becomes a*®, which agrees with the numerator 
in the given fliAion; also a — Hence then, by swbsti- 

tuting in the general or tabular fluent, log. of a -}- x”, 

Th 

it becomes ^ log. 1 -f- 

Exam. 4. To find the fluent of ax^x. 

Exam. 5. To find the fluent of 2(10 

® 'G/X 

Exam. 6 . To find the fluent of 7 —;— -A- 

• ■y'lZ^ 

Exam. 7. To find the fluent of 7 - 

{a-^xy 
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Exam. 8 . T!’o find the fluent of - —^;r. 

or 

Exam. 9. To find the fluent of 
Exam. 10. To find the fluent of 

r y 

X it 

Exam. 11. To find the fluent of (- 

Sx s 

Exam. 12. To find the^ fluent of — or— ar’^x. 

ax a 


Exam. 13. To find the fluent of 


3 —2a?’ 


Exam. 14. To find the fluent of 77 -—— or 

2x >— z* 2 ^ X 


22~^X 


Exam. 15. To find the fluent of- ^ -gOry^^^—y— 


Exam. 16. To find the fluent of; 


Exam, 17. To find the fluent of 


. ax^x 
o_ r'' 

/w X 


Exam. 18. To find the fluent of 


Exam. 19. To find the fluent of 


Exam. 20. To find the fluent of 


Exam. 21. To find the fluent of 


Exam. 22. To find the fluent of 


l-fa:"’ 

3 

, ax^x 
2+a:*’ 

. Sxx 

ax 

— - » 

- 4 

3rje 
VI- X* 


Exam. 23. To find the fluent of 


Exam. 24. To find the fluent of 


V 4— x^ 
. 2x-^x 

V 1 — ar® 


Exam. 25. To find the fluent of 
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Exam. 26. To find the fiuent of _ 

^ CLX 

Exam. 27. To find the fiuent of - 

V(j?‘ — ajr)® 

Exam, 28. To find the fiuent of 9.x ^/%ic — a®. 

Exam. 29. To find the fiuent of a^%. 

Exam. 30. To find the fiuent of 3a**;r, 

Exam. 31. To find the fluent of Sz'jf lo^. z -f- Sx^f^’as. 
Exam. 32. To find the fiuent of (1 + •*’^) ' 

Exam. 83. To find the fluent of (2 + 

Exam. 34. To find the fluent of x^x ^/(o* + 


To find Fluents hy Infinite Series. 

49. When a given fluxion, whose fluent is required, is so 
complex, that it cannot be made to agree with any of the 
forms in the foregoing table of cases, nor made out from the 
general rules before given; recourse may then be had to the 
method of infinite series; which is thus performed: 

Expand the radical or fraction, in the given fluxion, into 
an infinite series of simple terms, by the methods given for 
that purpose in books of algebra; viz. either by division or 
extraction of roots, or by the binomial theorem, 8ec. ; and 
multiply every term by the fluxional letter, and by such 
simple variable factor as the given fluxional expression may' 
contain. Then take the fluent of each term separately, bj 
the foregoing rules, connecting them all together by their 
proper signs; and the series will be the fluent soi^^t, after 
It is ntultiplied by any constant factor or co-efficient which 
may be contained in the given fluxional expression. 

50. It is to be noted, however, that the quantities must 
be so arranged, as that the series produced may be a con¬ 
verging one, rather than diverging: and this is effected by 
placing the greater terms foremost in the given fluxion. 
When these are known or constant quantities, the infinite 
series will be an ascending one; that is, the powers of the 
variable quantity will ascend or inci'ease; but if the variable 
quantity be set foremost, the infinite series produced will be 
a desceftding one, or the powers of' that quantity will de¬ 
crease always more and more in the succeeding terms, or in¬ 
crease in the denomin£U;ors of them, which is toe same thing. 
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For example, to find the fluent of ^ ^ ^ , y • 

Here, by dividing the numerator by the denominator, the 
irop<Med fluxion becomes x — 2xx -f- Sx^x — ” 

:c.; then the fluents of all the terms being taken, give 
jp — 31.2 _j_ ^3 __ 5^ _ gjc. for the fluent sought. 

Again, to And the fluent of *■ \/l — 

Here, by extracting the root, or expanding the radical 

quantity the given fluxion becomes _ - - - 

X — ^x^x — ^*x — Then the fluents of all 

the terms, being taken, pve s — T4,ir’’*-&c. 

for the fluent sought. 

OTHER EXAMPLES. 

Exam. 1. To find the fluent of- both in an asccnd- 

a — X 

ing and descending series. 


Exam. 2. To find the fluent of 
Exam. 8. To find the fluent of 
Exam. 4*. To find the fluent of 


bx 


in both series. 


Exam. 5. Given x = 


bx 


+ 


a X 
^x 
(a -f- xf' 

1 - + ^x * . 

1 -{-X — a?® 

to find z. 


Exam. 6. Given k =z ^ x to find z. 

a X 


_ a* -f- ‘*'® 

a X 

Exam. 7. Given x ~ Sx ^/a x, to find z, 
!Ek^AM. 8. Given % zz%x -f- x*, to find z. 

Exam. 9. Given * r: — a?*, to find «. 


Exam. 10. Given k — 


box 


=r, to find z. 


Exam. 11. Given « = 9>xl/a^ — a:®, to find z. 


Qax 


to find z. 


■ Exam. 1^. Given >% =: 

-v/OX — XX 

Exam. 18. Given » = -f- a?* -4“ ■ 

Exam. 14. Given knbx V.ax — xx, to find z. 
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For more on the finding of fiuents, the student may con¬ 
sult the chapter on that subject in the third volume. 

To Correct the Fluent qfany Given Fluxion. 

51. The fluxion found from a given fluent is always 
perfect and complete; but the fluent found from a given 
fluxion is not always so; as it often wants a correction, to 
make it contemporaneous with that reqftired by the problem 
under consideration, &c.: for, the fluent of any given fluxion, 
as X may be either at, which is found by the rule, or it may 
be X -y Cf ov X — Cf that is x plus or minus some constant 
quantity c; because both x and x ± ehave the same fluxion x, 
and the finding of the cohstant quantity c, to be added Or 
subtracted with the fluent as found by the foregoing rulesj,^ 
is called correcting the fluent* 

Now this correction is to be determined from the nature 
of the probfem in^hand, by which we come to know the re¬ 
lation which the fluent quantities have to each other at some 
certain point or time. Kcduce, therefore, the general fluen- 
tial equation, supposed to be found by the foregoing rules, 
to that point or time; then if the equation be true, it is 
correct; but if not, it wants a correction; and the quantity 
of the correction, is the difference between the two general 
sides of the equation when reduced to that particular point. 
Hence the general rule for the correction is this: 

Connect the constant, but indeterminate, quantity c, with 
one side of the fluential equation, as determined by the fore¬ 
going rules; then, in this equation, substitute for the variable 
quantities, such values as they are known to have at any 
particular state, place, or time; and then, from that par¬ 
ticular state of the Ajuation, find the value of c, the constant 
quantity of the correction. 

EXAMPLES. 

52. Exam. 1. To find the correct fluent of * = ax^x. 

The general fluent is = ax^, or 2 = -}- c, taking in 

the correction c. 

Now, if it be known that z and x begin together, or that 
s; is =: 0, when x =i 0; then writing 0 for bo^ x and the 
general equation becomes 0 = 0 c, or =: c; so that, the 
value of c being 0, the correct flu^ts are z 9t 

But if » be = 0, when x is = 5, any known quantity; 
then substituting 0 for and b for x, in the general equa¬ 
tion, it becomes 0 3c ab* -|- c, and hence we find c = — ab*; 
which being written for c in general fluential equation, 
it becomes z = ax* ab*, &r the correct fluents. 

Y 2 
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Or, if it be known that ;2 is = some (quantity d, when x 
is = some other quantity as b\ then substituting d for 2 , and 
h for a*, in the general fluential equation x =: ax* -|~ c, it 
becomes d = 06 * -j- c; and hence is deduced the value of 
the correction, namely, c — d — ah *'; consequently, writing 
this value for c in the general equation, it becomes - - - 
2 = ax*^ — ab* d, /or the correct equation of the fluents 
in this case. 

53. And hence arises another easy and* general way of 
correcting the>fluents, which is this: In the general equation 
of the fluents, write the particular values of the quantities 
which they are known to have at any certain time or po¬ 
sition; then subtract the sides of the resulting particular 
equation from the corresponding sides of the general one, 
and the remainders W'ill give**the correct equation of the 
fluents sought 

So, the general equation being 2 = ax**', 
write d for 2 , and b for x, then d =: ab *; 
hence, by subtraction, - z — J = ax* — ah*, 
or 2 = aa!* — ub* -}- d, the correct fluents as before. 

!Exam. 2 . To find the correct fluents of i =: 5xx', z being 
= 0 when a? is = a. 


Exam. 3. To find the correct fluents of « = 3x \/a -|- x\ 
2 and X being zz 0 at the same time. 


Exam. 4. To find the correct fluent of « = 




a + i’ "“P- 

posing z and x to begin to flow together, or to be each 
= 0 at the same time. 

* gjj 

Exam. 5. To find the correct fluents of i =-; sup- 

posing z and x to begin together. 


OF MAXIMA AND MINIMA; OR, THE GREAT- 
. EST AND LEAST MAGNITUDE OF VARIABLE 
OR FLOWING QUANTITIES. 

• ^ 

54. Maximum, denotes the greatest state or quantity 
attainable in any given case, or the greatest value of a va¬ 
riable quantity s by which 4^ stands opposed to Minimum, 
which IS the least possible quantity in any case. 
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Thus, the expression or sum a® ba:, evidently increases 
as 37, or the term bx, increases; therefore the mven expres-. 
sion will be the greatest, or a maximum, when x is the 
greatest, or infinite: and the same expression will be a mini¬ 
mum, or the least, when x is the least, or nothing. 

Again, in tfie algebraic expression a* — bxy where a and b 
denote constant or invariable quantifies, and x a flowing 
or variable one, it is evident that the value of this re¬ 
mainder or difFdHence, at® — bx, will increase, as the term bx, 
or as Xy decreases; therefore the former will be the greatest, 
when the latter is the smallest; that is, a® — bx\s st maxi¬ 
mum, when is the leasts or nothing at all; and the difier- 
ence is the least, when x is the greatest. 

55. Some variable quantifies increase continually; and so 
have no maximum, but what is infinite. Others again de¬ 
crease contfnually ; and so have no minimum, but what is of 
no magnitude, of nothing. But, on the other hand, some 
variable quantities increase only to a certain finite magnitude, 
called their Maxiinum, or greatest state, and after that they 
decrease again. While others decrease to a certain finite 
magnitude, called their Minimum, or least state, and after¬ 
wards increase again. And lastly, some quantities have 
several maxima and minima. 


c 

/] 


F 
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A 
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Thus, for example, the ordinate bc of the parabola, or 
such-like curve, flowing along the axis ab from the vertex a, 
continually increases, and has no limit or maximum. And 
the ordinate gf of the curve efh, flowing from E towards 
H, continually decreases to nothing when it arrives at the 
point H. But in the circle ilm, the ordinate only increa^s 
to a certain magnitude, namely, the radius, when it arrives 
at the middle as at kl, which is its maximum; and after 
that it decreases again to nothing, at the point m. And in 
the curve noq, the ordinate decreases only to the position 
OP, where it is least, or a minimum; and*after that it con¬ 
tinually increases towards a. But in,the curvfe Rsu, &c, the 
ordina|es have several maxima, as st, wx, and several mi¬ 
nima, as vp, Yz, &c. 

56. Now, because the fluxion of a variable quantity, is the 
rate of its increase or decrease ; and because the maxinnim 
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or zniiumum a quantity neither increases nor decreases, at 
those points or states; therefore such maximum or minimum 
has no fluxion, or the fluxion is then equal to nothing. 
From which we have the following rule. 

To find the Maximum or Minimttm, 

57. From the natiSre of the question or problem, find an 
algebraical expression for the value, or geqfral state, of the 
quantity whose maximum or minimum is required; then 
take the fluxion of that expression, and put it equal to no¬ 
thing; from which equabon, by dividing by, or leaving out, 
the fluxional letter and other cothmon quantities, and per¬ 
forming other proper reductions, as in common algebra, the 
value of the unknown quantity .will be obtmned, determining 
the point of the maximum or minimum. , 

So, if it be required to find the maxipium state of the 
compound expiression IOOj? — + c, or the value of x 

when lOOx — 5x^ + c is a maximum. The fluxion of 
this expression is lOOi* — lOri; which being made = 0, 
and divided by lOAf, the equation is 10 — jt = 0 ; and hence 
X = 10. That is, the value of a: is 10, when the expression 
IOOjt — 5a?® ± c is the greatest. As is easily tried: for if 10 
be substituted for x in that expression, it becomes + c-^500: 
but if, for a?, there be substituted any other number, whether 
greater or less than 10, that expression will always be found 
to be less than ± c -f- 500, which is therefore its greatest 
possible value, or its maximum. 

68. It is evident, that if a maximum or nflnimum be any 
way compounded with, or operated on, by a given constant 
quantity, the result will still be a maximum or minimum. 
That is, if a maximum or minimum he increased^ or de- 
creased, or multiplied, or divided, by a given quantity, or 
any given power or root of it hg taken; the result wifi still 
be a maximum or minimum. Thus, if a: be a maximum or 

tr 

minimum, then also is xa, or x — a, or ax, or ~, orx^, 

Ch 

or %/x, still a maximum or nunimum. Also, the logarithm 
^ the same will be a maximum or a mmimum* And there¬ 
fore, if any proposed maximum or minimum can he made 
simpler by p&rjormingany of these operations, it is better to 
do 50, belore the expr^on is put into fluxions. ^ 

60. When the expression for a maximum or minimum 
contaiinriieveiill variable letters or quantities; take the fluxion 
of it as ofiben as there are variable letter; supposing first one 



VLVMOm. 


of them onl}^ to flow, and the rest to be constant; the^ ao« 
other only to flow, and the rest constant; and so on fW 
of them: then putting each of these fluxions =: 0, there will 
be as many equations as unknown letters, from which these 
may be all determined. For the fluxion of the expressdon 
must be equal to nothing in each of these cases; otherwise 
the expression might become greater or less, without alter¬ 
ing the values of the other letters, lAich are considered as 
constant. 

So, if it be required to find the values of x and when 
4>x* — ry -4- is a minimum. Then we have. 

First, - — XI/ ^0, and or ^ = 0, or jy = Sa?. 

Secondly, 2y — 0^ and 2 — x zz 0, or x zz 2. 

And hence or 8r r: 16. 

• 

60. To find whether a proposed quantity admits of a Maxi- 
• mum or a Minimum* 

Every algebraic expression does not admit of a maxitnum 
or minimum, properly so called; for it may either increase 
continually to infinity, or decrease continually to nothing; 
and in both these cases there is neither a proper maximum 
nor minimum ; for the true maximum is that finite value to 
which an expression increases, and after which it decreases 
again: and the minimum is that finite value to which the 
expression decreases, and after that it increases again. There¬ 
fore, when the expression admits of a maximum, its fluxion 
is positive before the point, and negative after it; but when 
it admits of Ajj^inimum, its fluxion is negative before, and 
positive after M Hence then, taking the fluxion of the ex¬ 
pression a little before the fluxion is equal to nothing, and 
again a little after the same ; if the former fluxion be posi¬ 
tive, and the latter negative, the middle state is a maximum; 
but if the former fluxion be negative, and the latter positive, 
the middle state is a minimum. 

So, if we would find the quantity ax — a maximum or 
minimum; make its fluxion equal to nothing, that is, •* - 
ax — 2xx = 0, or (a — 2x)x zz 0; dividing by x, gives 
a-'2xzzQ,or X zzia&t that state. Now, if in the fluxion 
(a — 2x)x, the value of x be taken rather less than its ttue 
value, that fluxion will evidently be wsitive; but if be 
taken somewhat greater than \;a t/ie vmue bf a — 2x, and 
consequently of the fluxion,'is as evidently negative. There¬ 
fore, the fluxion of cm? — being positive before, and nega¬ 
tive after the state when its fluxion is zz 0, it follows that at 
this state the expression is not a minimum, but a maxunum. 
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Again, taking the expression its fluxion — 

94ixx zz (3x— 2a)xjf zz 0; this divided by xx gives 3a: — 2a =: 0, 
and X zz yU, its true value when the fluxion of — ax^ is 
equal to nothing. But now to know whether the given ex- 

} )ression be a maximum or a minimum at that dme, take x a 
ittle less than yO in the value of the fluxion (3x — 2a) xx^ 
and this will evidently be negative; and agmn, taking x a 
little more than ya, tlfe value of 3* — 2a, or of the fluxion, 
is as evidently positive. Therefore the fluxion of -r^ — ax^ 
being negative before that fluxion is = 0, and positive after 
it, it follows that in this state the quantity — ax^ admits 
of a minimum, but not o/a maximum. 


SOME EXAMPLES FOR PRACTICE. 


Exam. 1. Of all triangles, acb, constructed cm the same 
base AB, and having the same perimeter, to determine that 
whose area or surface is the greatest. 

Let p denote the semiperimeter, b the base ab, x the side 
AC, then BC will zz 9,p — h x. Therefore putting s for 
the surface, we have by rule 3 for the area of triangles 
(pa. 31.) 

— p {p — h) {p — x) [b-\- X — p). 

Expressing this equation logarithmically, we have, 2 log. 
s zz log. p + log. {p — b)-\- log. {p’-x) + log. {b-{-x —p) 
which (art. 58) is to be a max. or when put into fluxions 
equal to zero or nothing. 


Hence 


— X 




s 'p—x^ b-^x—p^ 

or, dividing by 2jr, and multiplying by*s, ' 

S _ s ( 1_L^_ 0 

X 9.\b-\-x — p p — x)~' 


Now, here it is evident, since s must-be a max. that— can- 
not =: 0; consequently the second factor must: that is, 

^ P =P - 

Therefore, 2/» — 5 — or = x, or ac = bc ; thal is, the trian¬ 
gle must be isosedes. 

Cor. Hence it follows that of all isoperimetrical triangles, 
the one which has the greatest surface is equilateral. A 
truth, indeed, which may be readily shown by a direct in- 
vesd^tion, . 
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Exam. 2. Amongst all paralleiopipedons of j^ven magnU 
tude, whose planes are respectively perpendicular to one 
another, to determine that which has the least surface. 

Let x, y, and z, be the measures of the three edges of the 
required parallelopipedon. Then, since the magnitude is 
given, 

we have xyz — «» a giveg magnitude; 
and 2xy -f- Sxa:-j- 2yz = a minimum. 

Here, substituting for s, and dividing by 2, there results 




mm. 


a a 

oTf u zz ncy ^ -j-== a min. 

y ^ 

Therefore, adopting the jJrinciple of art. 59, 


and -^ = a; - -4 = 0 


must both obtain. 


a /«V y"^ 

Hence, V = -- zz a -^ [ — ] =z a . ^ -—. 

’ ^ \y^/ cr a 



and thus it appears that the required 
parallelopip^on is a cube. 


Exam. 3 Divide a given arc a into two such parts, that 
the TOth power o^the sine of one part, multiplied into the nth 
power of the sine of the other part, shall be a maximum. 

Let X and y be the parts: then a’ 4"^ = a, and sin.”‘4: x 
sin."^ = a max. 

In logs, m log. sin. a: + ^ log* y 


Hence, (art. 58) 


mx cos. X 
sin. X 


+ 


ny cos. y 
sin.^ 


= 0 . 


^ mx cos. X nx cos. y „ 

Buty = — i .-=- - = 0. 

sin, a; sm.^ 

Hence m cot. x zzn cot. y, or m tan. y zzn tan. Xy 

m tan. x .m-]- n tan. x + tan. sin. {x 
— —-... and-“---^ “ ---— 


n 


, tan.^ m — n tan. x — tan.y sin. (x — y) 

(See eqaa. 9 and 10, p. 18). 

Hence x and y berome known; and the same principle is 
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evidently applicable to three or more arcs, making together 
a ^ven arc. 

Exam. 4. To find the longest straight pole that can be 
put up a chimney, whose height rm = fl, from the floor to 
the mantel, and depth mn = from front to back, are 
pven. 

Here the longest poll, that can be put up the chimney is, 
in fact, the shortest line pmo, which can be arawn through m, 
and terminated by ba and bc. 

Let X == sine ) n 

* J-OI OPB, 
y = COS. j ’ 

X : MR (= 0 ) :: 1: ~ r: PM ,C 

x 


y : MN (=6) :: 1 : — = Mo 
a . b 

-— == a mm. 

X y 

ax by 

In flux.- T - r = 0. 



But a:® 4“^^ = 1> 

. XX 

and — y = —• 

y 

Substituting this for y above, it becomes 

ax bxx 

' y^ “* ’ 
bx^ = ay^ 


y “ 6’ 

X a 

— = tan. p = V-F 
y b 


Fo = a cosec p -|- 6 sec 


. p =; 1 + -^ + h \/1 H 


. Exam. 5. To divide a line, or any other given quantity a, 
into two parts, go that their rectangle or prcmuct may be the 
greatest possible. ‘ 

Exam. 6 . To divide the given quantity a into two^ parts 
such, that the product of the m power of one, by the n 
power of the other, may be a maximum. 
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Exam. 7. To divide the given quantity a into three parts 
such, that*the (X)ntinual product of them all may lie a 
maximum. 


Exam. 8 . To divide the eiven quantity a into three parts 
such, that the continual product of the 1st, the square of the 
2d, and the cube of the 3d, may be a maximum. 

Exam. 9- To determine a fraction such, that the differ¬ 
ence between its m power and n power shall be the greatest 
possible. 

Exam. 10. To divide the number 80 into two such parts, 
X and y, that -j- xy -|- may be a minimum. 

Exam. 11. To find the greatest rectangle that can be in¬ 
scribed in a given right-in^ed triangle. 

Exam. 12. ^To find the greatest rectangle that can be in¬ 
scribed in'the quadrant of a given circle. 


Exam. 13. To find the least right-angled triangle that can 
circumscribe the quadrant of a given circle. 

Exam. 14. To find the greatest rectangle inscribed in, 
and the least isosceles triangle circumscribed about, a given 
semi-ellipse. 

Exam. 15. To determine the same for a given parabola. 


Exam. 16. To determine the same for a given hyperbola. 

Exam. 17. To inscribe the greatest cylinder in a given 
cone; or to cut the greatest cylinder out of a given cone. 

Exam. 18. To determine the dimensions of a rectangular 
cistern, capable of containing a given quantity a of water, so 
as to be lined with lead at the least possible expense. 

Exam. 19- Required the dimensions of a cylindrical tan¬ 
kard, to hold one quart of ale measure, that can be made of 
the least possible quantity of silver, of a given thickness. 

Exam. 20 . To cut the greatest parabola from a given 
cone. 


Exam. 21. To cut the greatest ellipse from a given cone. 
Exam. 22. To find the value of x when V is a minimum. 

f 

For various examples of the maxima and minima of me¬ 
chanical quantities, see vol. hi. 
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THE METHOD OF TANGENTS; OR OF 
DRAWING TANGENTS TO CURVES. 

61. The Method of Tangents, is a method of determining 
the quantity of the tangent and subtan^nt of any algebraic 
curve; the equation of tl;^ curve being given. Or, vice versa, 
the nature of the curve, from the tangent given. 

If AE be any curve, and e be any 
point in it, to which it is required 
to draw a tangent te. Draw the 
ordinate ed: then if we can deter-' 
mine the subtangent td, limited be¬ 
tween the ordinate and tangent,, in 
the axis produced, by joining the 
points T, E, the line te will be the 
tangent sought. 

62. Let dae be another ordinate, indefinitely near to de, 
meeting the curve, or tangent produced in e ; and let Ea be 
parallel to the axis ad. Then is the elementary triangle Eea 
similar to the triangle tde ; and 

therefore - ea : aE : : ed : dt. 

But - - ea : aE :: fiux. ed : flux. ad. 

Therefore - flux, ed : flux, ad :: de : dt. 

yx 

That is, - j : X ^ : '~T- — DT; 

which is therefore the general value of the subtangent sought; 
where x is the absciss ad, and y the ordinate de. 

Hence we have this general rule. 

GENERAL RULE. 

63. By means of the given equation of the curve, when 
put into fluxions, find the value of either x or y, or of — 

y 

which value substitute for it in the expression dt = 

I''' 

and, when reduced to its simplest terms, it will be the value 
of the subtangeift sought 

EXAMPLES. '* 

/ 

Exam. 1. Let the proposed curve be that which is defined, 
or expressed, by the equation oa;* ay* — 
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Here the fluxion of the equation of the curve is 

2axx “h “■ ®» then, by transposition, 

9mxx — ^lyy', and hence, by diviraon, 

X 3y* — ^xy , yx 3w® — 

J= i consequently - 

which is the value of the subtangent td sought. 


Exam. S. To draw a tangent lo*a circle; the equation of 
which is ax — = y*; where x is the absciss, y the oridi- 

nate, and a the diameter. 


Exam. 3. To draw a tangen# to a parabola; its equation 
being 'pxzz.y^\ where*p denotes the parameter of the axis. 

Exam. 4. To draw a tangent to an ellipse; its equation 
being c\ax — x^) — ; where a and c are the two axes. 

Ex4j^. .5. To draw a tangent to an hyperbola; its equa¬ 
tion being + jr®) r= where a and c are the two 

axes. 


Exam. 6. To draw a tangent to the hyperbola referred to 
the asymptote as an axis; its equation being xy =r o®; where 
ay denotes the rectangle of the absciss and ordinate answer¬ 
ing to the vertex of the curve. 

O 

By slight and obvious extensions of the same principles, 
tangents may be drawn to spirals, and asymptotes may be 
drawn to such curves as admit of them. 


OF RECTIFICATIONS; OR, TO FIND THE 
LENGTHS OF CURVE LINES. 

64. Rectification, is the finding the length of a curve 
line, or finding a right line equal to a proposed curve. 

By art. 10 it appears, that the 
elementary triangle formed by 

the increments of the absciss, ordinate, 
and curve, is a right-angled triangle, 
of which the increment of the curve is 
the hypothenuse; and therefore the 
square of the latter is equal to the-sum 
ot the squares of the two former j that is,*Ee® =: Ec® -f; 

Or^ substituting, for the increments, their proportional 
fluxions, it is = xx -f yy, or « = where z de¬ 

notes any curve line ae, j;* its absciss AJ)> and its ordinate 
DE. Hence this rule. 
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65. From the given equation of’the curve put into 
fluxions, And the value of or^^, which v^ue substitute 
instead of it in the equation * = then the fluents, 

being taken, will give the value of or the length of the 
curve, in terms of the abfjpiss or ordinate. 


EXAMPLES. 


Exam. 1. To find the length of the arc of a circle, in 
terms both of the sine, versed sine, tnqgent, and secant. 

The equation of the circle may be expressed in terms of 
the radius, and either the sine, or the versed sine, or tangent, 
pr secant, &c. of an arc. Let therefore the radiujs of the 
circle be ca or ce = r, the versed sine ad (of the arc ae) rr .r, 
the right sine de = j/, the tangent t e = and the secant 
CT zz s; then, by the nature of the circle, there arise these 
equations, viz. 

gt _ 

Then, by means of the fluxions of these equations, with 

the general fluxional equation x^-=z x" are obtained the 

following fluxional forms, for the fluxion of the curve; the 

fluent of any one of which will be the curve itself; viz. 

• • 

. _ __ ry _ ^ 

* /v/2nr ■— XX v'r* — ^ ^g*- __ r" 

t 


* These formul® are, obviously, analogous to those given in 
art- 30, p. 303, and are so many forms of fluxions whose fluents 
become known. Thus the fluent of an expression, such as 

Tx • • 

, , is a circular arc whose radius is = r and versed 

sine = X. The fluent of an expression such as - - is a cir- 

ciflar arc whose radius is = r and tangent = ^: and so of the 
rest. 

Conversely, the#ame formulae, or those just referred to, serve 
to assign the relative magnitudes of the differences in any parts 
of a;utde of natural sines, of natural tangents, &c. Thus, 

f as ar as a X .sec.* pf arc to tan. 4, consequently, the 
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Hence the value of the curve, from the fluent of each of 
these, expressed in ser^, gives the four following foUnys, in 
series, viz. putting d = the diameter, the curve is 


z = 


= ( 1 +^ i'> 



+ 


jg3 _ 3(^ ~ 7-^ 

2 . 8^2 2.4.553 


-j- &c.) r.‘ 


Now, it is evident, that the simplest of these series, is the 
third in order, or that which is expressed in terms of the 
tangent. That form will therefore be the fittest to calculate 
an example by in numbers. And for this purpose it will be 
convenient to ‘assume some arc whose tangent, or at least 
the square of it, is known to be some small simple number. 
Now, the arc of 45 degrees, it is known, has its tangent 
equal to the radius; and therefore, taking the radius r = 1 , 
and consequently the tangent of 45°, or f, = 1 also, in 
this case the arc of 45° to the radius 1, or the arc of the 
quadrant to the diameter 1 , will be equal to the infinite series 

But as this series converges very slowly, it will be proper 
to take some smaller arc, that the series may converge 
faster; such as the arc of 30 degrees, the tangent of which 
is or its square z=. which being substituted in 

the series, the length of the arc of 30° comes out - - - 

3 ^ + 9 ;^ “ &c.)v' T- Hence, to com- 

? 

pute these terms in decimal numbers, after the first, the suc¬ 
ceeding terms will be found by dividing, always by 3, and 
these quotients again by the absolute numbers 3, 5, 7, 9, 
&c.; and lastly, adding every other term together, into two 
sums, the one the sum of the positive terms, and the other 
the sum of the negative ones; then lastly, the one sum taken 
from the other, leaves the len^h of the arc of 30 degrees; 
which being the 12 th part of the whole circumference when 


tabular differences of the* tangents\ary the squares of the 
secahts. Hence, those differences, at 0 ®, at 45®, and at 60", are 
as 1% and 2% or as 1, 2, and 4.. This suggests an ap¬ 

plication of these formulae which will often be found usefid. 
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the is 1, or the 6th part when the diameter is 1, con¬ 
sequently 6 times that arc will be the length of the whole 
circumference to the diameter 1. Therefore, multiplying 
the first term 4 /j- by 6, the product is -✓’12 = 3'4641016; 
and hence the operation, true to 7 places of decimals, will be 
conveniently made as follows: 4 


1 ) 3-4641016 
3 ) M547005 

5 ) 

3849002 

7 ) 

1283001 

9 ) 

427667 

11 ) 

142556 

13 ) 

47519 

15 ) 

15840 

17 ) 

5280 

19 ) 

1760 

21 ) 

587 

23 ) 

196 

25 ) 

65 

27 ) 

22 


+ Terms. 
(* 3 4641016 
( 

( 769800 

( . 

( 47519. 

( 3655 

( • 

( . 311 

( 

{ 28 

( 

( 8 

( 


-f3-5462332 

-0-4046406 


— Terms. 
0-3849002 
183286 
12960 
1056 
93 
8 
1 

-0-404G406 


So that at last 3-1415926 is the whole circum¬ 
ference to the dia¬ 
meter 1 

Exam. 2. To find the length of a parabola. 

Exam. 3. To find the length of the semipubical parabola, 
whose equation is 

Exam. 4. To find the length of an elliptical curve. 
Exam. 5. To find the length of an hyperbolic curve. 


OF QUADRATURES; OR, FINDING THE 
AREAS OF CURVES. 

66. The Quadrature of Curves, is the measuring their 
areas, or finding a square, or other right-lined space, equal 
to a proposed ctfrvilineal one. 

jp------- 

* For this value, true to 100 places^of decimals; and indeed 
for many curiotB and important investigations in reference to 
rectifications, quadratures, &c. See Hutton's Mensuration. 


FttlXlONB. 

By art. 9* it appear^ that anv flowing 
quantity being drawn into the fluxion of 
the line along which it flows, or in the 
direction of its motion, there is produced 
the fluxion of the quantity generated by 
the ft^ing. That is, de x nd or yie is 
the fluxion of the area ade. Hence this 
rule. • 


m 



RULE. 

67. From the given ec^uation o^the curve, find the 
either of or of j/; whjch value substitute instead of it in 
the expression yjf; then the fluent of that expression, being 
taken, will be the area of the curve sought. 

• 

• EXAMPLES. 

■ 

Exam. 1. To find the area of the common parabola. . 
The equation of the parabola being ; where a is 

the parameter, x the absciss ad, or part of the axis, and y 
the ordinate de. 

From the equation of the curve is found y =: This 

substituted in the general fluxion of the areixyjc gives xy/tzx 

or the fluxion of the paralwlic area; and the fluent 

X 3 

of this, or r= -fa; x^ax = yxy^ is the area of the para¬ 

bola ADE, which is therefore equal to y of its drcum- 
scribing rectangle. 

Exam, 2. To square the circle, or find its area. 

The equation of the circle being -xz ax x^, or y = 
Voar—a;*, where a is the diameter; by s ubstituti on, the 
general fluxion of the qxgq. yxy becomes x vox~^x^f for the 
fluxion of the circular area. But as the fl uent of this cannot 
be found in finite terms, the quantity ^/ax^x* is thrown 
into a series, by extracting the root, and then the fluxion of 
the area becomes 

X x^ l.Sar^ 1.3.5a;* 

*✓0® X - 8.4.6.80* ~ 

and then the fluent of every term being taken, it gives 

2 1.x l.a;* 1.3a;s 1.3.6a?* , , 

® yo* X ( g - ^ ^ g • - 4, g_g ji„4 - S'®)! 

fl>r the general expresdon of the ^mise^nent ade. 

And when the point d arrives at the extremity of the dia- 
VOL. It. z 
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meter, then the space becomes a semicircle, and or =: a; and 
then the series above becomes barely 

' ^,2 1 1 1.3 1.3.5 ^ ^ 

® ^ 3 5 4.7 4.6.9 4.6.8.11 

for the area of the semicircle whose diameter is a. 


v,If, instead of taking tlie equation of the circle havffcg the 
ori^n of the co-ordinates at the circumference, the equation 
2/^ = r® be takbn, regarding the origin of the co-ordi¬ 
nates at the centre; and if, still farther, r be taken = 1, 


then 1 / — v'l--ar*' = l— — &c. Taking 

this value of^ for it, in^he expression the correct fluent 

wdl X - .g-- for the area of 


the portion cfbd (fig. pa. 2.) Now, if arc bd = SO®, then 
CP = a? = tl^® series = *4783057. From 

which deducting the area of the triangle cfb t= vS 
— ’2165063, there remains *2617994 for Che area of the sec¬ 


tor CBD. Twelve times this, or 3’1415928 &c. expresses 
the area of the circle whose diameter is 2. 


Exam. 3. To find the area of any parabola, whose equa¬ 
tion is o”*ar" =: 3/'"+". 

Exam. 4. To find the area of an ellipse. 

Exam. 5. To find the area of an hyperbola. 

Exam. 6. To find the area between the curve and asymp¬ 
tote of an hyperbola. 

Exam. 7. To find the like area in any other hyperbola 
whose general equation is 


TO FIND THE SURFACES OF SOLIDS. 

68. In the solid formed by the rota¬ 
tion of any curve about its axis, the 
surface may be considered as generated 
by the circumference of an expanding 
circle, moving perpendicularly along 
the axis, but the expanding circum¬ 
ference movii^ along the arc or curve 
of the solid. Therefore, as the fluxion 
of any generated q|uantity, is produced by drawing the ge¬ 
nerating quantity into the fluxion of the line or direction in 
which it moves, the fluxion of the surface will be found hy 
drawing the circumference of the generating circle into the 
fluxion of thfe curve. That is, the fluxion of the ^surface 
BAB, is egual to ae drawn into tbe circumference bcef, 
whose rtdius is the ordinate de. 
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sm 

69. But ifbe — 8.141 d99, the circumference of a circle 
whose diameter is 1, jr =5 aj> the absciss, r: de the ordi¬ 
nate, and z =t AE the curve; then 2y = the diameter be, 
an d s; the circumference bc ef ; also , ae = i ~ 

Vji'* : therefore or -f-i® is the fluxion of 

the si^ace. And consequently if, from the given equation 
of the curve, the value of x or y be found, and substituted 

in this expression %ity ^x^ -f the fluent of the expression, 
being then taken, will be the surface of the solid required. 


EXAMPLES. 

Exam. 1. To find the surface*of a sphere,-or of any 
segment. 

Ill this case, ae is a circular arc, whose equation is 
y* = ax — x% or — a?*). « 

The fluxion of this givesy rr -— — . 

. fl® — -4- - 4v® 

hence y® =- - - -2 —-^ 


a 




X zn 




^Qt • 

arx- 




4^2 

ax 


% 

consequently 


+ya= -r—, and a: = -Py® = —• 


V’-V 

This value of «, the fluxion of a' circular arc, may be found 
more easily thus: In the fig. to art. 64, the two triangles 
EDC, E«c are equiangular, being each of them equiangular to 
the triangle etc : conseq. ed : ec : : Ea : ec, that is, - 

y X zi the same as before. 

The value of a being found, by substitution is obtained 
^Ttyi.zzomtx for the fluxion of the spherical surface, generated 
by the circular arc^in revolving about the diameter ad. And 
the fluent of this gives ar.x for the said surface of the sphe¬ 
rical segment bae. • 

But ac is equal to the whole circumference of the gene¬ 
rating circle; and therefore it follows, that the surface of 
any spherical segment, is equal to the same circumference of 
the generating circle, drawn into or ad, the height of the 
segment. 

Also when x or ad becomes equal to the whole diameter a, 
the expression a-rr becomes onta or Tra®, or 4 times the area of 
the generating circle, for the surface of the whole sphere. 

And these agree with the rules ^before fbund in Men¬ 
suration of Solids. ' * ^ 

Exam. 2. To find the surface of a spheroid 
Exam. 8. To find the surface of a paraboloid^ 

Exam. 4. To find the surface of an h 5 rperlKjloid, 

z2 
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TO FIND THE CONTENTS OF SOLIDS. 

70. Any solid which is formed by the revolution of a 
curve about its axis (see last may also be conceived to 
be ^nerated by the motion of the plane of an expanding 
circle, moving perpendicularly along the axis. And there¬ 
fore the area of that circle being drawn into the fluxion of 
the axis will produce the fluxion of the solid. That is, 
AD X area of the circle bcf, whose radius is de, or diameter 
BE, is the fluxion of the solid, by art. 9- 

71. Hence, if ad = x, de =: = 3*141593; because 

is e(jual to the area of the circle bcf; therefore is the 
fluxion of the solid. Consequently if, from the given equa¬ 
tion of the curve* the value of either or x be found, and 
that value substituted for it in the expression the fluent 
of the resulting quantity, being taken, will- be the solidity of 
the figure proposed. 


EXAMPLES. 

Exam. 1 . To find the solidity of a sphere, or any segment. 

The equation to the generating circle being y'* zz ax — 
whete a denotes the diameter, by substitution, the general 
fluxion of the solid ify^x^ becomes Ttaxx — itx^x, the fluent of 
which gives or — 2x), for the solid con¬ 

tent of the spherical segment bae, whose height ad is j:. 

When the segment becomes equal to the whole sphere, 
then X =: a, and the above expression for the solidity, be¬ 
comes for the solid content of the whole sphere. 

And these deductions agree with the,rules before given 
and demonstrated in the Mensuration of Solids. 

« 

Exam. 2. To find the saSdity of a spheroid. 

Exam. 3. To find the solidity of a paraboloid. 

Exam. 4. To find the solidity of an hyperboloid. 


•TO FIND LOGARITHMS. 

72. It hasftbeen proved, art. 23, that the fluxion of the 
hyperbolic logarithm of a quantity, is ecjual to the fluxion of 
the quantity#vided by the same quantity. Therefore, when 
any quantity is proposed, to find.its logarithm; take the 
fluxion of that quantity, and divide it by the same quantity; 
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then take tlie fluent of the quotient, either in a series or 
otherwise, and it will be the logarithm sought; when cor¬ 
rected as usual, if need be; thaUs, the hyper^lic logarithm. 

73. But, for any other logarithm, multiply the hyperbolic 
logarithm, above found, by the modulus of the system, for 
the logarithm sought. 


Note. The modulus of the hyperbelic logarithms, is 1 ; 
and the modulus of the common logarithms, is *43429448190 
&c; and, in general, the modulus of any system, is equal to 
the logarithm of 10 in that system divided by the number 
2*3025850929940 &c, which is th5 hyp. log. of 10., Also, 
the hyp. log, of any numbhr, is in proportion to the com. log. 
of the same number, as unity or 1 is to *43429 &c, or as the 
number 2*302585 8 ec, is to 1; and therefore, if the common 
log. of any number be multiplied by 2*30^85 &c, it will 
give the hyp. log. of the same number ; or if the hyp. log. 
be divided, by 2*^2585 &c, or multiplied by *43429 &c, it 
will give the common logarithm. See farther, pa. 125. 


CL " 4 " ^ 

Exam. 1. To find the log. of-. 

• " 

Denoting any proposed number z, whose logarithm is 
required to be found, by the compound expression - - - 

CL ~ 1^ fcJT • ^ 

———, the fluxion of the number z, is —, and the fluxion 
a O' 


XX 


x'^x 


x^x 


of the log. - = ^ - a - 

Then the fluent of these terms gives the logarithm of z 

x^ x^ x"^ 

OT loganthm of — = ^ 3 - 4 ^ ^ 


a—x 


X x^ 


Writing—;cforr,giveslog.-—=i - - - 

^ CL Cl 


2 a® 


3a3~ 4a^“‘^’ 


Div. these numb, and > . a-{-x ^ ^ ^ , 5f?& 

subtr. their logs, gives / _ jr a Sa^ 5 a® 


=0-log. 


a - a±Lx , < 

Also, because—=1 or log. 

therefore log. of-^ - •^,+ &c. 


a + a? 


a 


a 


and the log. of is + — + oTsM 


* X* 




a“ 


the prod, gives log. = ^ + t 3 ^ 


2a® ' 3a* 

+ ‘eTTi + 
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Now, for RH example in numbers, suppose it were required 
to compute the common logarithm of the number % This 
will be best done by the senes. 

. X 

log. of-= 2 m X (-h 

® o—a; 

1 • „ ■ a ^ 

Making-= 2, gives a =: 3a?; conseq. 

Q,m^X 


4 


a?* , - . 


a 


= j, and 


~ I-, which is the constant factor for every succeeding term; 
also, 2 m = 2 X *43429448190 = *868588964; therefore the 
calculation will be conveniently made, by first dividing this 
number by 3, then the quotients successively by 9, and 
lastly these quotients in order by the respective numbers 
1, 3, 5, 7, 9, &c, and after that, adding ail the terms to- 


gether, 
3 ) 

9 ) 

as follows: 

•868588964 

289529654 

1 ) 

C 

•289529654 ( 

•289529654 

9 ) 

32169962 

3 ) 

32169962 ( 

10723321 

9 ) 

3574440 

5 ) 

aS574440 ( 

714888 

9 ) 

397160 

7 ) 

397160 ( 

56737 

9 ) 

44129 

9 ) 

44129 ( 

4903 

9 ) 

4903 

11 ) 

4903 •( 

446 

9 ) 

545 

13 ) 

545 ( 

42 

9) 

61 1 

15 ) 

61 ( 

4 


Sum of the terms gives log. 2 = *301029995 

Exam. 2. To find the log. of - 

Exam. 3. To find the log. of a — x. 

Exam. 4. To find the log. of 3. 

Exam. 5. To find die log. of 5. 

Exam. 6 . To find the log. of 11. 

JVbfe. The hyp. log. of 1 + is a* — Aar® 4" 4*^ "" -r*"* 4“ 


And the nat. numb, to the hyp. log. is thus expressed, 

14-2/4- -f 4* 014^'^2.3.45 ^ "*■ 

74. The abqve ^ven series log. = 2m ^ 

^ ° a X \a oo, 

x^ . 1 4 ar 

4" 4- when a rr 1, becomes log. ^ = 

f a;* 4* 4 **’’ 4* &c.)and this latter, by substituting 
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1 "4- JC ■*" I 

z for ^ —” , and consequently ^ • —j for jt, becomes 

log. X = 2 m { ^ ^ (g)+&c.} 

a series of rapid convergence, and convenient application, 
when X is a small integer.' 

If, now, in <iis we suppose 


w* 


n* 


z =: 




- 1 ~(TO- 1 )(«+ 1 ) 


so that 


” rr 2 > then the 4>nnula becomes 




But log. 




= 2 log. w — log. (n — 1) 


(w —1 )(tc-4-1) 
log. (n + 1); therefore, putting n for the series 

^(sw* - l) } 

we have this formula, 

2 log. n — log. (n — 1) — log. (w + 1) rr: n : 
and hence, as often as we have the logarithms of any two of 
three numbers whose common difference is unity, the loga¬ 
rithm of the remaining number may be found. Example. 
Having given 

the common log. of 9 = 0’95424250943 
the common log. of 10 = 1; 
it is required to fnd the common logarithm of 11. 

Here we have w == 10, so that the fonnula gives in this 
case 2 log. 10 — log. 9 — log. 11 = n, and hence we have 
log. 11 = 2 log. 10 — log. 9 — N, 

where N = 3,199. + &c. 

M being *43429448190. 

Calculation of n. 

A = ^ = -00486476866 

B = = -00000003674 ■ 

3.199 • 


N = *0043648054^ 

2 log. 10 = 2*00000000000 
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log. 9 = O-054!9495O943 
N =000436480540 


log. 9 + N = 0*95860781483 : taken from 


2 log. 10, leaves log. 11 = 104189268517 

75. Here the series expressed by n converges very fast, 
so that two of its tenps are sufficient to gi\^ the logarithm 
true to 10 places of decimals. But the logarithm ofll may 
be express^ by the logarithms of smaller numbers and a 
series which converges still more rapidly, by the following 
artifice, which will apply also to some other numbers. Be¬ 
cause the numbers <98,99, and 100 are the products of num¬ 
bers, the greatest of which is 11, for 98 =: 2 x 7% 99=9 x 11, 
and 100 = 10 x 10, it follows that if we have an equation 
composed of terms which are th'e-logarithms of these three 
nunmers, it may be resolved into another, the ternft of which 
shall be the logarithms of the number 11 aOd other smaller 
numbers. Now by the preceding formula, if we put 99 for 
w, we have 

2 log. 99 -- log. 98 — log. 100 = N. 
that is, Substituting log. 9 -f- log. 11 for log. 99, log. 2 -f- 
2 log. 7 for log. 98, and 2 log. 10 for log. 100, 

2 log. 9 + 2 log. 11 — log. 2 — 2 log. 7 — 2 log. 10 = n, 
and hence by transposition, &c. 

log. ll = + 4log. 2 4“ log. 7 — log. 9 4“ log. 10; 

and in this equation, 

_ 2m 2m 

” 19601 ^I9B0P’^ 


The first term alone of this series is sufficient to give the lo¬ 
garithm of 11 true to 14 places. 

76. When it is required to find "the logarithm of a high 
number, as for example 1231, we may proceed as follows: 


1 + 


log. 1831 = log. (1230 +1) = log. ^ 123(/ 

= l<«.1230 + log.(l+j^) 

Again, log. 12^ = log. 2 + log. 5 + log. 123, and 
log.l23 = log.‘Jl2o(l+l)} 

s: 1(^. 120 4- log. ^1 + 


1230/j 
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log. ISO = log. (S® X 3 X 5; s 8 log. S + log. 8 + log. 5. 
Therefore 

log. 1S31 = 4 log. S + log. 3 -f S log. 5 4- log.^1 4- 
+'‘’®- (‘ + 1 ^) 

Thus the logarithm of the proposed^nutnber is expressed by 
the logarithms of S, 3, 5, and the logarithms of 

^ ^ 40’ ^ 1^0* which may be easily found by the 

formulae already d^livejred. * 


77. When it is required to interpose one logarithm be¬ 
tween a series of equidistant terms in a table, it may be ef¬ 
fected upon the principle* of interpolation by means of the 
well-knoWn theorem; viz. 


a — 4- 7» 


n-1 

2 


n- 


c — n 


2 


1 n- 2 

8 


d 4“ &c. ” 0. 


Thus, suppose there were given the logs, of 101, lOS, 104, 
and 105, and that of 103 were required. 

Here the number of equal intervals is 4, and of terms 5; 
so that the general form becomes 

a — 4;b-\‘Qc — ^~\- ezzO ; and c =: 4[4(5 4* + ^)D* 


a = S'004SS14 
b = S008600S 
d = S-0170333 
e = S-0S11893 


4^5 4-d) = 161026340 
o-l-e = 4*0255107 


6)1S*0770S33 


Log. of 103 = S-0128372 


Exam. 1. Given the logs, of ^9 and 1000. Required the 
log. of 1001. 

Exam. 2, Given the logs, of 51, 63, 57, and 59; to find 
the log. of 55. • 

On this interesting and important subject, consult the 
Introduction to Dr. Hutton’s Mathematical Tables, and 
Hellins’s Mathematical Essays. 
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INFLEXIONS. 


TO FIND THE POINTS OF INFLEXION, OR 
OF CONTRARY FLEXURE IN CURVES. 


78. The Point of 
Inflection in a curve is 
that point of it which i 
separates the concave 
from the convex part, 
lying between the two 5 
or where the curve 
changes from concave 
to convex, or from convex to concave, on the same side of 
the curve. Such as the point e in the annexed figures, 
where the former of the two is concave towards the axis ah, 
from A to E, but convex from E to f ; and on the contrary, 
the latter figure is convex from a to e, and concave from 
E to p. 



79 . From the nature of curvature, as has been remarked 
before at art. 32, it is evident, that when a curve is concave 
towards an axis, then the fluxion of the ordinate decreases, 
or is in a decreasing ratio, with regard to the fluxion of the 
absciss; but, on the contrary, that it increases, or is in an 
increasing ratio to the fluxion of the absciss, when the curve 
is convex towards the axis; and consequently those two 
fluxions are in a constant ratio at the point of inflexion, 
where the curve is neither convex nor concave; that is, x is 


4- or of -r is equal to nothing. And hence we have this 


y X . 

to y in a constant ratio, or — or — is a constant quantity. 

But constant quantities have no fluxion, or their fluxion is 

equal to nothing; so that, in this case, the fluxion of 

• • 

L - ^ 

X 

general rule: 

80. Put the given equation of the curve into fluxions; 

from which find either •— or —. Then take the fluxion of 

jr y 

this ratio, or fraction, and put it equal to 0 or nothing; and 

x 

from this last, equation find also the value of the same ~ or 


■“ . Then t»ut this latter value e<jUal to the former, which 
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will form an equation; from which, and the first given equa¬ 
tion of the curve, x and ^ will be determined, bein^ the 
absciss and ordinate answering to the point of inflexion in 
the curve, as required. 


EXAMPLES. 


Exam. 1. To find the point of inflexion in the curve 
whose equation is or* =: -f- 

This equation in fluxions is Sarx zz -f- ^xyx -f- 4^, 

aalH. 

which gives — —^ Then the fluxion of this quantity 

made z: 0, ^\q.^%xx{ ax-^xy) zz. (a® {ax’-‘xy — xy)\ 


and this again‘gives 


X ^ a® -f - 


X 


a® — jr* a — y 


r» 

Lastly, this value of —• being put equal the former, gives 

; and hence 2a;® =:a®—ir®. 


o® + a;® X a® + 


o® — a;2 * a — y~' ’ a — y 

or Sar® — o®, and x = uv'y, the absciss. 
Hence also, from the original equation, 


y- 


ax^ 


— I— 


%a* 


the ordinate of the point of in< 


«® + a;® 
flexion sought. 

Exam. 2. Tq find the point of inflexion in a curve de¬ 
fined by the equation ay zz a ^ax + 


Exam. 3. To find the point of inflexion in a curve defined 
by the equation a^x -j- 

Exam. 4. To find the point of inflexion 
in the Conchoid of Nicomedes, which is 
generated or constructed in this manner: 

From a fixed point p, which is called the 
pole of the^onchoid, draw any number of 
right lines*A, pb, pc, pe. Sec. cutting 
the ^ven line fd in the points r, g, h, i? 

&c. i then make the distances fX, gb, hc, ie, &c. equal to 
each other, and equal to a given line; then the curve line 
ABCE, &c. will be the conchoid; a curve so called by its in¬ 
ventor Nicomedes. 
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CURVATURE. 


TO FIND THE EADIUS OF CURVATURE OF 

CURVES. 

81. The Curvature of a Circle is constant, or the same 
in every point of it, and its radius is the radius of curvature. 
But the case is different ^n other curves, every one of which 
has its curvature continually varying, either increasing or 
decreasing, and every point having a degree of curvature 
peculiar to itself; and the radius of a circle which has the 
same curvature with the curve at any given point, is the 
radius of curvature at that point; which radius it is the 
business of this chapter to find. 

82. Let AEe be any curve, con¬ 
cave towards its axis ad ; draw an 
ordinate d*. to the point e, where 
the curvature is to be found; and 
suppose EC perpendicular to the 
curve, and equal to the radius of 
curvature sought, or equal to the 
radius of a circle having the same 
curvature there, and with that 
radius describe the said equally 
curved circle BEe ; lastly, .draw Ed 
parallel to ad, and dc parallel and indefinitely near to de : 
thereby making Ed the fiuxion or increment of the absciss 
AD, also de the fluxion of the ordinate de, and Ee that of 
the curve ae. Then put x — ad, y = de, z =: ae, and 
r = CE the radius of curvature; then Ed =. de zz y, and 

EC “K .. 

Now, by sim. triangles, the three lines Ed, de, Ee, 
which vary as x,}, x, 

are respectively as the three - - ge, gc, ce ; 

therefore - - - - - Gc.A' = cE.i; 

• • 

and the flux, of this eq. is gc . -f- gc . i z= ge ,y -f ge . 

• • • • 

or because gc = — bg, it is gc . je — bg . = ge .y -j- ge .y. 

But since the two curves ae and be have the same cur- 
val:ure at the point £, their abscisses and ordinates have the 
same fluxions at that point, that is, Ed or x iaUhe fluxion 
both of AD and BGj, and de ov y a the fluxion both of de and 
GE. In the equation above, therefore substitute x for bg, and 
y for GE, and it becomes 

GCii — XX — GVy 
or GCx — GFj! =: -f-i* =: z\ 
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Now multiply the three terms of this equation respectively 


by these three quantities, —, 


, which are all equal, 

GE CE ^ ' 


and it becomes 




CE 


or 


and hence is found r =: fo» the general value of the 

y x ^ 9^ 

radius of curvature, for all curves whatever, in terms of the 
fluxions of the absciss and ordinate. 

83. Further, as in ajiy case either xox y may be supposed 
to flow equably, that is, either x ovy constant quantities, or 
X or y equal to nothing, it follows that, by this supposition, 
either of the terms of the denominator, of the value of r, may 
be made^to vanish. Thus, whon x is supposed constant, x 
being then =: Q, the value of r is barely ------ 




XT 


— xy 


or r is = -rr when y is constant. 
yx 


EXAMPLES. 


E XAM. 1. To find the radius of curvature to any point 
of a parabola, whose equation is ax = j/*, its vertex being a, 
and axis ad. 


Here, the equation to the curve being ax = the fluxion 
of it is ax — and the fluxion of this again is ax ~ 
supposing^ constant; hence then r or 


JB-' 

- or 
yx 


+V) 

yx 



{a^ -|“ (<* 4“ 4a’)^ 

2 ^^ 2^/0 = 


for the general value of the radius of curvature at any point 
E, the ordinate to which cuts off the absciss ad =: x. 

Hence, when the absciss x is nothing, the last expression 
becomes barely \a = r, for the radius of curvature at the 
vertex of the parabola; that is, the diameter of the circle of 
curvature at the vertex of a parabola, is equal to «, the pa¬ 
rameter of tke axis. See, also, pa. 139. 


Exam. 2. To find the radius of curvatbre of an ellipse, 
who^ equation is = c^{ax or*). 


Ans. r ■=. 


[aV 4* 4 (g* -- c4 X {ax - 




sso 
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Eeam. 3. To find the radius of curvature of an hyperbola, 
whose equation is — c\aaf .p*), 


Ans. r = 


[a^c^ 4(a* -{- c*) x {aa,' -}- 

2 ^ 


Exam. 4, To find the radius of curvature of the cycloid. 
Ans. r = ^ \/(fia — asc\ where x is the absciss, and 
a the diameter of the generating circle. 


OF INVOLUTE AND £ VOLUTE CURVES. 

84. An Evolute is any curve supposed to be evolved or 
opened, which having a thread wrapped close ^bout it, 
fastened at one end, and beginning to evolve or unwind the 
thread from the other end, keeping always tight stretched 
the part which is evolved or wound off; then this end of the 
thread will describe another curve, called the Involute. Or, 
the same involute is described in the contrary wa}', by wrap¬ 
ping the thread about the curve of the evolute, keeping it at 
the same time always stretched. 

85. Thus, if EFGH be any curve, 
and AE be either a part of the curve, 
or a right line: then if a thread be 
fixed to the curve at h, and be 
wound or plied close to the curve, 

&c. from H to A, keeping the thread 
always stretched tight; the other 
end of the thread will describe a 
certain curve abcd, called an Invo¬ 
lute ; the first curve efgh being its 
evolute. Or, if the thread, fixed at 
H, be unwound from the cuurve, beginning at a, and keeping 
it always tight, it will describe the same involute abcd. 

86. If AE, BF, CG, DH, &c. be any positions of the thread, 
in evolving or unwinding; it follows, that these parts of the 
thread are always the radii of curvature, at the corresponding 
points, A, B, c, D; and also equal to the corresponding 
lengths AE, AEF,» AEFG, AEF6H, of the Gvolute; that is, 

AE = AE is the radius of curvature to the point a, * 

BF = AEF is tlie radius of curvature to the point b, 

CG rr AEG is the radius of curvature to the point c, 

DH =: AEH is the radius of curvature to the point d. 
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87. It also follows, from the premises, that any radius of 
curvature, bf, is perpendicular to the involute at the point B, 
and is a tangent to the evolute curve at the point r. Also, 
that the evolute is the locus of the centre of curvature of the 
involute curve. 


88. Hence, and from art. 82, it 
will be easy to find one of these , 
curves, when the other is given. 

To this purpose, put 

=: AD, the absciss of the involute, 

^ = DB, an ordinate to the samtf, 
z = AB, the involute Curve, 
r = Bc, the radius of curvature, 

V r: EF, the absciss of the evolute ec, 
u = FC, the ordinate of die same, and 
a ~ AE,*a certain given line. 

Then by the* nature of the radius of curvature, it is 



r = 77 -■= BC = AE + Ec; also, by sim. triangles, 

yx -- xy \ * 9 j to > 


X :x:: r : GB 


rx 

X 


XX 


. ry yx^ 

x:y : : r : GC = . = 77-rr. 

X yx xy 


yx — xy — y 

2, 


yx 


•xy 


Hence ef = gb — db =: •—— w r: u; 

-y ^ 


yx^ 


and FC =r AD — ae 4- gc = a: — a H-r.. = u ; 

— xy 


which are the vafiies of the absciss and ordinate of the evolute 
curve KC; from which therefore these may be found, when 
the involute is given. 

On the contrary, if v and ?/, or the evolute, be given: 
then, putting the given curve ec = s, since cb = ae + ec, 
or r =::: <x -f- gives r the radius of curvature. Also, by 
similar triangles, there arise these proportions, viz. 

rv G-f-s* 

s : V :: r : -r — ——v = gb, 
s s 


• • ru as- • 

and S'. u\ \ r\ -r =; — r—u = GCi; 

• s s 

G 4“ S • 

theref. ad r: ae -f“ ec — gc = g -f* - — ^9 

s 
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which are the absciss and ordinate of the involute curve, and 
which may therefore be founds when the evolute is given. 
Where it may be noted, that i* == i;* -f- and i* = -J- 

Also, either of the quantities o’, y, may be supposed to flow 
equably, in which case •the respective second fluxion, x or y, 
will be nothing, and the corresponding term in the denomi- 
nator^AT —■ will vanish, leaving only the other term in it; 

which will have the effect of rendering the whole operation 
simpler. ' ® ^ 


EXAMPLES. 

Exam. 1. To determine the nature of the curve by whose 
evolution the common parabola ab is described. ' 

Here the equation of the given involute* ab, is cx zz 
where c is the parameter of the axis ad. Hence then 

y zz and y zz v'—, also y zz —by making 

X constant.^ Consequently the general values of v and w, or 
of the absciss and ordinate, ef and fc, above given, become, 
in that case, 

j' y c 

* * Cl 

yxr 

FC — u zz ac — a-f- — TT. =: -p. ^ — a. 

But the value of the quantity a or ae, by exam. 1 to 
art. 8S, was found to be -ic; consequently'the last quantity, 
FC or Uf is barely — 3a^. 

Hence then, comparing the values of v and w, there is 
found = 4>u^a>, or 27cv^ =16w’; which is the equa¬ 
tion between the absciss and ordinate of the evolute curve 
EC, showing it to be the semicubical parabola. 

Exam. 2. To determine the evolute of the common (peloid. 

Ans. another cycloid, equal to the former. 


TO FIND THE CENTRE OF GRAVITy. 

89. By referring to art. 108, 8 ec. in the Statics, it is seen 
what are the {winciples and nature of the Centre of Gravity 
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in any figurc, and how it is generally 
expressed. It there appefirs, that if 
TAo be a line, or plane, drawn through 
any point, as suppose the vertex of 
any body, or figure, ard, and if - - 

,9 denote any section ef of the figure," 
d tr AG, its distance below ro, and 
h — the whole body or figure a bo 
then the distance ag, of the centre of 



. , , . . ,, , sum ofall ther/.v 

gravity below i>(i, is universally denoted by- j -i 

• ^ 

whether a bo be a line, or a plane surface, or a curve super¬ 
ficies, or a solid. 

Ilut the sum of all the ds, is the same as the fiuent of 
and b is the same as the fWient of b ; tlicrefore the general 
expression*for the distance of the centre of gravity, is Ac “ 

fluent o(\r5 fifient ,i/> . , , 

--—■—r- =-;-; i)uttin<T .1' r= a the variable instance 

fluent of A ’ * ^ 


AG, Which will divide into the following four cavses. 


90. Case 1. When ae is some line, as a curve suppose. 

In this case b is =: z or Vx^ -h the fluxion of the curve ; 

fluent of.fluent of.?'•v/jf®-f-.y'' 
and b ~ z'. therel’. ac rz:-- —- 


fxi, . 

— - IS 


the flistance of tlu' centre of gravity in a ciir\ e. 


91. Case 2. When the figure Aim is a plane; then 
b—yx\ therefoib the general expression becomes ac = 

for the distance of the centre ol’ gravity in a plane. 


92. Case 3. When the figure is the superficies of a body 
generated by the rotation of’ a line aeb, about the axis ah. 
Then putting tt = 3‘14;159, &c. will denote the circum¬ 
ference of tlie generating circle, anti the fluxion of the 


surface; 


therefore ac rz 


fluent of __ fyxz 

fluent of fyz 


will be the 


distance of the centre of gravity for a surfaee generated by 
the rotation of a curve line * 


93. Case 4. When the figure is a solid generated by the 
rotation of a ]>lane abh, about the axis ah. 

VOI. 11. A A 
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Tlien is nty'^ = the area of the circle whose radius is «/, 

and TftjTx = h, the fluxion of the solid ; therefore - - . 

fluent of5 fluent of firxx . . 

AC =:- zz-n - • " V =: — IS the distance 

fluent of 5 fluent ot Jp-x 

of tlie centre of gravity below the vertex in a solid. 


• e 

KXAMIM.es. 


Exam. 1 - Let thef figure proposed be the isosceles triangle 


ABl). 


It is evident that the centre of gravity e, will he some¬ 
where in the perpendicular aii. Now, if a 
denote ah, c zz bd, .r ao, and i/ zz ki' 
any line parallel to the base bif: then as 


A' 


a 


(■ :: X : y — - — ; therefore, by the 2d, 
fluent ijxx fl lient x-x ^ .r * 




Case, AC 


fluent yx fluent .rx \x 


— \x ■=. when x bee 


;onies 


a 

All: 


/ 

/ 

/ . _ 

li 


:\ 


IT 


consequently ch r; ^ah. 

In like manner, tJie centre of gravity of any other plane 
triangle, will be found to be at I of the altitude of the trian¬ 
gle; the same as it was found in art. Ill, Statics. 


Exam. 2. In a parabola; the distance from the vertex is 
-\x, or ^ of the axis. 

Exam. 3. In a circular arc; the distance from the centre 


Ct' 

of the circle, is — ; where a denotes the aye, c its chord, and 
r the radius. 

Exam. 4. In a circular sector; tlie distance from the 

centre of the circle, is ^: where a, c, r, are the same as in 

3a 


exam. 3. 

Exam. 5. In a circular .segment; the distance from the 
. . 6*^ 

centre of the circle is rr-r-; where c is the chord, and a the 

12a ' 

area, of the segment. , 

Exam. 6. In a cone, or any other pyramid ; the distance 
from the vertex is -|.r, or ^ of' the altitude. 

Exam. 7. In the semisphere, or semispheroid; the distance 
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from the centre is or of the radius: and the distance 
from the vertex of the radius. 

Exam. 8 . In the ])arabolic conoid; the distance from the 
base is or 4 of the axis. And the distance from the 
vertex of the axis. 

Exam. 9. In the segment of a sphere, or of a spheroid; 

the distance from the base is r. -r where.r is the height 

ba — ^ 

of the segment, and a the whole axis, or diameter of the 
s])here. , 

Exam. 10. In the lij^pcrbolic conoid; the distance from 

the base is ? where .v is the heiglit ol thc conoid, 

and a the .whole axis or diameter. 

Oi. Among tfie })recedlng examjiles, those which relate 
to circles and spheres, furnish pleasing applications of the 
fliixional formuljc for the trigonometrical ((uantitics. Thus 

1. To find tlie centre of gravity of a circular arc. 

Let ab' =; z, 'R'h = ss, * 

rad. = 1 . 

/‘2 cos. .IK 2 sin. 2 

Thcn*^-— -Tt-= —-. H 

c 2 z 22 I'l 

Hence, bad ; bd ; : rad. : dist. . /- 

p Ij V AJ 

c\ (i- irom a. 

2. To find the centre of gravity of a circular segment. 

fxux /’2 sin. z cos. 2 <3 cos. z /’2 sin.® z cos. zx 
Here — v-; “ -^-= - -:- 

/’2 sm.®.:.' (p sin. z _ -3- sin.^'s 

J '{1 — cos. 2 z)z ” 2 — -1 sin. 2 z' 

3 . To find the distance of c. g, of spheric surface from 
its centre. 

/' 2 ' 7 f sin. s cos. zz it sin.®2 _ , ^ 

—-:-= cT^Tl-: = v(4 + • 

./27r sin. 2 'k; 2'?r(l — cos. 2:) 

that is, at the middle point of the versed sine. 

4 . For the c, c, of a spherical segment. 

fy'^xx __ /’sin.®s cos. z ( — <p cos. z) , f sin .®2 cos, z p cos, z 
fy^x y'sin.®s ( — ^ cos. 2 ) y’sin.^js: f cos. z 

^ y’sin.'^z cos. z sin. zx __ /sin.^s cos. zx 

./'sin.®2 ( —(jscos. '” /’sin.®2( —f cos. 2) 

A A 2 
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y’sin.^z (p sin. z 

y‘sin.®z ( — ip cos. z) — cos.®r)( — <p cos. z) 


sin.'^z 


^ sin.^z 


f (cos.®z — 1) <P cos. z -^(cos. — 3 cos. z)’ 

. ^ sin.‘*z 

which corrected becomes rr - ---^-r- 

4(cos.^z — 3 cos. 2 -i" 2) 

wlifn the sogment*^ becomes a hemisphere, this becomes 
=r of radius, as it ought to be. 


95 . Pressure (if Earth against Walls. 


Lemma. A weight, w, be¬ 
ing placed on a plane, inclined 
to trie vertical ui an angle /, ' 
to find a horizontal force, ir, h- • 
sufficient to sustain it, so that 
it shall not run down the plane, 

taking friction into the ac- - 

count. 



\ 

. ;vi 


Each of the forces, w, ii, being resolved into two, the one 
parallel, the other perpendicular, to the plane; there will 
result, 

parallel to the plane, a force zi w cos. i — h sin. i, 
perp. to the plane, a force = w sin. i -|- ii cos. i. 

In order to an equilibrium, the first of these forces ought to 
be precisely equal to the friction down the plane. 

That is, w cos. i — h sin. i — Jw sin. i -j-./ii cos. /, 
whence /n cos. i + h sin. i —— / w sin. ? -j- w cos. 

, cos. i — /‘sin. i 1 — f tan. i 

and H = w -7--r z: W-7 . -. 

sin. ? -j-/ cos.'/ tan. ^ -j- / 

Coral. Hence, if instead of a horizontal force, the weight 
w were sustained by a wall, or by any obstacle whatever, the 
horizontal effort exerted by the weight against the obstacle 

,, , 1 —/’tan. i 

would be w. —— 7.. 

tan. t-\~J 


96. Prop. To determine the horizontal stress of the ter¬ 
race whose vertical section is bcef, against the wall whose 
section is abcu, and the momentum of the pressure to over¬ 
turn the wall about thd angle a. c 

Considering, first, the stress pf a triangle cbk, whose 
sluing side be makes the angle i with the vertical: let be, 
Ve, be each parallel to be, limiting the elementary trapezoid 
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Wde. Let Bcr:a, U 0 ee* 

cb = x\ bU — x% then . 

area of hVde = xic tan. i \ // / 

and if s be the specific t / / X 

gravity of the earth, the J / yX 

weight of the portion / 

hh'de will be == &xx /X 

tan. L Therefore the A • B 
horizontal effort, against 
the line hb\ will be 

. 1 — /tan. % ^ 1 — /tan. i 

= &XX tan. 2 . -— -r-r-^ ^ sxx _ , „ . 

tam < 1 + /cot. ^ 


1 —/‘tan. i 


= srxM ; putting -z — -. = m. 

^ ® 1 tan. t 

The flueijt of sajjrM, when x — a, gives 4a’^5M, for the whole 
horizontal ihrugt of th<; triangle cue. 

llel'erring the momentum of the thrust of the elementary 
portion bb'c’e, to the length of lever bs =: a — ;r, we have 
f()r that momentum ms (a — x) xx. The fluent of this when 
X — a, is = 

97 . It remains to determine the angle i. 

. 1 , 1 — /tan. i 

Now, it IS evident that =——;——= m, vanishes, and 
’ j -j- /cot. t ’ 

consequently both the horizontal thrust and its momentum, 

1 

vanish, whether tan. i — 0, or = —. Between these two 

values, therefore, there is one which gives both the greatest 
thrust and the greatest momentum. This value is found by 
making 

1 — /tan. * „ „ 

( 25 M = 0, that IS, (3 — , 7 —~. = 0. Put tail. I zz z, 
r . ’ -f-J cot. I 

then -fz. (I -f -f (1 -fz) — 0; 

/k z — fz% 
ori + -^ = —^, 


1+4 = ^ • *•+/-=!-A 

+ 2/5; = 1 .. + 0J& +f‘ = 1 +A_ 

z -\-f zz s/I -f/® . ... z zz ~~f -j-vl +/ ®5 

that is, • 

tan. i rr. -/-f Vl 
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Substituting this value of tan. i for it in the above expres¬ 
sion for M, we have for the liorizontal thrust 

[ —/+ Vil }“ = ia-s tan."/, 

while the momentum of the stress is found to be 
( -/ + n/(1 ]"=: la^s tan.^/, 

which was to be found. 

1 . 

98. The angle which has for its tangent -j is the angle 

of the slope, which the earth would, of itself, naturally take, 
if it were not sustained by Uny >vall. 

For a body has a tendency to descend along a plane (in¬ 
clination to vertical «) with a force =: g cos. /, and it ])resses 
the plane with a force n^'sin. /. Wherefore the friction 
=fg sin. i ; and since it counterbalances the force with which 
the body endeavours to descend, we have 

^ . sin. i . 1 

Lgsin. 1 ~ g cos. 7 tan. ? — —r; 

^ cos. / J 

also /’= cot. i. 

Farther, the angle whose tangent is — y'-j-y'l -|-is half 

1 

the angle whose tangent is 


For tan. i = 


r 

2 tan. i I 


1 


tan.-j i 




Or, 


(Equa. 17, pa. 18.) 

2[ - /•+ ^/T+77) - ;2/- + 3,/1“+,7- _ 1 


/■ 


1 -[-7+ 1 +./ -¥’■ + ¥v' 1 +/“ 

Let, therefore, uf bo the slope which loose earth would, 
of itself, naturally assume: then, the line be which de¬ 
termines the triano'le of earth that exerts the greatest hori- 
zontal stress against the vertical wall bisects the angle cut'. 


99- SCHOLIUM. 

Sandy and loose earth, takes a natural declivity of 80° 
from the vertical; stronger earth will take a declivity of 58°. 
Therefore, for a terrace of loose earth we have i = SO'’; for 
another of strong and close earth i — 2 G'°. 

Hence, for the former kind, where tan. 30*’ = f a/ 3, the 
value of the stress is ia^s, and that of the momentum <t'f the 
stress -jfja^s. 

For the latter kind, where tan. “ 7 nearly, the stress 
= its momentum = 
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100. The horizontal stress and momentum being thus 
known, it is easy to proportion to them the resistance of the 
wall ABCD. 

Let b zz AB, while uc nr a, and let s be the spec. gray, of 
tlie wall. For brick s — 2000, for strong earth, s = 1428. 
Then the momentum of the resistance referred to the point 
AH, being ; we shall have 

lafAs = (for strong earth) 

b = a = *28034 x a-/—. 

12^ , s 

Thus, if « = 39*37 feet, s and s as above we shall find 
b = 9-32G feet. 

Exam. 2. Supposing thy earth of the same kind as in the 
above exattiple, s to s, as 4 to 5, and the height of the wall 
anil bank each 1.2 feet; reipiired the thickness of the wall, 
bein;*- rectangular. Ans. 2*986 feet. 

Note. The preceding investigation proceeds upon the 
])rinciples assumed by Couhmh and Pnnty. They who wish 
to go thoroughly into this subject, and have not opportunity 
to make ex]KM'iments, may advantageously consult Traiie 
E.rpcrhncntal, Anolfftiqur el Pratique de la Poussec des 
'Penes, par M. MuynicL 


ON THE FLEXIBILITY, STRENGTH,'AND 
RUPTURE OF TIMBER, &c. 

A ])icce of solid matter may be exposed to, at least, four 
distinct kinds of strains: viz. 

1st. It may be pulled, or torn, asunder, as in the case of 
ropes, stretchers, king-posts, tie-beams, &c. 

2dly. It may be crushed, as in the case of pillars, posts, 
and truss-beams. 

3dljr. It may be broken across, as in the case of a joist or 
ral'ter. 

« 

4thly, It may be wrenched, or twisted, as in the case of 
the axle of a wheel, the nail of a })ress. See. 
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The complete investigation of these particulars, only in 
their principal varieties, would require a volume. The stu¬ 
dent who wishes to go into the inquiry with scientific pre¬ 
cision, may consult M. Girard’s Treatise on the Resistance 
of Solids, an interesting essay on the Flexibility of Wood, by 
M. Dupin, in Journal dc VEcolc Polijtcchniijuc, tome 10, 
Tredgold’s Principles of Carpentry, and Mr. Rarlow’s va¬ 
luable Essay on the Strcuf^th and Stress oJ'Timhcr. Having 
attended many of the e\])eiiments recorded in the latter- 
mentioned work, I can with confidence recommend its prin¬ 
cipal results as accurate ,and useful; and shall, therefore, 
refer to the work itself for the experiments and investigations 
from which the following formula* and rules are deduced. 

Let I denote the length, a the breadth, d the depth of a 
rectangular beam, {ill in inches,fW the weight with which it 
is loaded in the middle, (being supported at both ends), S the 
deflection occasioned by that weight, and i: the measure of 

the elasticity: then it is found that —vr- = e is a constant 

ad 


quantity, for the same timber; 


same, that 


Lad"' 


or, which amounts to the 


This formula is equally apjilicible to beams fixed at one 
end, and loaded at the other, am! those which are supported 
at both ends and loaded in the middle; only the value of e 
in the one case will be to that in the other, as 3:^ to 1. 

For the ultimate deflection of beams before their rupture, 

the theorem is 7 — — u, where a is the l{ist deflection. 
dA 


If the resistance of a rod an inch square be s, then 
will be the resistance of a beam the same length, w'hosc 
breadth is a and depth d: also, if the angle of deflection be 
A, and the breaking weight be w ; then 


1. When the beam is Jixed at one end, and loaded at the 
other. 

/w cos. A 


Iw cos. A =: tfd-s, or 


ad^ 


s, a constant quantity. 


2. When the bettm is supported at each end, and^Joaded 
in the midtlle. 


^Iwscc^A — ar/®s, or - 


IwseirA 


iad^ 


s, constant. 
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3. When the beam is fixed at each end^ and loaded in the 
middle. 


-llvfscd^A —. ad\ or —« 


Iwsec^ A 


Gad^- 


s, constant. 


4. When the beam in either of the two last cases is haded 
at any other point than the centre. 

We shall have, in the former ca^, by denoting the two 
unequal lengths by m and n, 

mnwf mnwsec^A 

— 7 - - sec^ A ~ airs, or- r -~— z: s : 


and in the second. 


2mn\v 


see 


A = ad^s, or 


lad"- 


Hmnwsec' a 


~ s. 


3/ "" " V"' 3/ad" 

still the s&me constant quantity. 

And the firsl formula will also apply to a beam fixed at 
any given angle of inclination; observing only, that the 
angle A, in this case, will re])rcsent the angle of the beam’s 
inclination, increased or diminished by the angle of its de¬ 
flection, according as its first position is ascending or de¬ 
scending; or rather, it will denote the angle of the beam’s 
inclination at the moment of fracture. 

In all these cases, when it is only intendeil to apply the 
results to the common application ol‘ limber to architectural 
and other ])nrp()ses, the angle ol* deileetion may be omitted, 
and the equations then become simply, 

1 . 

3. 


5. 


Iw 

Iw 

ad" “ 

4ad" ” 

•/w 

mnvf 

Ca(?‘ " 

UuV 

^mnw 


iilad‘' ~~ 



The absolute value of direct cohesion on a square inch 
^ 7 ; where is the depth of tlie neutral axis, 


js c z= 


(d- n)^ 


or of the line which separates the compressed from the 
stretched portion of the wood. 

The subjoined table of data fiv different kinds of wood, 
results from the union of these formulm with experiments. 
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Name of the kind of 
Wood. 

Spec. 

Grav. 

Value 
of L. 

Value of E. 

Value of 

s. 

Value of 
s'. 

Value of 
c. 

Teak . 

745 

818 

9657802 

2462 

2488 

155.55 

Poon. 

571) 

5.96 

6759200 

2221 

2266 

14787 

Eng. Oak _ 

!)f;9 

5.48 

3494730 

1181 

1205 

9836 

Do. Spec. 2. .. 

i?34 

d35 

5806200 

1672 

1736 

10853 

(’anadian Osilc 

872 

588 

8595864 

1766 

1803 

11428 

Darit/ic Oak .. 

75 G 

724 

4765750 

1 157 

1477 

7386 

Adriatic Oak . . 

J)‘)3 

GIO 

3885700 

1583 

1409 

8808 

Ash. 

7(i0 

395e 

6580750 

2026 

2121 

17.337 

Beech. 

cm 

615 

5417266. 

1556 

1586 

9912 

Elm . 

553 

509 

2799317 

1013 

1012 

5767 

I’itcli Pine .... 

GGO 

588 

4900466 

1632 

1666 

10415 

Red Pine .... 

G57 

G05 

7359700 

1341 

1368 

10000 

New Eng. Fir.. 

.553 

/ .*/ 

5967400 

1102 

1116 

9917 

Riga Fir. 

753 

588 

5314570 

1108 

113 f 

10707 

Do. Spec. 2. . . 

738 


3962800 

1051 ' 

1081 

• • • * 

Mar Forest Fir 

G9(i 

588 

2581400 

1144 

1168 

9539 

Do. Spec. 2. .. 

G!t3 

403 

3478328 

12(i2 

1310 

10691 

Larch. 

531 

411 

2465433 

653 

890 


Do, Spec. 2. .. 

522 

518 

3591133 

832 

850 

• • • • 

Do. Spec. 3. .. 

55(5 

518 

4210830 

1127 

11 19 

7655 

Do. Spec. 4. .. 

5 GO 

518 

4210830 

11 19 

1172 

7352 

Norway Spar. . 

577 

6 18 

58.32000 

1471 

1 192 

121 80 


Other tables and observations on tlie cohesive strength of 
metals, &c. arc given at the end of this volume. 


Solvtion qfPi’Octical Problems^ from the preceding Data. 

Prob. I. To jiml the Strength of Direct Cohesion of a Piece 

of Timber (f any given Dimensions. 

Rule .—Multiply the area of the transverse section, in 
inches, by the value of c, in the preceding table of data, and 
the product will bo the strength required. 

Note. If the specific gravity be not the same as the mean 
tabular specific gravity ; say, as the latter is to the former, 
so is the above product to the correct result. 

Exam. 1. What weight will it require to tear asunder a 
piece of teak 3 inches stpiare, the specific gravity being 745 

Ans. 139’i|51bs. 

Exam. 2. What weight will break vertically a cylinder of 
ash, 2 inches in diaujeter, anti specific gravity 700.^ 

"Ans^ 501(i61bs. 
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Prob. II. To compute the Deflection of Beams fixed at one 

End and loaded at the other loitk any ^irm Wei£^ht, 

Rule 1. Multiply the tabular value of e by the breadth 
and cube of the depth of the given beam, both in inches. 

2. Multiply also the cube of the length in inches by the 
given weight, and that product again by 32. 

3. Divide the latter product by the former, for the deflec¬ 
tion sought. 

JExam. 1. An ash batten, 3 inches square, is fixed in a 
wall, and projects from it 4 feet. If a weight of ,S001bs. be 
hung on its’ extremity, how much “will it be deflected? 

* Ans. I 3- inches. 

Exam. 2. What would the same beam be deflected if a 
prop or shore, proceeding from the wall, met it at half its 
length ? * ^ 

Here, without repeating the operation, as wc know that 
the deflections are as the cubes ol‘ the lengths; and as by 
means of the shore the length is reduced to one half the 
former, viz. to 52 feet, w^e have 

4^ ; 2* : : 13- inches : (former deflec.) 

H 4 , . . , 

— - V - — — —— — - 01 an inch, answer. 

^ O 

Exam. 3. A batten of New England fir, 6 feet long and 
4 inches deep, by 2?- inches in breadth, is fixed at one end, 
and loaded, uniformly throughout its length, with SOOlbs., 
how much will its c.\tremity be deflected? 

Note. The same rule will apply, when the weight is dis¬ 
tributed throughout the length, by multiplying the second 
jnoduct by 12 ins*tead of 32. 

Prob. III. To compute the Deflection of Beams, supported 

at each End, and loaded in the Middle with any given 

Weight. 

Rule 1. Multiply the tabular value of e by the breadth 
dnd culie of the depth, both in inches. 

2. Multiply also the cube of the length, in inches, by the 
given weight in lbs.; then (Jividc the latter product by the 
Ibrmer lor the (leflection sought. 

Exam. 1. A square beam of English oakf whose side is 6 
inches^is supported on two walls, ^10 feet distant, and is to 
be loaded at its middle point with lOOOlbs., what will it be 
deflected ? Ans. I '8 inch. 

A beam of red pine, 8 inches in breadth, and 


Exam. 2 . 
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1 foot deep, is supported on two walls, distant 33 feet 4 
inches: how much will it be deflected with 2000lbs. suspended 
at its centre? Ans. inches. 

Note. If the beam be Jired at each end, the deflection will, 
with equal weights, be two-thirds of that found by the above 
rule. 

Prob, IV. To compute'llie Deflcvticni of Beams supported at 
each end, and loaded uniformly throughout their Lmgth 
'voith a given Weight. 

Rule. Compute the deflection the same as in the last pro¬ 
blem. Multiply that result by 5, and*divide the product by 8, 
and the quotient will be the answer. 

Exam. 1. A uniform bar of Adriatic oak, 2 indies square, 
is rested upon two jirojis, distant 24 feet, how much will it 
be deflected by its own weight, Us specific gravity being 960, 
or 601bs. to the cubic loot? ‘ Ans. 9? inches. 

Exam. 2. A beam of Riga fir, 12 inches square, is to 
support the brick woik over a gateway, 12 feet wide; the 
computed weight of the brick work is OOOOOlbs,, vhat de¬ 
flection may be expected ? Ans. *58 inch- 

Prob. V. To compute the ultimate Deflection ofBeams^ or 
Rods, before their Rupture. 

Note. The beams are supposed to be supported at each 
end. 

Rule. Multiply the tabular value of u, in the preceding 
table of data, by the depth of the beam in inches, and divide 
the square of the length, also in inches, by that product, for 
the ultimate deflection sought. 

Exam. A square inch rod of ash, 6 feet long, is broken 
by a weight apj>lied to its centre: how much will it be de¬ 
flected before it breaks ? Ans. 13*1 inches. 

Prob. vi. To find the ultimate transverse Strength of any 
rectangular Beam of Timber^ fixed at one End and loaded 
at the other. 

Rule I. Multiply the value df s, in the preceding table of 
data, by the breadth and square of the depth, both in inches, 
and divide that product by the length, also in inches, and 
the quotient will be the weight in lbs. This is approxima¬ 
tive. 

Rtdc 11. 1. Take the ultimate deflection 8 times that of 
the last problem, and divide the deflection l^y the length. 
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which will give the sine of the angle of deflection ; whence, 
by a table, find the secant. 

Multiply this secant by the breadth and square of the 
depth in inches, and the product again by the value of s^ in 
the table of data. 

3. Divide this last product by the length in inches, and 
the quotient will be the answer, in lbs. 

Exam. 1. What weight will it reefuire to break a piece of 
Mar forest fir, fixed by one end in a 'wall, and loaded at the 
other; the breadth being 2 inches, depth 3 inches, and length 
4 feet? , Ans. SlSlbs. 

Exam. A square? oaken balk, 12 inches square, pro¬ 
jects 8 feet 4 inches from a solid wall, in which it is fixed ; 
what weight will be sufficient to break it? Ans. 503451bs. 

Exam. 3. A piece of afih, 2 inches square, projects 6* feet 
from a \^all in which it is fixed; what weight, uniformly 
distributed through its length, will be required to break it? 

PiioB. vii. To comimtc the ulthnutc transverse St7'ength of 

anf rectangular Beam, xchen supported at both Ends and 

loaded m the Centre. 

Rule I. Multiply the tabular value of s by 4 times the 
breadth and square of the depth in inches, and divide that 
product by the length, also in inches, for the weight. 

R7ile II. 1. Compute the ultimate deflection by Prob. v.; 
square that deflection, and divide it by the square of half the 
length of the beam, and add the quotient to 1, for the square 
of the secant of deflection ; which multiply by the length in 
inches. 

2. Multiply tfte tabular value of s' by 4 times the breadth, 
and the square of' the dejith ; and divide that product by the 
former, for the answer in lbs. 

Exam. What weight will be necessary to break a piece of 
larch similar to the 3id specimen, the length being 8 feet 4 
inches, the breadth 8 inches, and depth 10 inches; being 
supported at each end, and loaded in the middle? 

Ans. 366761bs. 

Note 1. When the beam is loaded uniformly throughout 
its length, the same rule will apply, but the result must be 
doubled. * 

2. JL£ the beam ha fixed at each end and loaded in the mid¬ 
dle, then the result obtained in the problem must be increased 
by its half. 

3. If the beam be fixed at both ends and loaded uniformly 
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sm 

throughout its length, the same result must be multiplied by 
3. That is, the strength under these several circumstances: 

Si(ppo7'fc(I and loaded in tlie centre...^ Tl : 2 
Do. and loaded throughout its length f are j 2 : 4 

Fixt d and loaded in the centre. £ as i 1 ? : 3 

Do. loaded throughout its length. j f^3 : 6 

Exam. 2. A piece oi’ New England hr, 10 feet long, and 
6 inches square, being fixed at each end, and loaded uni¬ 
formly through its entire length: it is retpiired to find the 
weight necessary to break it. Ans. 21'03Glbs. 

C 

Prob. viii. To Jind the Weight ititder which a Column of 
Timber (f given Dimensions and. Elasticity 7oUl begin to 
bend^ when placed, vertically, on a horizontal Plane. 

Rule. Multiply into one sum the value of e fqr the pn)- 
posed wood," the cube of the least thickness,,and the greatest 
thickness, the two latter both in inches; and that product 
again by the constant number "2056. Then divide the last 
product by the square of the length, in inches, for the an¬ 
swer, or weight in Ibs.*^ 

Exam. 1. What vveight will be requisite to bend a rod oi' 
red pine, 10 inches in length and 1 inch square, when placed 
vertically on a plane, the weight being a})plied at its upper 
extremity? Ans. 15131 lbs. 


* This rule is founded upon the fonnuhe which have been 
given for this paiticular case, by F.ulcr, Poisson, &c. 
vP 

viz. is.hk = --y = ahsolntv dastivity. , 

Tt^i'.hk Tflvf 

Q = weight, under which a column 

begins to bend. Where p is half the weight,y'half the length, 
and b the deflection, when the beam or column is loaded in the 
middle, and supported at its two ends: also, K = 3T‘1159, &c. or 
the semicircumference of a circle to radius 1; that is, according* 
,, yV/( 4-/)3 „ w/3 

to our notation, eM := —--f — or Ehli = but we have 

Jo *rod 


E = —whence Ehk zz -i——. And substituting this in our 
aa'o * 48 ” 

second formula for Ehh, aifd / for 2f, wc have t, 

“48F ”. P ’ 
which is the same as the rule in words. 
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!Exam. % Assuming the elasticity of English oak at 
5806200, what weight will it require to bend a column, 8 
feet 4 inches in length and 10 indies square? 

, , Ans. il93754lbs. 

Exam. S. What weight will it require to bend a column 
of the same wood, and the same lateral dimensions, but of 
double the length ? Ans. 298438lbs. 


rUACTICAL QUESTIONS. 

QUESTION I. 

A LARGE vessel, of jO feet, or any other given depth, and 
of any shape, being kept constantly full of water, by means 
of a supplying cock, at the top; it is proposed to assign the 
place where a small Imle nfust be made in the side of it, so 
that the \^ater may spout through it to the greatest distance 
on the plane of fhe base. 

IjCt All denote the height or side of 
the vessel; d the required hole in the 
side, from which the water spouts, in 
the parabolic curve dg, to the greatest 
distance bg, on the horizontal plane. 

By the scholium art. 26*8, Hy¬ 
draulics, thedistanceuG is always equal 

to 2 v'ai) . DR, which is equal to 

a:{a — x) or 2v'fla’ —ar**, if a be })ut to denote the wliolc 
height AB of the vessel, and x ~ ad the depth of the hole. 

Hence 2 or a.v — must be a maximum. In 

fluxions, ax — 2xx — 0 , or a ~ Qx ~ 0, and 2 .t’ = a, or 
x — (a. So that*the hole d must be in the middle between 
the top and bottom; the same as before found at the end of 
the scholium above i]Uoted. 

QUESTION 11. 

If the same vessel as in Quest. 1, stand on high, with its 
bottom a given height above a horizontal plane below; it is 
proposed to determine where the small hole must be made, 
so as to sjxjut farthest on the said plane. 

Let the annexed figure rejircsent the 
vessel as before, and l/a the greatest 
distance spouted by the fluid, DG,^on 
the pkne og. 

Here, as before, Z)g a d . d5 

=: —'x) zz 2 x/cx — x% by 
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putting aZ> r: c, and ad r= x. So that 2 y' cx—.i- or cx'-x^ 
must be a maximum. And hence, like as in the former 
question, x ~ — Lhb. So that the hole d must be made 

in the middle between the top of the vessel, and the given 
plane, that the water may spout farthest. 

QUESTION III. 

But if the same vessel, as before, stand on the top of an 
inclined plane, making a ^ivcii angle, as suppose of 150 de¬ 
grees, with the horizon; it is proposed to determine the 
place of the small hole, so the water may spout the farthest 
on the said inclined plane. 

Here again (d being the jilace of the 
hole, and the given inclined plane), 

Ig = AU . Tib =. ^ -± z), 

putting .'2 b6 , and, as before, a zz ab, 

and X =z ad. Then ba must still be a 
maximum, as also being in a given 
ratio to the maximum bc;, on account 
of the given angle b. Therefore ax — 
ic® + xz, as well as is a maximum. Hence, by art. 59 of 
the Fluxions, ax — 2xx ± zx = 0, or a — 2x + z zz 0; 
conseq. ± z ~ 2x — a; and hence bo — x{a — x-\: z) 
becomes barely ^x. But as the given angle bg 5 is n 30", 
the sine of which is |; therefore bg r: 9.Bh or 2z, and ho- — 
BG® — Bi® =: 32® — 3(«a: — fl)®, or Im — ± t^x — a) Vo. 

Putting now, these two values of bo equal to each other, 
gives the equation 2x ~ ± {‘Zv — a) V3, from which is found 

iav/S 3±Vo 

“ v'3±l 4 

QUESTION IV. 

It is required to determine the size of a ball, which, being 
let fall into « conical glass full of water, shall expel the most 
water possible from the glass; its depth being 6, and dia,- 
meter 5 inches. 

Let ABC represent the cone of the 
glass, and due the ball, touching the 
sides in the points d and is, the centre of 
the ball being'at some point v in the 
axis GC of the cone. * 



«, the value of ai^ re(piired. 
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Put AO = GB =: = O} 

CO = 6 = h, _ 

, AC = AG® + GC® = 6| = C, 

FD r: FE z= FH = ar the radius of the ball. 

,The two triangles acg and dcf are equiangular; theref. 

cx 

AG ; AC :: DF : FC, that is, o : c :: x : — = FC; hence 

a 

• 

cx cx 

GF = GC — FC = 6-, and gh = gf 4> fh =; 6 + a? ——» 

the height of the segment immersed in the water. .Then (by 
rule 1 for the spherical segmedt, page 51), the content 
of the said immersed ^gment will be (6 df —• 2gh x gh‘ 


X -5236 = (2ar - 5 + —) x (a: + 6 - —)« x 1*0472, 

G, Of 

which must be a maximum, by the question; the fluxion of 
this made = 0, and divided by Sjc and the common factors, 


2«-4-c c—a , ,2fl + <7 c —a ^ 

gives —-— X (5- — (—I—^ ^ 2 = 0; 


o 


a 


a 


a 


this reduced gives x = -r-;— r~ 7 r\ = the ra- 

(c — a) X (c + 2o) ® ’ 

dius of the ball. Consequently its diameter is 4^ inches, 
as required. 


PRACTICAL EXERCISES CONCERNING FORCES ; WITH 
THE RELATION BETWEEN THEM AND THE TIME, 
VELOCITY, AND SPACE DESCRIBED. 

Before entering on the following problems, it will be 
convenient here to lay down a synopsis of the theorems 
which express the several relations between any forces, and 
their corresponding times, velocities, and spaces described; 
which are all comprehended in the following 12 theorems, 
as collected from the principles in the foregoing parts of this 
work. 

Let f, F, be any two constant accelerative forces, acting 
on any body, during the respective times t, '3, at the end oi 
which are generated the velocities v, v, and described the 
spaces s, s. Then, because the spaces are as the times and 
velocities conjointly, and the velocities as the forces and 
times; we shall have, 

VOL. II. 


B B 
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. I. In Constant For(xs, 
s __ __ 

“ TF ” T®F ^ vy* 

JL iS. - il 

V FT 8/ ^ PS 

T” yv *" SF 

f TV T*S F*8 

F ”” #V “ if*s ” V*S 

And if one of the forces, as p, be the force of gravity at 
the surface of the earth, and be called 1, and its time t 
be = 1"; then it is known by .experiment that the corre¬ 
sponding space s is =: 16^ feet, and consequently its velo¬ 
city V n 2s 32^, which call g. Then the above four 
theorems, in this case, become as here below: 


5. 

s = 

^tv = 

igfi^ 

“ 

6.. 

V = 

2s _ 
t ”” 

gJi 


7. 


2s _ 

V 

^ s 

t = 

V 

gf 


8. 

f =. 

V 

2s 






And from these are deduced the following four theorems, 
for variable forces, viz. 
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1 . 

2 . 

3. 

4. 


11. In Variable Forces, 


g, s = vi =s 


10. » = gji = 


tfV 


V 


11. t ~ = 


w 

gi 


Sf 

.'V 

¥' 


12. / 
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In these last four theorems, the force though variable, 
is supposed to be constant for the indefinitely small time 
and they are to be used in all cases of variable forces, as the 
former ones in constant forces; namely from the circum¬ 
stances of the problem under consideration, an expression is 
deduced for the value of the force which being substituted 
in one of these theorems, that may be proper to. the case 
in band; the equation thence resulti'ft^ will determine the 
corresponding values the other quantities, required in the 
problem. 

When a motive force happens, to be concerned in the 
question, it may be proper to observe, that the motive force 
»rt, of a body, is equal to fq^ the product of the accelerative 
force, and the quantity of matter in it ; and the relation 
between these three quantises being universally expressed 
by this equation mzz qf^ii follows mat, by means of it, any 
one of the three may be expelled out of the calculation, or 
else brought into it. 

Also, the momentum, or quantity of motion in a moving 
body, is yu, the product of uie velocity and matter. 

It is also to be observed, that the theorems equally hold 
good for the destruction of motion and velocity, by means of 
retarding forces, as for the generation of the same, by means 
of accelerating forces. 

To the following problems, which are all resolved by the 
application of these theorems, it has been thought proper 
to subjoin their solutions, for the better information and 
convenience of the student. 

, PROBLEM I. 

To determine the time and velocity of a body descending, by 

the force of gravity, down an inclined plane ; theJength 

qf the plane being 20 feet, and its height 1 foot. 

Here, by Mechanics, the force of gravity being to the 
fofce down the plane, as the length of the plane is to its 
height, therefore as 20: 1:: 1 (the force of gravity) 
the force on the plane. 

Therefore, by theor. 6, v or *J^gfs is ^(4 x 

X lOtV) — 2 X 4^ or 8^ feet nearly, the last 
second. And, . 

, s . / .20 _ , 400 _ 20 

= 4^ seconds, the time of descending. 

bb2 


velocity per 
By theor. 7 



372 


PRACTICAL EXERCISES ON FORCES. 


PROBLEM II. 


JjTa cmmm hall hejired with a velocity gf\OQQfeet per 
second, up a smooth inclined plane, which rises \ foot in 
20 ; it is proposed to assign the length which it will ascend 
up the plane, before it stops and begins to return dozen 
again, and the tim§ of its ascent. 


Here f ^ as before. 

1000 ^ 

Then, by theor. 5, . = _.= 


60000000 

193* 


=310880414 nearly 59 mfles, the distance moved. 

. , , , „ V 1000 120000 

And. by theor. 7. t = = - 793 - 

= 621''44t = 10 ^ *^nae of ascent. « 


PROBLEM III. 


If a ball be projected up a smooth inclined plane, which rises 
1 foot in 10 , and ascend 100 feet before it stop: required 
the time of ascent, and the velocity of projection. 


First, by theor. 6, v z= \/^fs — v'(4 x lO^V tV X 100) 
= 10 = 25*36408 feet per second, the velocity. 


. _- - „ s ^ 100 

And by theor. 7, / = — 


10 , 


■ T5-^ ^-SS- 

*4y VIO = 7*88516 seconds, the time in motion. 


PROBLEM IV. 


. Jjf a ball be observed to ascend up a smooth inclined plane, 
\^feet in ip seconds, before it stop, to return back again: 
required the velocity (f projection, and the angle of the 
purnds inclination. 


First, by theor. 6 , v = 


2 s 


10 


= 20 feet per second. 


the velocity. 

2 ^ 2*100 12 

And, bx t^eot. 8./ = = ijjg. That 

is, the length of the plane is to its height, as 193 to 12. 

Therefore 193:12 :: 100 : 6*2176 the height of the plane, 
or the sine of elevation to radius 100 , which answers to 
3 ® 34 ', the angle of elevation of the i^ne. 
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PROBLEM V. 


By a mean of several experiments, I havefimnd, fhai a cast 
iron ball, of 9, inches diameter, fired perpendicularly into 
the face or end of a block of elm *wood, or in the direction 
of the fibres, voith a velocity of 1500 feet per second, pe~ 
netrated 13 inches deep into its substance. It is proposed 
then to determine the time of the penetrationj and the re¬ 
sisting fimrce (f the wood, as compared to th£ force <f gra¬ 
vity, supposing that force to be a constant quantity. 


■n.- 1 1 ^ ^ 2s 13 

First, by theor. 7, t =*“ = 


1 


1500x12 692 


= fia9 part of » 


second, the time in penetrating. 


And 


, by theor. S, f zz 77 -• = — 


]500« 

16 * vii 


81000000 

/-i-T X f I- 13 X 193 
= 32284. That is, the resisting force of the wood, is to the 
force of gravity, as 32284 to 1. 

But this number will be different, according to the‘dia¬ 
meter of the ball, and its density or specific gravity.. For, 

since / is as — by theor. 4, the density and'size of the ball 

remaining the same; if the density, or specific gravity, n, 
vary, and all the rest be constant, it is evident that /will 

nv^ 

be as w; and therefore f as — when the size of the ball 

only is constant. But when only the diameter d varies, all 
the rest being constant, the force of the blow will vary as d®, 
or as the magnitude of the ball; and the resisting surface, or 

. d® 

force of resistance, varies as d®; therefore /is or as d 

only, when all the rest are constant. Consequently/ is as 

when-they are all variable. 
s 

dnv^F 


f __ dnvh 

F "“dNvV 


S wrvw * 

And so ^ and — r= ? where/denotes the 


*1/ SI 

strength or firmness of the substance penetrated, and is here 
supposed, to be the same, for all balls and velocities, in the 
same substance, which is either accurately or pearly so. Sec 
page 2^4, vol. iiii. of ray Tracts. • 

Hence, taking the numbers in the problem, it is - - - 

44x15002 


/= 


•dnx)* 500* 


■ 3 

T-5 


39 


= 2538462 the 
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value of f for elm wood. Where the specific gravity of the 
ball is t^en 7 t, which is a little less than that of solid cast 
iron, as it ought, on account of the air bubble which is found 
in oil cast balls. 


. PROBLEM VI. 

To find fm&Jar a 24^. ball of cast iron loill penetrcUe into 
a block of sound elruy when Jired with a velocity 0^1600 
Jeet per second. 

Here, because the substance is the same as in the last 
problem, both of the balls and woOd, n = n, and f 

- * s Dv* Dv*s 5.55 X 1600^ X 13 , 

therefore - = or e = -^ 

* 

inches nearly, the penetration required ^ 

r 

PROBLEM VII. 

It was found by Mr. Rchins (vol. i. p. 273, of Ms works), 
that an \S-pounder ball, Jired with a velocity of 1200 
feet per second, penetrated 34 inches into sound dry oak. 
It is required then to ascertain the comparative strength 
or firmness of oak and elm. 

The diameter of an 181b, ball is 5’04 inches = d. Then, 
by the numbers given in this problem for oak, and in prob. 5, 
for elm, we have - -- -- -- - 

f _dvH _ 2 X 1500* X 34 _ 100 x 17 1700 

F “ J>v*s ~ 5 04 X 1200* X 13 “ 5-04 x ? 6 x 13 “ 1048 
== 4 nearly. 

. From which it would seem, that elm timber resists more 
than oak, in the ratio of about 8 to 5; which is not proba¬ 
ble, as oak is a much firmer and harder wood. But it is to 
be suspected that the great penetration in Mr. R.’s experi¬ 
ment was owing to the splitting of the timber in some degree. 

* PROBLEM VIII. 

A 24-poMndtfr ball being fired into a bank affirm ea/rih, with 
a velocity ^1300 per second, penetraUd 15 feet. It 
is required then to dscertam the comparedive reshtamces 
of elm and earth. 

Comparing the numbers here with those in prob. 5, it is 
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/ _<i®*s_axl600®xl5xl2_ 15*x24 
p “dv«« “ 6*56 X 1300®x 13 “I 33 X 037 — ^ ^ 

nearly = 6^ nearly. That is, elm timber resists about 6^ 
times more than earth. 


PROBLEM IX^ 

To determine how far q leaden hyUett (f^ qf cm inch dia-> 
meter, will penetrate dry elm; supposing it fired nnth a 
velocity qf\70^ feet per second, ana that the lead does not 
change itsjigure hf^the stroke against the wood. 

Here d = n = 11-f, n zz. 7j. Then, by the numbers 
and theorem in prob. 5, it,is s = 

DNv% X lit X 1700® X13 17> X 13 _ 63869 _ 

dnv* •“ IJTli X 1500* ” 200 X 33 " 6600 " ^ 

inches nearly, the depth of penetration. 

But as Mr. Robins found this penetration, by experiment, 
to be only 6 inches; it follows, either that his timber must 
have resisted about twice as much; or else, which is much 
more probable, that the defect in the penetration arose from 
the change of figure in the leaden ball he used, from the 
blow against the wood. 


PROBLEM X. 

J one pound hall, prcyected with a velocity (f\5O0 feet per 
second, having been found to penetrate 13 inches deep into 
dry elm'. It ts required to ascertain, the time of passing 
through every single inch of the 13, and the velocity lost 
at eocA of them; suppcmng the resistance of the wood coor. 
stant or un form. 

The velocity v being 1500 feet, or 1500 x 12 = 18000 
inches, and velocities and limes being as the roots of the 
spaces, in constant retarding forces, as well as in accelerating 

, ,, , 2j _ 26 _• 13 _ 1__ 

ones^ and t being _ ^ ^ 1500 " 9000 "692^®^ 

of a second, the whole time of passing through the 13 inches'; 
therefore as 
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-v/lS : V13 — \/12 :: V : 


veloc. lost 


a/ 13^ <v /12 


■V = 58'9 :: t 
V zz 61’4 :: ^ ; 


-o = 172*3 


-v/13 

-o z= 41o*0 


4/13 


Time in the 


a/13- a/12. 


v/18 

V12-v'll 
4/13 

= 64-2, &c. 

v'9-^/8 

—TTs—” = 

VG—./S 

-Til-” = 

v/S- t/4 

^^^.= 98-2 
v/ 4— v/3 1114 

—TTa—® 

\/3— 4/2 

4/2- a/1 


-/ = *00005 1st 

[inch. 


4 / 12 - 4/11 
4/13 


^ = *00006 2d 


VIO— a/9 


a/13 

4/9- 4/8 
4/^3 

4 / 8 - 4 /? 
a/13 

4 / 7 -v /6 
V13 
V6-a/5 
4/13 

4 / 5 - 4/4 

4/13 


-< = *00007 4th 
■i = *00007 5th 
= 00007 6th 
^ c: *00008 7tJi 
t = *00008 8th 
J = *00009 9th 


4 / 4 -a/3 

~ T T a —< = 00011 10 th 
4/13 

a/ 3 - 4/2 

* — yrr — t = *00013 11 th 
vl3 ' 

4 / 2 - 4 /I 

4/13 

4/I—4/0 


# = •00017 12th 
t = *00040 13th 


Sura 15000 


a/13 _ 

Sum or *00144 


Hence, as the motion lost at the be^nning is very small; 
and consequently the motion communicated to any body, as 
an inch plank, in passing through it, is very small also; we 
can conceive how such a plank may be shot through, wdien 
standing upright, without oversetting it. 
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PROBLEM XI. 


The force (f attraetion^ above the earthy being inversely as 
the sqmre of the distancefrom the centre; it is proposed 
to determine the time, velocity, and other (Arcumstances, 
attending a heavy body fallingfrcm any given height; the 
descent 'at the earth's surface being or 193 

inches, in the first second ^iime. 


r = cs the radius of the earth, * 

a = CA the dist. fallen *from, p/ • p 

a: = CP any variable distance, I ~ 

V =: the velocity at P, I 

t time of falling there, and ^ 

{g = 16r’T. half uie veloc. or force at s, 
fzz the force af the point P. 

Then we have the three following equations, viz. 

fS 

: : 1 : y = — the force at p, when the force of 

gravity at the surface is considered as 1; 
tv .= — A, because x decreases; and 

r- - 

S!gr^ 

The fluents of the last equation give =-. But 

oc 

when xvz a, the velocity w = 0; therefore, by correction, 
9.gr^ ^ - a — X 

— -2-^ = -; or n n V(-x-)• 

. X a ^ ax ^ a X 

a general expression for the velocity at any point p. 

(t 7 " 

When X zz r, this mves v rs \/(%r x -) for the 

greatest velocity, or the velocity when the body strikes the 
earth. 

When a is very great in respect of r, the last velocity be- 
* r 

comes (1 — Q-) X ^/9gr very nearly, or nearly ^^S,gr only, 

siOt • 

which is accurately the greatest velocity by falling from an 
infinite height. And this, when r = 3965 miles, is 6*9506 
miles per second. Also, the Velocity acquired in falling from 
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the distance of the sun, or 1^000 diameters of the earth, 
is 6‘.9505 miles per second. And the velocity acquired in 
falling firom the distance of the moon, or 80 diameters, is 
6*89^ miles per second. 

Again, to find the time; mnce /z; = — x, therefore 

t zz —- zz V X —=^=S=-; the correct fluent of 
V ggr* yaan — xx 


which gives i = ^ + arc to diameter a 

and vers, a — a:); or the time of falling to any point P = 

^ ^ when. ar = r, this becomes 

"iff 


a 


Al) + DS 


SC 


for the whole time of falling to the 

surface at^s; which is evidently infinite when o^or ac is 
infinite, though the velocity is then only tliq, finite quantity 
v'Sjgr. 

When the Iieight above the earth’s surface is given = g\ 
because r is then nearly = o, and ad nearly = ds, the time 
t for the distance g will be nearly - - -- -- -- 

X 2ds = ^ 1", as it ought to be. 

IF a body, at the distance of the moon at a, fall to the 
earth’s surface at s. Then r = 3965 miles, a = 60r, and 
t = 416806'' = 4 da. 19 h. 46 m. 46 s. which is the time of 
falling from the moon to the earth. 

In like manner the time of falling froni the distance of the 
sun would be 64 da. 18 h. 46 m. 46 s. 

When the attracting body is considered as a point c; the 
whole time of descending to c will be ------ - 

1 a •7854a a 10a *7854 a* 

TT— y/ X ABCD — ^ — — I \/Or ZZ ‘ aJ 3 . 

ig r ig 5lr r ig 

Hence, the times employed by bodies, in falling from 
quiescence to the centre of attraction, are as the square roots 
of the cubes of the heights from which they respectively fall.. 


PROBLEM XII. 

The jbree of attraction below the eartTCs surface being di¬ 
rectly cwf the distance from the centre: it is proposed to 
jietermine the xnrewmstames (f velocity, timey and, space 
fcdlen by a heavy body from the surface^ through ct per¬ 
foration made straight to the centre of the earth: abs¬ 
tracting from the effect qfth^ earth's rotation^ and sup¬ 
posing it to he a hxmogemous sphere 3965 mUes radius. 
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Put r,= AC the radius of the earth, 

JT =r CP the dist. from the centre, 

V — the velocity at P, 
t zz the time there, 

= 16^, half the force at a, 

J’zz the force aUp. 

Then ca : cp :: and the three 

equations are and X)V zz •—and = — x. 

Hence f zz -, and vv =-; the correct fluent of 

r T 

r* — j?* * ff 

which gives v r: x*—— ) =: PD v'— =: pd v'” >the 



velocity at the point p; where pd and ce are perpendicular 
to CA. So that the velocity at any point p, is tne perpen¬ 
dicular or sine pd at that point. 

When the body arrives at c, then v zz »/gT zz . ac 
= 25950 feet or 4’9148 miles per second, which, is the 
greatest velocity, or that at the centre c. 


Again, for the time; i zz — y/— x —===■; and the 

V g 

r , , a? 1 

fluents give t zz ^— X arc tb cosine — =: i/- X arc 

^ g r gr 

AD. So that the time of descent to any point f, is as the 

corresponding arc ad. 

When p arrives at c, the above becomes t zz ~ ~ 

»»■ ^ 

A,/— X quadrant ae = — V — ~ l*5708v'-— zz 12674 

gr ^ AC ^ g 

seconds =: 21 m. 74 s. for the time of falling to the centre c. 
The time of falling to the centre is the same quantity 

T 

1'5708 ■/-, from whatever point in the radius Ac the 

body begins to move. For, let n be any given distance from 
c at which the motion commences: tlien by correction, 

vzza/(— . a?*), and hence i == ✓—* x / the 

^ ^ r g - x* 

* I* wC 

fluents of which give t :z — x arc to <x>stne — ; which, 

« g * ^ 


T “ 

when X zz 0, gives t zz — X quadlant = 1*5708 

g & 

for the time of descent to the centre c, the same as before. 
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As an equal force, acting in contrary Erections, generates 
or destroys an equal quantity of motion, in the same time; 
it follows that, alter passing the centre, the body will just 
ascend to the opposite surface at B, in the same time in 
which it fell to the centre from a. Then from b it will 
return again in the same manner, through c to a ; and so 
oscillate continually between a and b, the velocity being 
always equal at cqua' distances from c on both sides; and 
the whole time of a double oscillation, or of passing from a 
and arriving at a again, will be quadruple the time of passing 

T 

over the radius ac, or =‘2 x 3T416 v'— Ih. S4m. 29s. 


• PROBLEM^ XIII. 

To Jind the Time of a Pendulum vibrating in the Arc of a 

Cycloid. 

Let s be the point of suspen-. 
sion; 

sA the length of pendulum ; 

CAB, the whole cycloidal arc; 

AiKD, the generating circle, to 
which FKE, HiG are perpen¬ 
diculars. 

sc, SB two other equal semi- 
cloids, on which the thread 
wrapping, the end a is made 
to describe the cycloid bac. 

By the nature of the cycloid, ad = ds ; and sa z= 2ad = 
sc =: SB = CA =: ab. Also, if at any point g be drawn the 
tan^nt gp; gq parallel and pa perpendicular to ad : then 
PG IS Tparallel to the chord ai, by the nature of the curve. 
And, by the nature of forces, the force of gravity: force in 
direction gp :: gp : gq :: ai : ah :: ad : ai ; in like man¬ 
ner, the force of gravity: force in the curve at e : : ad : ak; 
that is, the accelerative force in the curve, is every where as 
the corresponding chord ai or ak of the circle, or as the arc 
AG or AE of the cycloid, since ag is always = 2ai, by the 
nature of the curve. So that the process and conclusions, 
for the velocity and time?' of describing any arc in thi^» case, 
will be the very same as in the l^t problem, the nature of 
the forces being the same, viz. as the distance to be passed* 
over to the lowest point a. 
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From which it follows, that the time of a semi-Tibration, 
in all arcs, ao, ae, &c, is the same constant quantity 

• T AS i 

1*5708 v'— = 1*5708 •/— rz l*5708y/—; and the time of 
S S g 

• I 

a whole vibration from b to c, or from c to b, is 3*1416 v"—» 

g 

where / = as = ab is the length of the pendulum, and 
3*1416 the circumference of a circffi whose diameter is 1. 

Since the time of a body’s falling by gravity through 4 /, 
or half the length of the pendulum, by the nature of descents, 

is , which being in proportion to 3*1416 ^—, as 1 is to 

3 l4lC; therefore the diameter of a circle is to Us circum¬ 
ference, as the time of falling through half the length of a 
pendulum, is to the tim^ of one vibration. 

If the time of the whole vibration be 1 second, this equa-. 

tion arises, wiz. l''=3-1416-/p hence 

and ig = 3*1416* x f / = 4*9348/. So that if one of these, 
g or /, be given by experiment, these equations will give the 
other. See pages 196, and 222. 

Hence the times of . vibration of pendulums, are as the 
square roots of their lengths; and the number of vibrations 
made in a given time, is reciprocally as the scj^uare roots of 
the lengths. And hence also, the length ot a pendulum 
vibrating n times in a minute, or 60", is I zz 39f x 

602 140850 ^ 

—r =-; as at page 232. 

rC-nm ^^ ^ 

When a pendulum vibrates in a circular arc; as the length 
of the string as constantly the same, the time of vibration 
will be longer than in a cycloid; but the two times will ap¬ 
proach nearer together as the circular arc is smaller; so that 
when it is very small, the times of vibration will be nearly 
equal. And hence it happens that 39f inches is the length 
of a pendulum vibrating seconds, in' the very small arc of a 
circle. 

PROBLEM XIV. 

To determine the Time of a Body descending down the Chord 

of a Circle, 

Let c be the centre; ab the vertical 
dimeter; ap any chord, down* which a 
body is to descend from p to a ; and pq / C• 

perpendicular to ab. \ ^ /X/ 

Now, as the natural force of gravity in 
the vertical direction ba, is to the force 
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urging the bodj down the plane pa, as the length of the 
plane ap, is to its height aq; therefore.the velocity in pa 
and Q,A.y will be equal at all equal perpendicular distances be¬ 
low pu; and consequently the - -- -- -- -- 
time in pa : time in oa : : pa : oa : : ba : pa ; but 
time in ba : time in qa : : -/ba : /ua : : /(ba . ba) : 
/(qa . ba) : : ba : pa ; hence, as three of the terms in each 
proportion are the sam% the fourth terms must be equal, 
namely the time in ba = the time pa. 

And, in like manner, the time in bp = the time in ba. 
So that, in general, the times of descending down all the 
chords ba, bp, br, bs, &c, of pa, ra, sa, &c, are all equal, 
and each equal to the time of falling freely through the 
diameter; as before found at art, 194, Dynamics., Which 

time is V—, where =: 18rV; ^ radius AC; 

« 

Qf *■ 

for : t/2r :; F: /-—. 


problem XV. 

To determine tlie Time of filling the Ditches of a Work with 
Water, at tlte Top, by a Sluim ^ Feet square; tiie 
Head of Water above the Sluice being 10 Feet, and the 
Dimsnsums qfthe Ditch being 20 Feet wide at Bottom, 
22 ai Top, 9 deep, and 1000 Feet long. 

The capacity of the ditch is 189000 cubic feet. 

But /ig’: /lO :: g : 2^5g the velocity of the water 
through the sluice, the area of which-is 4 squg-re/eet; there¬ 
fore 8/5g is the quantity per second running through it; 

23625 

and consequently 8/5g : 189000 = 1863'' or 

31 m. 3 s. nearly, which is the time of tilling the ditch. 


problem xvi. 

To determine the Time of emptying a Vessel of Water by a 
Sluice in the Bottom if it, or in the Side near the Bottom: 
the Height of thi Aperture being very small in respect of 
the Altitude of the Fluid.' * * 

Put a = the area of the aperture or sluice; 
g rr 32^ feet, the force of gravity; 
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d == the whole dep^ of water; 
x = the variable altitude of the surface above the aper¬ 
ture; 

A ^ the area of the surface of the water. 

Then the velocity with which the 

fluid will issue at the sluice; and hence a : a:: Sv'tgx 


the velocity with which the surface of the water will descend 
at the altitude x, or the space it would descend in 1 second 
with the velocity there. Now, in descending the space x, 
the velocity may be considered as uniform; and uniform de¬ 
scents are as their times'; therefore : 1": 

A 

the time of descending x space, or the fluxion of the time of 


* A jC 

exhausting. That is, t —--j—; which is made negative, 

because x is a decreasing quantity, or its fluxion negative. 

Now, when the nature or figure of the vessel is given, the 
area a will be given in terms of x; which value of a being 
substituted into this fluxion of the time, the fluent of the 
result will be the time of exhausting sought. 

So if, for example, the vessel be any prism, or every¬ 
where of the same breadth; then a is a constant quantity. 


and therefofe the fluent is 


d 


A SC 

y'j-. But when xssd, this 


a 


^g 


becomes — —should be 0; therefore the correct 

O 5i5 « 

fluent is < = —f -.- for the time of the surface de- 


a 


scending till the depth of the water be x. And when x=:0, 
the whole time of exhausting is barely • 


ig 


Hence, if a be = 10000 square feet, a = 1 square foot, 
’ and d r: 10 feet; the time is seconds, or 8h. 11m. 25f s. 

Again, if the vessel be a ditch, or canai, of 20 feet broad 
at the bottom, 22 at the top, 9 deep, and 1000 feet long; 


i" " 

* This last result is obviously inconsistent with the result at 
pa. 369, vol. iii. ' The reason is that the supposition of x =s 0, 
is incompatible with the hypothesis that the height of the aper¬ 
ture is very small compared with x. The rest of the soluticm p 
correct. 
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90 +ar 

then is 90 : 90 ^ ^ x 2 the breadth of the 

surface of the water when its depth in the canal ift x ; and 
therefore a =: —x 2000 is the surface at that time. 

- • - A4/* _ rknn. 00 “1" X X . 

Consequently < or 1000 x x « 

the fluxion of the time; the correct fluent of which, when 


a? = 0, is 1000 X 


1804-^ d _1 000 X 186 X 3 
9a • 9 X 4,^ 


15459"|- nearly, or 4h. 17m. SOjS., being the whole time of 
exhausting by a sluice of 1 foot square. 


PROBLEM XVII. 

i 

To determine the Velocity with which a Ball is discharged 
from a given Piece of Ordnance^ with a given Charge 
of Gunpowder. 

Let the annexed figure 
represent the bore of the 
gun; AD being the part 
filled with gunpowder. 

And put 

a = AB, tlie part at first filled with powder and the bag; 
b = AE, the whole length of the gunbore; 
c zz *7854, the ai’ea of a circle whose diameter is 1; 
d zz BD, the diameter of ttie ball; ^ 

e ■= the specific gravity of the ball, or WeigHt of 1 cubic foot; 

= 16Vt' descended by a body in 1 second; 
m zz 240oz, 151b, the pressureofthe atmosphere on a sq. inch; 
« to 1 the ratio of the first force of the fired powder, to the 
pressure of the atmosphere; 
w zz the weight of the ball. Also, let 
X zz. AC, be any variable distance of the ball from a, in 
moving along the gunbarrel. 

First, cd* is z: the area of the circle bd of the ball; 
theref. med^ is the pressure of the atmosphere on bd ; 
conseq. mned^ is the first force of the powder on bd. 

But the force of the infljamed powder is proportional to its 
densi^, and the density is inversely^as the space it fills; 
therefore the force of the powder bn the ball at b, is to the 
force on the same at c, as AC is to AB ; that is, - . . . 
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j, mnard' . 

X : a : mnca ^:-=r f, the motive force at c 

.r 


conseq. — 

* 70 


-- —,fi accelcratingj force there. 


Hence, theor. 10 of forces gives vv = gfx — fa ^ ^ . 

the fluent of vvliich is v" =: x Iiyp. log. of x. 

w .7 r ft 

But when v =: 0, then .r = a; therefore by correction, 

„ ^gmnacd- x . * 

t" = -X hyp. log.- IS the correct fluent; conseq., 


^<T^m7icic(l~ 'V 

V— \/(— --X liyp. log. —) is the vcloc. of the ball at c, 

« 

, .^i^mnhed' , , ^ , , . . , , - , 

ana 77=: ‘— x hyp. log. —) the velocity with which 

iO ff’ 

the ball issues from the muzzle at e ; where h denotes the 
length of the cylinder filled with powder; and a the length 
to the hinder part of' the ball, which will be more than h 
when the ball does not touch the powder. 

Or, by substituting the numbers for w, c, and chang¬ 
ing the hvperbolic logarithms for tlie common ones, then 

. 

V r: v'f- X com. Jog. — the velocity at e, in feet. 

^ w ^ n 

But, the content of the ball being ycc?’’, its weight is - - 

^ /Y# 

70 = ; which being substituted for 7o, 

in the value»of v, it becomes 

V = 2758^/(^ )<: com. Jog. —), the velocity at e. 

CLC ft 

Wlien the ball is of cast iron; taking err 7368=10(^7*14)®, 

the rule becomes r = \/(-t X log. —) for the vcloc. of 

^ ' a a 

the cast iron ball. 

Or, when the ball is of lead; then c =11325 = 10(33-652)®, 

TtJh b 

and 0 = 26 v'(-t x log.—) for the veloc. of the leaden ball*. 
d ® « * 


* Some practical artillerists having expressed a wish to the 
Editor, to see a solution to this problem upon the supposition 
that the gunpowder explodes gradualist so as to be all ignited 
VOL. II. ' c c 
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Carol. From the general expression for the ^locity 
above ^ven, may be derived what must be the length of the 
charge of powder a, in the gun-barrel, so as to produce the 
greatest possible velocity in the ball; namely, by making the 


when the ball quits the mouth of the gun, he avails himself of the 
opportunity of giving it in this place. 

Here we must first investigate the relation between the time 
and the space described. By the hypothesis we shall have the 

force as and we have.r varying as t*' to find w. We have, 


from the primitive formuhne, pa. 370. 

i 


/ 


t 

a —a —a 

.V ,v 


1 

»I-I * 


Tlicrefofe tw a 


vv = gf,r oc ft', and 
-; and the fluent 


a wj'". Farther, 


3—an 
an 


<r Cf.vt O. V . j, .r“ cv a .r®" X .r" .r a .t’ a ; so that the 
fluent .r oc x*" . Conscq, 1 = , and n =^. That is, in this 

case. A' a 

Now, taking the notation of the problem in the text, we have 
f =-^—, the accelerative force at the first instant of cx- 

tt) 

plosion; and, by hyp. at e, where the whole is exploded, 

n'f* 

the force will be To find the force at c, if t be put for the 
o I. * ■ 


whole time of explosion, we shall have 


T , time \ of' 


.. * /dmc N aft 


(force at e) 

0 \space' b x 'space' 


space • Tx 


force at c, or the value oi'f there, in the general formula;. 
Hence we have vv = gfe = 

T.e 


But 4 : T'®" ; ; a- : .*. t = ; and, by substituting 

this value of ^Tor it, we have 


vv 


1A! 

Taking the fluents, we have 
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value of i; a maximum, or, by squaring and omitting the 
constant quantities, the expression a x hyp. log. of — 

a maximum, or its fluxion equal to nothing; that is 

* b ' b " b 

a X hyp. log.-« 0, or hyp. log. of — = 1 ; hence — 

Oif €L Cb 

= 2*71828, the number whose hyp, log. is 1. So that 
a : b :: 1 : 2*71828, or as 4 to 11 nearly, or nearer as 7 to 
19; that is, the length of the charge, to produce the greatest 
velocity, is the of the Iqngth of the bore, or nearer 

of it. . 

By actual experiment it is found, that the charge for the 
greatest velocity, is but little less than that which is here 
computed from theory ; as may be seen by turning to page 
213, vol. 3, of the Tracts, M^here the corresponding parts are 


I. 

2 


V 


4-64 ’ 


whence v 





When .r becomes = 6, this becomes 


V = \/= \/(3^mnc . 



Cor. 1. Hence, so long as a and d remain the same, the velo¬ 
city at the muzzle k will be the same whatever be the length 
of the gun; for b does not appear in the ultimate value of v. 

This is contrary to all experience, and proves that the hypo¬ 
thesis is untenable. 


Cor. 2. The powder being the same, the veloeity at the muz¬ 
zle {d remaining tlje same) will be as the square root of the 
charge. 

Cor. 3. In guns of different bores, the velocity at the muzzle 
«rm be as y 1, For e a a cr 

Cor. 4>. If the charge be given, a will be inversely as d®, and 

Cor. 5. If 6 be the length of a gun in which the charge ol 
powder •will be all fired when the ball reaches the muzzle, then 
in a shorter gun ac, the same powder, and an (E?qual charge will 


# A 

~P 


or as 


c c 2 


/ 


.r 

b 
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found to be, for four different lengths of gun, thus, 

; the parts here varying, as the gun is longer, which 
allows time for the greater quantity of powder to be fired,, 
before the ball is out of the bore. 


SCHOLIUM. 


In the calculation c?f ihe foregoing problem, the value of 
the constant quantity it remains to be determined. It denotes 
the first strength or force ol‘ the fired gunpowder, just before 
the ball is moved out of it^^ place. This value is assumed, by 
Mr. Robins, equal to 1000, that is, 1000 times the pressure 
of the atmosphere, on any eijual spaces. 

But the value of the quantity n maybe derived juuch 
more accuratel}’, from the cx])criments related in my Tracts, 
by comparing the velocities ther6 found by experiment, with 
the rule fi)r the value of r, or the velocity, as computed by 
theory, viz. 

V = 100 X log.of-^-), oi~100v'(^ X log. of *)■ 

Now, supposing that v is a given quantity, as well as all the 
other quantities, excepting only the number //, then by re¬ 
ducing this equation, the value of the letter 7t is found to be 
as follows, viz. - 


n 


dvv 


com. log. of 



(Ivv 




9 


when h is different from a. 

Now, to apply this to the experiments. By pa. ()0, vol. 3, of' 
the Tracts, the velocity of the ball, of 1‘9<6 ihehes diameter, 
with 4 ounces of powder, in the gun No. 1, was 1100 feet per 
second; and, by pa. 316, vol. 2, the length of the gun, when 
corrected for the spheroidal hollow in the bottom of' the bore, 
wafe 28'53; also, by pa. 48, vol. 3, the length of the charge, 
when corrected in like manner, was 3*45 inches of powder 
and bag together, but 2‘,54 of powder only : so that the 
values of the quantities in the rule, are thus: a 3*45; b 
28-53; d — 1*96; h = 2*54; and v = 1100; then, by 
substituting these values instead of the letters, in the theorem 

dvv b . 

^ — 7 Ann ' of —» it comes out w = 750, when 

lUUUa i a ^ 

h is considered as the same as a: And so on, for the other 
experiments there treated of. 
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It is here to be noted however, that there is a circum¬ 
stance in the experiments delivered in the Tracts, just men¬ 
tioned, which will alter the value of the letter « in this 
theorem, which is this, viz. that a denotes the distance of 
the shot from the bottom of the bore; and the length of the 
charge of powder alone ought to be the same thing; but, in 
the experiments, that length included, besides the length of 
real powder, the substance of the tlfin dannel bag in which 
it was always contained, of which the neck at least extended 
a considerable length, being the part where the open end was 
wrapped and tied close round wijh a thread. This circum¬ 
stance causes the value.of n, as found by the theorem above, 
to come out less than it ought to be, for it shows the strength 
ol the inflamed powder when just fired, and when the flame 
fills the whole space a before occu})ied both by the real pow¬ 
der and th,e bag, whereas il oimbt to show the first strength 
of the flame w hep it is supposed to be contained in the space 
only occu])ied by the powder alone, without the bag. The 
formula will therefore bring out the value of too little, in 
proportion as the real sj)ace filled by the powder is less than 
the space filled both by the powder and its bag. In the same 
proportion therefore must we increase the formula, that is, 
in the proportion of 7/, the length of real powder, to a the 
length of powder and bag together. Whcti tJie theorem is 


so corrected, it becomes - 


lOOO/i 


com. log. of 



Now, by pa. 48 and 49, vol. 8, 'I’racts, there are given 
both the lengths of all the charges, or values of a, including 
the bag, and also the length of the neck and bottom of the 
bag, wliicb is () 91 of an inch, which therefore must be sub¬ 
tracted from all the values of r/, to give the corresponding 
values of h. This in the example above reduces 3'45 to 2*54. 

Hence, by increasing the above result 750, in proportion 
of 2*54 to 3 4'5, it becomes 1018. And so on for the other 


experiments. 

But it will be best to arrange the results in a table, with 
the several dimensions, when corrected, from which they arc 
computed, as follows. 
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Table of Velocities of Balls and First Force of Powder ^ ^c. 


Gub. 

Charg( 

j of Powder. 

Velocity 
or value 
of V. 

First 

No. 

Length, 
or value 

Weight 

ill 


force, or 
value of 


of h 

ounces. 




ft* 

mi 


4 

.3-45 

2*54 


1018 

1 


8 

5-99 

5-08 




nn 

16 

11-07 

10*16 


967 



4 

3*45 

2*54 

1180 

1077 

2 

38-43 

8 

5-99 

< 5-08 

1580 

1193 



16 

11*07 

10-16 

1660 

^ 984 



4 

3-45 

2-54 

1300 

1067 

3 

57-70 

8 

5-99 

5*08 

1790 

1256 



16 

11-07 

10-16 

2000 

1076 



4 



■imi 

1060 

4 

80*23 

8 



Bm^I 

1289 



16 



2200 

1085 


Where it may be observed, that the numbers in the column 
of velocities, HSO and 2200, are a little increased, as, from 
a view of the table of experiments, they evidently required 
to be. Also the value of the letter d is constantly 1*96 
inch. t 

Hence it appears, that the value of the letter w, used in 
tlie theorem, thoueh not yet greatly different from the num¬ 
ber 1000, assumed by Mr. Robins, is rather various, both 
for the different lengths of the gun, and for the different 
charges with the same gun. 

But this diversity in the value of the quantity w, or the 
first force of the inflamed gunpowder, is probably owing in 
some measure to the omission of a material datum, in the 
calculation of the problem, namely, the weight of the charge 
of powder, which has not at all been brought into the com¬ 
putation. For*' it is manifest, that the elastic fluid has not 
only the ball to move and impel before it, but its owd weight 
of matter also. The computation may therefore be renewed, 
in the ensuing problem, to take that (latum into the account. 
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rHDBLKM XVIII, 


To determine the same as in the last Problem; taking both the 
Weight qfPemder and the Ball into the Calculation. 


Besides the notation used in the last problem, let de¬ 
note the weight of the powder in the charge, with the flannel 
bag in wliich it was inclosed. 

Now, because the inflamed powder occupies at all times the 
part of the gun bore which is bdliiiid the ball, its centre of 
gravity, or the middle part of the same, wi|l move with only 
half the velocity that the ball moves with; and this will require 
the same force as half the weight of the powder, &c, moved 
with the whole velocity of •the ball. Therefore, in the con¬ 
clusion derived in the fast problem, we arc now, instead of 
to substitute the quantity p -|- WJ; and when that is done, the 


, , . ... ^SSi^nhd?- 

Jast velocity will come out, v — */(—- x com. log. - /• 

^ ^ p -\-w ° a 

And from this equation is found the value of which is 


n = 


p zo 




log. of- , 

® a 


&) -i- •ft 

^ log. of —, by 


substituting for d its value 1 ’96, the diameter of the ball. 

Now as to the ball, its medium weight was 16 oz. 13 dr. 
= 16*81 oz. And the weights of the bags containing the 
several charges of powder, viz. 4 oz., 8 oz., 16 oz., were 
8 dr., 12 dr., and 1 oz., 5 dr.; then, adding these to the re-^ 
spective contained weights of powder, the sums, 4’5 oz., 
8‘75 oz., 17*31 dz., are the values of 2p, or the weights of 
the powder and bags; the halves of which, or 2*25, and 4*38, 
and 8*66, are the values of the quantity p for those three 
charges; and these being added to 16’81, the constant weight 
of the ball, there are obtained the three values of p -|- 2 ^; 
for the three charges of powder, which values therefore are 
*19*06 oz., and 21*19 oz., and 25’47 oz. Then, by cal¬ 
culating the values of the first force w, by the last rule 
above, with these new data, the whole will be found as in 
the following tajble. 
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The Gun. 

Charge of Powder. 

Weight of 
^all and 
%arge, or 
values of 

p+TP. 

Velocity, 
or the 
values of v. 

First 
force 
or the 
value of 
n. 

No. 

I^ength 
or value 
of &. 

Weight 

in 

ounces. 

Leng 
va] 
of a. 

th or 
ue 

of k. 


Inches. 

4 

3-45 

2-54 

19-06 

■RffQI 


1 

28-53 

8 

5-99 

5-08 

21-19 


1377 



16 

IW7 

10-16 

25-47 

Hyjfl 




4 

3-45 

2-54 


1180 

1167 

2 

38-43 

8 

5-99 

5-08 

21-19 

1580 

1506 



16 

11-07 

-10-16 

25-47 

1 

1660 

1192 



4 

3-45 

2-54 



1210 

3 

5770 

8 

5-99 

5-08 

21-19 

1790 

1586 



16 

11 07 


25-17 

2000 

1646 



4 

3-15 

2-54 

19 06 

1370 

1203 

•4 

80-23 

8 

5-99 

5-08 

21-19 


1627 



16 

11-07 

10-16 

25-47 


1648 


And here it appears that the values of w, the first force of 
the charge, are much more uniform and regular than by the 
former calculations in the preceding problem, at least in all 
excepting the smallest charge, 4 oz. in each gun; which it 
would seem must be owing to some general cause or causes. 
Nor have we long to search, to find out what those causes 
may be. For when it is considered that these numbers for 
the value of 7i, in the last column of the table, ought to ex¬ 
hibit the first force of the fired powder, when it is supposed 
to occupy the space only in which the bare powder itself 
lies; and that whereas it is manifest that th,« condensed fluid 
of the charge in these experiments occupies the whole 
space between the ball and the bottom of the gun bore, or 
the whole space taken up by the powder and the bag or car¬ 
tridge together, which exceeds the former space, or that of 
the powder alone, at least in the proportion of the circle of 
the gun bore, to the same as diminished by the thickness ofl 
the surrounding flannel of the bag that contained the pow¬ 
der ; it is manifest that the force was diminished on that ac¬ 
count. Now by gently compressing a number of folds of 
the flannel together, it has been found that 4lie thickEess of 
the single flannel was equal to the 40th part of an inch; 
the double of which, or ‘05 of an inch, is therefdre the 
quantity by which the diameter of the circle of the powder 
within the bag, was less than that of the gun bore. But 
the diameter of the gun bores was inches^ therefore, 
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deducting the -05, the remainder l-f)7 is the (diameter of the 
powder cylinder within^ the bag: and because the areas of 
circles are to each other as the squares of their diameters, 
and the squares of these numbers, 1*97 and 2 09, being to 
each other as 388 to 408j or as 97 to 102; therefore, on this 
account alone, the numbers before found, for the value of w, 
must be increased in the ratio of 97 to 102 . 

But there is yet another circumstance, which occasions 
the space at first occupied by the inflamed powder to be 
larger than that at which it has been taken in the foregoing 
calculations, and that is the difference between the content 
of a sphere and cylii\der. I'of, the space supposed to be 
occupied at first by the elastic fluid, was considered as the 
length of a cylinder measured to the hinder part of the curve 
surface of tlie ball, which is manifestly too little by the dif¬ 
ference between the contonl of half the ball and a cylinder 
of the same length and diameter, that is, by a cylinder 
whose length fs \ the semidiameter of the ball. Now that 
diameter was 1 ’ 9 G inches; the half of which is 098 , and 3 - 
of this is 0-33 nearly. Hence then it appears that the 
lengths of the cylinders, at first filled by the dense fluid, 
viz. 3’45, and 5 99, and 11 07, have been all taken too little 
by 0-33; and hence it follows that, on this account 3lso, all 
the numbers before found for the value of iJic first force n, 
must be further increased in the ratios of* 3'45 and 5*99 and 
11’07, to the same numbers increased by 0 33, that is, to the 
numbers 3‘78 and (>‘32 and 11*40. 

Compounding now these last ratios with the foregoing 
one, viz. 97 to 102, it produces these three, viz. the ratioi» 
of 334 and 581 and 1074, respectively to 385 and 647 and 
1163. Tlierefere increasing the last column of numbers, 
for tlie value of «, viz. those of the 4 <jz. charge in the ratio 
of 334 to 385, and ihose of 
the 8 oz. charge in the ratio 
of 581 to 647, and those of 
the 16 oz. charge In the ratio 
of 1074 to 1163, with every 
gun, they will be reduced to 
the numbers in the annexed 
table; where the numbers are 
still ’larger and more regular 
than before*. 


* From the experiments of 1815, 1816, it appears that n 
exceeds 2000 , in the best gunpowder. 
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Thus then at length it appears tliat the first force of the 
Infiamed gunpowder, when occupying only the space at first 
filled with the powder, is about 1800, that is 1800 times the 
elasticity of the natural air, or pressure of the atmosphere, 
in the charges with 8 oz. and 16 oz. of powder, in the two 
longer guns; but somewhat less in the two shorter, probably 
owing to the gradual firing of gunpowder in some degree; 
and also less in the IdWcst charge 4 oz. in all the guns, 
which may probably be owing to the less degree of heat in 
the small charge. But besides the foregoing circumstances 
that have been noticed, or used in the calculations, there arc 
yet several others that migh*t and ouglit to be taken into the 
account, in order to a strict and perfect solution of the pro¬ 
blem ; such as, the counter pressure of the atmosphere, and 
the resistance of the air on the lore part of the ball while 
mining along the bore of the ; the loss of Uic clastic 
fluid by the vent and windage of the gun; the graoual firing 
of the powder; the unequal density of the elastic fluid in the 
different parts of the space it occupies between the ball and 
the bottom of the bore; the difference between pressure and 
percussion when the ball is not laid close to the powder; and 
perhaps some others: on all which accounts it is probable 
that, instead of 1800, the first force of the elastic fluid is not 
less than 2000 limes the strength of natural air. 


Coivl, From the theorem last used for the velocity of the 

i_ 11 j 1 • n • 1 • , b 

ball and elastic fluid, viz. t' == 4 / ( —r— n x loff. —) = 

V—X log. — , we may find the velocity of the elas- 

tic fluid alone, viz. by taking or the weight of the ball, 

= 0 in the theorem, by which it becomes barely v = 

8567^w 1 ^ 1 1 • 

—-— X log. for that velocity. And by computing 


the several preceding examples by this theorem, supposing 
the value 01 n to be 2000, the conclusions come out a little ' 
various, being between 4000 and 5000, but most of them 
nearer to the latter number. So that it may be concluded 
that the velocity of the flame, or of the fired gunpowder, 
expands itself at the muzzle of the gun, at the rate of about 
5000 feet per second nearly. , 
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ON THE MOTION OF BODIES IN FLUIDS. 


PEOBLEM XIX. 


To determine the Force of Fluids in Motion; and the Cir¬ 
cumstances attending Bodies %ioving in Fluids. 


1. It is evident that the resistance to a plane, moving 
perpendicularly through an infinite fluid, at rest, is equal to 
the pressure or force of the fluid on the plane at rest, and 
the fluid moving with the same velocity, and in the contrary 
direction, to that of the plane in the former case. But the 
force of the fluid in motion, must be equal to the weight or 
pressure ^which generate!! that motion; and which, it is 
known, is equ^l to the weight or pressure of a column of 
the fluid, whose base is equal to the plane, and its altitude 
equal to the height through which a body must fall, by the 
force of gravity, to acquire'the velocity of the fluid: and 
that altitude is, for the sake of brevity, called the altitude 
due to the velocity. So that, if a denote the area of the 
plane, v the velocity, and n the specific gravity of the fluid; 


then, the altitude due to the velocity v being 



the whole 


*V^ CLTVtfi' 

resistance, or motive force w, will be a x w x ’ 

^g 2g 

g being, as we have all along assumed it, =: 32-|- feet. Ant^ 
hence, caeteris parihiSy the resistance is as the square of the 
velocity. • 

2. This ratio, of the square of the velocity, may be other¬ 
wise derived thus. The force of the fluid in motion must 


be as the force of one particle multiplied by the number of 
them; but the force of a particle is as its velocity; and the 
number of them striking the plane in a given time, is also as 
the velocity; therefore the whole force is as x v or v®, that 
is, as the square of the velocity. 


3. If the direction of motion, instead of being perpen- 
dicuiai’ CO the plane, as above supposed, be inclined to it in 
any angle, the sine of that angle being t, to the radius 1; 
then* the resistance to the plane* or the force of the fluid 
against the plane, in the direction of the motion, as assigned 
aTOve, will be diminished in the triplicate ratio of radius to 
the sine of the angle of inclination, or in the ratio of 1 to 
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For, A B being the direction of the plane, 
and BD that of the motion, making the 
angle abd, whose sine is s ; the number 
of particles, or quantity of the fluid 
striking the plane, will be diminished in 
the ratio of 1 to s, or of radius to the 
sine of the angle b of inclination; and 
the force of each particle will also be 
diminished in the same ratio ®f 1 to 5: so that, on Ix^th 
these accounts, the whole resistance will be diminished in 
the ratio of 1 to s~, or in the duplicate ratit) of radius to the 
sine of the said angle. IlAt again, 4t is to be considered 
that this whole resistance is exerted in the direction be per¬ 
pendicular to the plane; and any force in the direction be, 
is to its eflect in the direction ae, parallel to liD, as ae to be, 
that is as 1 to s. So that finally,»on all these accounts, the 
resistance in the direction of motion, is diip:nnished in the 
ratio of 1 to 5% or in the triplicate ratio of radius to the sine 
of inclination. Hence, comparing this with article 1, the 
whose resistance, or the motive force on the plane, will be 



anv'-s^ 



4. Also, if w denote the weight of the body, whose plane 
face a is resisted by the absolute force in ; then the retarding 

m. anv^ji^ 

iorce /, or —, will be — 


5. And if the body be a cylinder, whose face or end is a, 
and diameter d, or radius r, moving in the direction of its 
axis; because then a r: 1, and a — pr^^— \pd~, Avhere 
p ~ 3*1410; the resisting force in will be 

npdH)- npr~v" . , t ^ npiPv^ nvr^v^ 

_L--- , and the retarding force / z:: -tt- — - - 




6 . This is the value of the resistance when the end of the 
cylinder is a plane perpendicular to its axis, or to the direc¬ 
tion of motion. But were its face a conical surface, or an 
elliptic section, or any other figure every where equally in¬ 
clined to the axis, the sine of inclination being a : then the 
number of particles of the fluid striking the face being still 
the same, but thf force of each opposed to the direction 
of motiort, diminished in the duplicate ratio of radius fco the 
sine of inclination, the resisting force m would be 
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But if the body were terminated by an end* or face of any 
other form, as a spherical one, or such like, where every 
part of it has a different inclination to the axis; then a fur¬ 
ther investigation becomes necessary, such as in the following 
proposition. 


PHOHLF.M XX. 



To determine the Resistance of a Fluid to any Body, moving 
in it, of a Curved End; *as a Sphere, or a Cylinder, with 
a Hemispherical End, tS'C. 

1. Let bead bc' .a section tlirough tlie 
axis CA of the solid, moving in the direc¬ 
tion of tliat axis. To any point of the 
curve dravv' llie tangent eo, nieeling tlie 
axis ])ro(luced in (;: alsc?, draw tl^c per¬ 
pendicular ordinates ef, ef, indefinitely 
near each other; and draw ae parallel to 
CO. 

Putting c F =: x, ef y, bk s — sine Z g to radius 
1, and p~ d Hd6 ; then 9,p'y is the circumference whose 
radius is I^f, or the circumference described by the point e, 
in revolving ujvm the axis CA; and ^pu x tc or S/wz is the 
fluxion of the surface, or it is the suri'ace described by ef, 
in the said revolution about ca, and whicli is the quantity 
represented by a in art. of the last problem; hence 

nv^,r pnv"s^ : , . , . 

—— X ^2py% or ^-x jyz is the resistance on that rin g. 

or the fluxion of the resistance to the body, whatever the 
figure of it may be. And the fluent of which will be the 
resistance required. 

2. la the case of a spherical form: putting the radius ca 

EE CF a; 

or CB = r, we have ?/ =: */ (r- — x'^), s — — = — — —, and 
•yz, or EF X v.e — ce x ac =: r»; therefore the general 


- . pnv'^ ,, , piiv 

fluxion - X syz becomes 






vnv^ 

X —xrx — —— 


r*’ 


gi 


X xr^x ; 


pfiv 

the fluent of which, or —a--'*, is the,resistance to the 
spherical surface generated by be. And when .r or cf is =: r 


or CA, it becomes 


pnv^r^ 


4fg 


for the resistance on the whole 
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hemisphere; which is also equal to 
the diameter. 


pnv^d^ 

Wg 


where d — 9,r 


3. But the perpendicular resistance to the circle of the 
same diameter d or bd, by art. 5 of the preceding problem, 

is -; which, being double the former, shows that the 

% « 

resistance to the sphere, is just equal to half the direct 
resistance to a great circle of it, or to a cylinder of the same 
diameter. 

4. Since is the magnitude of the globe; if n denote 
its density or specific gravity, ks weight w will be rr 


and therefore the retardive force for — 




Til () 

xt) ~~ ^ 


V 


zz - ; which is also rr. ^— by art. 8 'of the general 

theorems in page 370; hence then —— — —, ands=:-- 

X ; which is the space that would be described by the 
globe, while its whole motion is generated or destroyed by 
a constant force which is equal to the force of resistance, 
if no other force acted on the globe to continue its motion. 
And if the density of the Huid were equal to that of the 
globe, the resisting force is such, as, acting constantly on the 
globe without any other force, would generate or destroy its 
i^..iotion in describing the space or of its diameter, by 
that accelerating or retarding force. 

f 

5. Hence the greatest velocity that a globe will acquire 
by descending in a fluid, by means of its relative weight in 
the fluid, will be found by making the resisting force equal 
to that weight. For, after the velocity is arrived at such a 
degree, that the resisting force is equal to the weight that 
urges it, it can increase no longer, and the globe will after¬ 
wards continue to descend with that velocit}’^ uniformly. 
Now, N and being the separate specific gravities of the 
globe and fluid ,n — w will be the relative gravity of the 
globe in the fluid, and therefore xv zz -^pd^ (iT — n) :s the 
weight by >vhich it is urged; also m ~ - 

pnvH^ . 1 • " 1 pnvH'^ , „ / , 

is the resistance; consequently 
when the velocity becomes uniform; from wh^-K equation 
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is found V = ^ for the said uniform *ov 

greatest velocity. 

And, by comparing this form with that in art. 6 of the 
general theorems in page S70, it will appear that its greatest 
velocity is equal to the velocity generated by the accelerat¬ 
ing force io describing the space or equal to the 

velocity generated by gravity in freely describing the space 
^ 

- X ^d. If N = 2n, or die specific gravity of the 

ft • 

globe be double that of the fluid, then-= 1 = the 

natural force of gravity; qnd tlien the globe will attain its 
greatest velocity in describing or ^ of its diameter.—It 
is further evideht, that if the body be very small, it will 
very soon acquire its greatest velocity, whatever its density 
may be. 

Exam. If a leaden ball, of 1 inch diameter, descend in 
water, and in air of the same density as at the earth’s surface, 
the three specific gravities being as 11^-, and 1, and 
Then = v^(4. 16 A -rz • 109=Av/( 31 . 193) = 8*5944 
feet, is the greatest velocity per second the ball can acquire by 
descending in water. And u = 'v/(4 . • -Ar • V • ’ 

nearly = y ^ = 259'8SJ is the greatest velocity it caff 

acquire in air. 

But if the globe were only -j-' „ of an inch diameter, the* 
greatest velocities it could acquire, would be only of 
mese, namely of a foot in water, and 26 feet nearly 
in air. And if the ball were still further diminished, the 
greatest velocity would also be diminished, and that in the 
subduplicate ratio of the diameter of the ball. 


rilOllLEM XXI. 


To determine the Relatiofis of Velocity^ Space, and Time, of 
a Ball moving in a Fluid, in zvhich it is projected loith a 
gixKn, Velocity. 


1 . Eet a = the first velocity of, projection, x the space 
described in any time i, and v the velocity then. Now, by 


art. 4 of the last problem, the accelerative force f 


Sgfid 
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where n is Uie density of the fluid, n of the ball, and 

d its diameter. Therefore the general equation vv — gfs 

becomes wrr: - - - - - - 

— , V —Sn - • 7 /. 

— —7—jr; and hence — ~ 7. — rx = — ox, putting o tor 7 — i* 
8 Nd V Ssd ^ ^ Sxd 


The correct fluent of this, is log. a — log. v or log. — = /».r. 

Or, putting c zz ^’TISSSISSS, 4he number whose hyp. log. 

is 1 , then is — zz c% and the velocity v — - 7,7 =: oc“' 

2 . The velocity v at any time being the c”'" part of the 
first velocity, therefore the velocity lost in any time, will be 

c'^-l 

the 1 — c~'’' part, or the —part of the first velocity. 

t 


KXAMIM.RS. 


Exam. 1. If a globe be projected, with any velocity, in a 
medium of the same density with itself, and it de.scribe a 
space equal to '6(1 or o of its diameters. Idien x — 6(1, and 
Sw 3 „ . o'" - 1 S-08 


b = 7 —, z= therefore hx zz and . 

8 Nrt 8 f/ e" 




08 


is the 


velocity lost, or nearly \ of the projectile velocity. 

Exam. 2. If an iron ball of 2 inches diameter were pro- 
«^ected wdth a velocity of 1200 feet per second; to find the 
velocity lost after moving thniiigh any space, as suppose 
500 feet of air: wx* should liavc d ~ i\f= a — 1200 , 
X ~ 500, N ~ 7' , = '001 2 ; and theremre hx — - - 

6nx 3 . 12 . 500 . 3 . 6 81 ^ 1200 , 

8 Nf/"" 8 . 22 . lOOOO' “4 ¥o’^" ^ feet 


e 


ji I 


per second: having lost 202 feet, or nearly ~ of its first 
velocity. 

Exam. 3. If the earth revolved about the sun, in a me¬ 
dium as dense as the atmosphere near the earth’s surface; 
and it were required to find the quantity of motion lost in a 
year. Then, if the earth's mean density be about 41, and 
its distance frorS the sun 12000 of its diameters, we have 
24000 X 3'1416 = 753^8 diameters = x, and hx = ^ - 


3.75398.12.2 

8 . 10000 .9 


= 7*5398 ; hence 


& - 1 


o''' 


= t ||4 parts 
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are lost of the first motioti in the space of a yfear, and only 
TTrr remains. If the earth’s mean density be taken 

885 

=s S, the result will become for the motion lost. 

Exam. 4. If it be required to determine the distance 
moved, x, when the globe has lost any part of its motion, as 
suppose Aj and the density of the globe and fluid equal; 

the general equatio]i gives = -r- x log. — = — x log. 

0 V . iJ 

of 0 = 1 •8483925d. So that the globe loses half its motion 
before it has described twice its chameter. 

■ft • • s X 

3. To find the time t ; we have t =■ — = — =-• 

V V €t 


Now, to find the fluent of this, put z — \ then is hx — 

log. z, and hx — ~, or = ^; conseq. t or 




r^>X 


z C'* 

— = -^ 7 ; and hence t ~ ~ —r- But as t and x vanish 

a ao ao ab 

I 1 


together, and when x = 0, the quantity ^ is = ^; there¬ 


fore, by correction, £ = 


c^JL 
ah 
Qti 


bv 


c" 
ah 

2 
ha 
a 


\ 1 _ 1 _ 


the time sought; where b — g^,and v = the velocity. 

Exam. If an iron ball of 2 inches diameter W'cre projected 
in the air with a velocity of 1200 feet per second; and it 
were required to determine in‘what time it would pass over' 
.000 yards or 1500 feet, and what would be its velocity at the 
end of that time fWe should have, as in exam. 2 above. 


h = 

1 

b 


o 


. 12 . 3 . 6 


8 . 22.10000 


2716 


and — = 


1 , , 1500 375 

,, and hx - ; 

1-7372 


2716 
1 


and 1 = 

V a 


hence 

1 


1 ’ 1200’ “““ V a " 1200 " 690 

nearly. Consequontlv v — 690 is the velocity; and t = 

b^v ‘ ^690 1200 

time required, or 1" and y nearly. 


) z=: 1^^ seconds, is the 


® I’ROBLEM XXlI. 

To determine the ^lotions of'Space, Time, and Velonty^ 
when a Globe descends, hp its own Weight, in a Muid» 

The foiygoing notation remaining, viz. d = diametel-, 
VOL. 11. , D D 
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N anti, n the tdensity of the ball and fluid, and r, 5, the 
velocity, space, and time, in motion; we. have = the 
magnitude of the ball, and — n) = its weight in the 

fluid, also m = = its resistance from the fluid; 

16g 

consequently — n) — ■ ■ is the motive force by 

which the ball is urged; which |)eing divided by the 

fl QflV^ 

quantity of matter moved, gives y = 1 — —- fieri^d 

the accelerative force. 

• • 

^ • W Nt’t) 

2. Hence vv = g fs. and s = — 7 . =-- 

Sf . N „ 

g(N - W) - 

1 VV . , Sn ,1 3n 

= 7 = « =y- . M(N - • «) > 

or oft = ^ nearly; the fluent of which is 5 = - - - - - 

^ X log. of an expression for the space s, in terras 

of the velocity v. That is, when s and v begin, or are equal 
to nothing, both together. 

But if the body commence motion in the fluid with a cer¬ 
tain given velocity c, or enter the fluid with that velocity, 
like as when the body, after falling in empty space from a 
certain height, falls into a fluid like water; then the correct 

1 * o—V 

fluent will be ^ = 777 x hyp. log. of- 

3. But now, to determine v in terms of s, put c = 


2 * 718 S 818 S 8 ; then, since the log. of-r = ^bs. therefore 

° a—v^ 

- = or-= ; hence v =>/a -is 

a — u® a 

the velocity sought. 

4. The greatest velocity is to be found, as in art, 5 of 
prob. 20 , by making / or 1 - ~ = 0 , whicfi gives 

V = Vff . Sd . ” zz a/ a. The same value of v is 

obtaincii by making the fluxion of u®, or of a =: 0 . 
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And the same value of v is also obtained by*inaking s in¬ 
finite, for then (T'^^ = 0. But this velocity cannot be 
attained in any finite time, and it on ly denotes the velocity 
to which the general value of » or x/a — ac~^^ continually 
approaches. It is evident however, that it will approximate 
towards it the faster, the greater b is, or the less d is; and 
that, the diameters being very small, the bodies descend by 
nearly uniform velocities, which are •directly in the subdu- 
pUcate ratio of the diameters. See also art. 5, prob. 20, for 
other observations on this head. 


5. To find the time f..Now/=*— = V — x - ^ 

V a -v/(l~c-“**) 

Then, to find the fluent of this fluxion, put z = ^/(l — 

® , . . zz 

=—-, or =1 ~ hence zz - bsc-^^% and s = 

VO. * bc~^* 

1 Zz • • 1 

=T • 1—. ' = 47^ • - - - 

and therefore the fluent is < =: — X foe. = rr—r- 

^by/a ^1 — 2! 26v^a 

1 l+\/(l—c““^) 1 + v . , 

'"S- Wfr=r^) = 2^ '°S- whieh IS the 

general expression for the time. 

Or thus: because ^ thcref. ^ 

b a —u® h a — 

and the fluent, byVorm 10, is /" x log. ^ 

Exam. If it vfere required to determine the time and 
velocity, by descending in air 1000 feet, the ball being of 
lead, and 1 inch diameter. 

Here n =: lly, w = ^ = tij and s rz 1000. 

2.16*. A-tV-H r 2.193.8.34.2500 
• “ =- W7^ -= ~8 .3. i2 ~ .12.3 = 

193.34.502 , 3.3.3.12 9.9 

9.27 ’ “8 . Ill- • • 34.2500-68.50» ’ 

consequently vzz x/ax \/(l — ‘ X 


9.27 

1 


/(I — c = 203y the velocity. And t zr. ~ X log. 


D D 2 
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2 + >/! -- 
1 - 


34.2500 
^ 27.193 


the time. 


1*78383 


X log. 'Q.g|5i7 


= 8-5236", 


N^ote. If the globe be so light as to ascend in the fluid; it 
is only necessary to change the signs of the first two terms 
in the value of J, or the accelerating force, by which it be¬ 


comes f = ——i — and then proceed in all re- 

N ^ 


spects as before. 


t 

SCHOLIUM. * 


To compare this theory, contained in the last four pro¬ 
blems, with experiment, the few following numbers are liere 
extracted from extensive tables df velocities and resistances, 
resulting from a course of many hundred very accurate ex¬ 
periments, made in the course of the year 1786. 

In the first column are contained the mean uniform or 
greatest velocities acquired in air, by globes, hemispheres, 
cylinders, and cones, all of the same diameter, and the alti¬ 
tude of the cone nearly equal to the diameter also, when 
urged by the several -weights expressed in avoirdupois 
ounces, and standing on the same line with the velocities, 
each in their proper column. So, in the first line, the 
numbers show, that, when the greatest or uniform velocity 
■<^as accurately 3 feet per second, the bodies were urged by 
these weights, according as their different ends went fore- 
^most; namely, by -028 oz. when the vertex of the cone went 
foremost '; by -064 oz. when the base of the cone went fore¬ 
most; by *027 oz. for a whole sphere; by *050 oz. for a 
cylinder; by '051 oz. for the flat side of the hemisphere; 
and by *020 oz. for the round or convex side of the hemi¬ 
sphere. Also, at the bottom of all, are placed the mean 
proportions of the resistances of these figures in the nearest 
whole numbers. Note, the common diameter of all the 
figures was 6*375, or 6f inches; so that the area of the circle 
of that diameter is just 32 square inches, or ^ of a square 
foot; and the altitude of the cone was 6|. inches. Also, the 
diameter of the small hemisphere was 4|. inches, and, conse- 
.quently the area of its base 17|^ square inches, or of a 
square foot nearly. . ' 

From the mven dimensions of the cone, it appears, that 
the angle made by its side and axis, or direction of the path, 
is 25® 42', very nearly. 


9 


\ 
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The m^n height of the barometer at the times of making 
the experiments, was nearly 30*1 inches, and of'the ther¬ 
mometer 62®; consequently the weight of a cubic foot of air 
was equal to Ij- oz. nearly, in those circumstances. • 


^Veloc. 
per sec. 

Cone. 

Whole 

globe. 

9 

Cylin¬ 

der. 

Hemisphere. 

Small 

Hemis. 

flat. 

vertex. 

base. 

* flat. 

round. 

feet. 

OZ. 

oz. 

oz. 

OJ!. 

oz. 

oz. 

oz. 

3 


•064 

•027 

•050 

•051 

•020 

•028 

4 


•109 

•047 

•090 

•096 

•039 

•048 



•162 

•068 

•143 

•148 

•063 

•072 

6 

•098 

•225 

•09,4 

•205 

•211 

•092 

•103 

7 

•129 

•298 

•125 

•278 

•284 

•123 

•141 

8 

•168 

'382 

•162 

•360 

•368 

•160 

•184 

9 

•211 

•478 

•205 

•456 

•464 

•199 

•233 

10 

•260 

•587 

•255 

•565 

•573 

•242 

■287 

11 

•315 

•712 

•310 

•688 

•698 

•297 

•349 

12 

•376 

•850 

•370 

•826 

•836 

•347 

•418 

1.3 

•440 

1000 

•435 

•979 

•988 

•409 

•492 

14 

•512 

1166 

•505 

1-145 

1-154 

•478 

■573 

15 

•589 

1-340 

•581 

1-327 

1-336 

■552 

•661 

16 

•673 

1-546 

-663 

1-526 

1 -538 

•634 

•754 

17 

•762 

1-763 

•752 

1-745 

1-757 

•722 

•853 

18 

•858 

2002 

•848 

1-986 

1-998 

•818 

■959 

19 

•959 

2-260 

•949 

2-246 

2-258 

■922 

1-073 

20 

1'069 

2-540 

1-057 

2-528 

2-542 

1-033 

1196 

Propor. 

Numb. 

126 

•291 

124 

285 

288 

119 

140 


From this table of resistances, several practical inferences 
may be drawn. As, 

, 1. That the resistance is nearly as the surface; the resist¬ 
ance increasing but a very little above that proportion ill the 
greater surfaces. Thus, by comparing together the numbers 
in the 6th and last columns, for the bases of the two hemi¬ 
spheres, the areas of which are in the proportion* of 17|- to 
32, or as 5 to 9 very nearly; it appears that the numbers in 
those t^o columns, expressing the nesistances, are nearly as 
1 to 2, or as 5 to 10, as far as to the velocity of 12 feet; 
after which the resistances on the greater surface increase 
gradually more and more above that proportion. And the 

I 
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mean reastances are as 140 to 288, or as 5 to 10|. This 
circumstance therefore agrees nearly with the theory, 

2 . The resistance to the same surface, is nearly as the 

square of the velocity; but gradually increasing more and 
more above that proportion, as the vdocity increases. This 
is manifest from all the columns. And therefore this cir¬ 
cumstance also differs but- little from the theory, in small 
velocities. ® 

3. When the hinder parts of*bodies are of different forms, 

the resistances are different, though the fore parts be alike; 
owing to the different pressures of the air on the hinder 
parts. Thus, the resistance to the fore part of the cylinder, 
is less than that on the flat base of the hemisphere, or of the 
cone; because the hinder part of the cylinder is more pressed 
or pushed, by the following air, than those of the other two 
figures. ^ , 

4. The resistance on the base of the hemisphere, is to that 
on the convex side, nearly as to 1, instead of 2 to 1, as 
the theory assigns the proportion. And the experimented 
resistance, in each of these, is nearly ^ part more than that 
which is assigned by the thebry. 

5. The resistance on the base of the cone is to that on 
the vertex, nearly as 2-,-^ to 1. And in the same ratio is 
radius to the sine of the angle of tlie inclination of the side 
of the cone, to its path or axis. So that, in this instance, 
the resistance is directly as the sine of the angle of incidence, 
the transverse section being the same, instead of the square 

«>iof the sine. * 

6 . Hence we can find the altitude of a column of air, 
whose pressure shall be equal to the resistance of a body, 
moving thYough it with any velocity. Thus, 

Let a zz the area of the section of the body, similar to any 
of those in the table, perpendicular to the di¬ 
rection of motion; 

r — the resistance to the velocity, in the table; and 
X zz the altitude sought, of a column of air, whose 
base is a, and its pressure r. 

Then ax zz the content of the column in feet, 
and 1-1^ or ^ax its weight in ounces; - - - 

T 

therefore ^ax =s r, and x zz^x — is the altitude squght in 

' . 

feet, namelj^, 4 of the quotient of the resistance of any body 
divided by its transverse section; which is a constant quan¬ 
tity for all similar bodies, however different in magnitude, 
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since the resistance r is as the section a, as was found in art. 1, 
When a ^ of a foot, as in all the figures in the fore¬ 


going tabic, except the small hemisphere: then, x zz ^ x 


r 

a 


becomes x zz yr, where r is the resistance in the table, to 
the similar bod}". 

If, for example, we take the convex side of the large 
hemisphere, whose resistance is ’63S oz. to a velocity of 16 
feet per second, then r =,‘634, and x zz — 2*3775 feet, 
is the altitude of the column of air whose pressure is equal 
to the resistance on a spherical surface, with a velocity of 16 
feet. And to compare the aboVe altitude with that which 
is due to the given velocity, it will be 32® : 16® :: 16 : 4, 
the altitude due to the velocity 16 ; which is near double the 
altitude that is equal to the pressure. And as the altitude 
is proportional to the square of the velocity, therefore, in 
small velocities, the resistance to any spherical sui'facej is 
equal to the pressure of a column of air on its great circle, 
whose altitude is 41 or *594 of the altitude due to its velo- 
city. . 

But if the cylinder be tak^n, whose resistance r — 1*526 : 
then X zz = 5*72; which exceeds the height, 4, due 
to the velocity in the ratio of 23 to 16 nearly. And the 
difference would be still greater, if the body were larger; 
and also if the velocity were more. 

7. Also, if it bo required to find with what velocity any 
flat surface must be moved, so as to suffer a resistance ^ust 
equal to the whole pressure of the atmosphere: 

The resistance on the whole circle w'hose area is 4 
foot, is *051 oz. with the velocity of 3 feet per second; it is 
4 of *051, or *9056 oz. only, with a velocity of 1 foot. But 
2^. X 13600 X 4 ” 75554 oz. IS the whole ])res5ure of the 
alraosphere. Tlicrefore, as v'*0056 : a/7556 : : 1 : 116.2 
nearly, which is the velocity sought. Being almost equal to 
the velocity with which air rushes into a vacuum. 

8. Hence may be inferred the great resistance suffered by 
military projectiles. For, in the table, it appears, that a 
globe of inches diameter, which is equal to the size of an 
iron ball weighing 361b. moving with a velocity of only 
16 feet per second, meets with a resistance equal to the 
pressure of of an ounce weight; and therefore, com¬ 
puting only according to the square of tRe velocity, the least 
resistance that such a ball would meet with, when moving 
with a velocity of 1600 feet, would be equal to the pressure 
of 4171b., and that independent of the pressure of the atmo- 
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sphere itself on the fore part of the ball, which would be 
4871b. more, ass there would be no pressure from the atmo¬ 
sphere on the hinder part, in the case of so great a velocity 
as 1600 feet per second. So that the whole resistance would 
be more than 9001b. to such a velocity. 

9. Having said, in the last article, that the pressure of the 
atmosphere is taken entirely off the hinder part of the ball 
moving with a velocity of loOO feet per second; which must 
happen when the ball rtoves faster than the particles of air 
can follow by rushing into the plaee quitted and left void by 
the ball, or when the ball moves faster than the air rushes 
into a vacuum from the pressure of the incumbent air: let 
us therefore inquire what this velocity is. Now the velocity 
with which any fluid issues, depends on its altitude above 
the orifice, and is indeed equal to the velocity acquired by 
a heavy body in falling freely through that altitude. But, 
supposing the height of the barometer to be 80 inches, or 

tect, die height of a uniform atmosphere, fill of the same 
density as at the earth’s surface, woula be 2^ x 14 x 833}- 
or 29167 feet; therefore -v/lfl : 29167 :: 32 ; 8v/29167 

= 1366 feet, which is the velocity sought. And therefore, 
with a velocity of 1600 feet second, or any velocity 
above 1366 feet, the ball must continually leave a vacuum 
behind it, and so must sustain the whole pressure of the at¬ 
mosphere on its fore part, as well as the resistance arising 
from the vis inertia of the particles of air struck by the ball. 

10. On the whole, we find that the resistance of the air, 
as determined by the experiments, differs very widely, both 
in resjiect to its quantity on all figures, and in respect to the 
pcttportigns of it on oblique surfaces, from' the same as de¬ 
termined by the preceding theory; which accords with that 
of Sir Isaac Newton, and most modern philoeophers. Nei¬ 
ther should we succeed better if we have recourse to the 
theory given by Professor Gravesande, or others, as similar 
differences and inconsistencies still occur. 

We conclude therefore, that all the theories of the resist¬ 
ance of the air hitherto given, are very erroneous. And the 
preceding one is only laid down, till further experiments, on 
this important subject, shall enable philosophers to deduce 
from them another, that shall be more consonant to the true 
phsenomcna of nature. 
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TABLES, &c. OF COMPARATIVE STRENGTH; 

« 

OR, THE SPECIFIC COHESION OF DIFFERENT 
SUBSTANCES. 

(From Tables drawn up by Mr. Thomas Tredgold.) 

It is the coliesion of the parts of solid bodies, which not 
only serves to characterise different substances, but also to 
determine their relative value in the various uses to which 
they may be appropriated. The standard degree of cohe¬ 
sion, employed in the followiog tables, is plate-glass, which 
is t^ken as unity, and the other substances are stronger or 
weaker in proportion as they are above or below 1. The 
strength of woods of the same kinds is, it will be observed, 
extremely variable, depending on the age, the nature of the 
soil, and the situation and the climate where they are grown. 


L.ance-wood 
Ijocust-t^e 
Jujube (Ziziphus) 

Ash (Fraxinus). 

Red, seasoned - 1*^899 
Ash - - - 1-804 

White, seasoned - 1*509 
’Ash - - 1-274 

Oak (Quercus) - 1891 
-highest result 1*861 


Specific Cohesion. 


Oak - - 1-836 

Dry, cut 4 years - 1 -707 
Provence, seasoned* 1'559 
English, seasoned 1-509 

Oak - - 1*481 

French, seasoned *1* 1 *450 

Provence, seasoned | 1*444 

Provence, seasoned, 
young - - 1*363 

Oak, dry - . - 1*274 


Table I.— Woods. 

« 

Specific Cohesion. 

- 2-621 
• - 2-185 
2-008 


* Its colour brown, and it was hard and l«-ge-veined. 

-j- TAis specimen lay six months in»water after it was cut, and 
was afterwards dried. When the trial was made, it had been 
cut four years. 

X Middle-aged timber, fine-veined, light and pliant. 



410 TABLES OF COMPARATIVE STRENGTH. 


Specific Cohesion. ] 

Baltic, seasoned - 1’211 

Oak, lowest result 1*146 

-, - - 1*107 

English - - 1*085 

Oak - - 1*076 

French, unseasoned 1*060 
White American, sea¬ 
soned - - f *009 

Oak - - 1*009 

French, unseasoned 0*960 
Oak - - 0*955 

English - - 0*9o6 

Dantzic - - 0*818 

Beech (Fagus sylva- 

ticus) - - 1*880 

Arbutus, from - 1*845 

to - - 0*814 

Orange (Aurantium) 1*764 
to - - 1*629 

Bay (Laurus) - 1*547 

to - - 1*085 

Teak (Tectona 
grandis.) 

Java, seasoned - 1*509 

Pegu, seasoned - 1*400 

Mmabar, seasoned 1 *395 
Alder (Bet. Alnus) 1*506 
Mujberry (Morus) 1*492 
to - - 1*221 

Elm(Ulmiis) - 1*432 

Firs (Pinus.) 

Pitch pine - - 1*398 

Fir - - 1*380 

Fip* (strongest) - 1*318 

Pitch pine - - 1*284 

Pine (Pin du Nord) 1*264 
Larch (Pinus Larix) 1*177 

Fir, strong red - 1*172 

Fir, Memd, Reasoned 1*154 

Fir, Russian - 1*062 

Fir - - 1*061 

Fir - * - 1*039 

Fir, Riga - - 0*963 

Fir, American - 0*942 

Fir - - 0*903 


Specific Cohesion. 


Fir, yellow deal - 0*900 
Fir, weakest - - 0 879 

Larch, Scotch, sea¬ 
soned - - 0 837 

Pitch pine - - 0*830 

Larch, Scotch, very 

dry - - 0*745 

Fir, Scotch (P. syl- ' 

• vestris) - - 0*711 

Fir, white deal - 0*455 

Sissor, of Bengal - 1 *395 
Saul, of Bengal - 1*375 
Plum, (Prunus) - 1*357 

to - - 1-305 

Willow, (Salix) - 1*357 

Willow, dry , - 0*809 
Mahoc^any 
(Swietenia). 

Spanish - - 1*283 

Citron (Citreum) - 1*357 

to - - 0*868 

. Chestnut, Sweet 
(Fagus castanea.) 

100 years in use - 1*291 

Jasmine (Jasminum) 1*276 
to - - 1-248 

Pomegranate (Punica) 1*221 
to ^ - - 0*882 

Tamarisk ^(Tamaris- 

cus) - - 1*194 

to «• - 0*732 

Maple (Acef.) 

Norway - - 1*123 

Elder (Sambucus) 1*086 
Lemon (Limon) - 1*004 

Quince (Cydonia) 0*841 
to - - 0*624 

Cypress (Cupressus) 0*732 
to - - 0*542 

Poplar (Pop. alba) - 0*705 

to - - *0*488 

Poplar (P. nigra) la- t 
teral cohesion of 
the animal rings 0*189 
Ecdar - % _ 0*528 


4 
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Table II. — Comparative Strength of Metals. 


(h) and (1) mark the highest and lowest result obtained from 

each kind of iron. 


Specific Cohesion. 
PI. Glass as 1. 

Steel. 

Razor temper - 15*927 
Soft - - 12*739 

Iron. 

Wire - - 12*004 

German bar, mark 

BR(A) - - 9*680 

Swedish* bar (li) - 9*445 

German bar,* mark 

L(h) - - 9*119 

Wire - - 9*108 

Bar - - 8*964 

Liege bar (h) - 8*794 

Spanish bar - - 8*685 

Bar - - 8*581 

Bar - - - 8*492 

Oosement bar (A) - 8*142 

Cable - - 7*752 

German bar, mark 
L (/) ^ - 7*382 

German bar, common 7*339 

o^ltuL* 

Bar of best quality 7*006 
Liege bar {1) - - 6*621 

German bar, mark 

BR (/) - - 6*514 

Bar* - - 6*480 

Bar of good quality 5*839 
Cable - - 5*787 

Bar, fine-grained - 5*306 
—medium fineness 3*618 
-^ coarse-grained 2*172 


Cast Iron. 

French 
German 
'French, soft 
English 
French 


Specific Cohesion. 
PI. Glass as 1. 


English, soft 
French gray - 
Gray, of Cruzot, 2nd 
fusion 

Gray, of Cruzot, 1st 
fusion 


Copper. 

Wire 

Cast, Barbary 
-, Japan 

Platinum. 


Wire 

Wire 


Wire 

Cast 


Wire 

Cast 


Wire 


Silver. 


Gold. 


Tin. 


7*470 

7*250 

6*754 

5*520 

5*412 

4*540 

4*334 

4*000 

3*257 

3*202 


6*606 

2*396 

2*152 


5*^5 

5*625 


4*090 

4*342 


3*279 

2*171 


- 0*7568 


Cast, Eiglish block 0*706 


* This is the mean result of thirty-three experiments. 
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Spe<^c Cohesion. 
* PL Glass as 1. 


Cast, English block 

- f Banca 

- i Malacca 

0-565 

0-3906 

0-342 

Bismuth. 


Cast 

0-345 

0%193 

Zinc. 


Wire 

Patent sheet 

2-394 
1-762 • 


Bpecific Cohesiom 
PI. Glass as I. 


'Cast, Goslar, from 0’3118 
to - 0-2855 


Lead. ^ 

Milled - - 0-3538 

Wire - - 0-334 

Wire - - 0^/4 

Wire - - 0-2704 

Cast, English - 0-094 

Antimon)'^, cast - 0*1126 


Table IW.’—Comparative Strength of Marhle, Ivory^ and 
other Miscellaneous'Substances. 



Specific Cohesion. 

# • 

1 Spedlic Cohesion. 



Gloss as 1. 


Glass os 1. 

Hemp fibres glued 


Portland stone (com¬ 


together 

wm 

9766 

pact lime-stone) 

0-083 

Paper strips glued 


Soft stone *f* of 


together 

- 

3-184 

Givry 

0-041 

Ivory 

- 

1-765 

Brick from 

0-031 

Slate, Welsh, (clay 


to - - 

0*030 

slate) 

- 

1-358 

Brick from Dorking 

0*029 

Plate-glass 

- 

1-000 

Stone, lK)raogene- 


M^ble (white) 

- 

0-955 

ous white, of a 


Horn of an ox 


0-950 

fine grain 

0-022 

l^alebone 

- 

0-814 

Plaster of Puris - 

0-0077 

Bone of an ox 


0-559 

Mortar of sand and 


Hard stone* 

of 


lime, 16 years 


Givry 

- 

0-230 

made 

0-0054 


Comparative Strength of Substances. 


Note. If any of the numbers in these tables be multiplied 
by 9420, the product will express the force in pounds avoir- ' 
dupois that would tear asunder a bar of the respective sub¬ 
stance an inch square. By this process, therefore, these 


* This stone was hard, of a red colour, and the beds distinctly 
marked. ^ ^ 

f This stone was white, rather soft, and the beds not di-^ 
stinctly marked. - These numbers were calculated from ex¬ 
periments on tho transverse strength. ^ 
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lumbers will furnish values of c, similar in «iature, and ap¬ 
plicable to the same purposes, as the values of c, in the table 
at pa. S62. 

Thus, 6-754 X 9420 = 63622-68, value of c for French 
soft cast irin. 


map- 


Again, 1*123 x 9420 = 10578-66, value of c for Norway 
iple. 


Aji^^538 X 9420 = 3332*796^ value of c for milled 
leadTithd so with regar^ to others. 


Practical Rules for ascertaining the Dimensions of Gud- 

geonSf SlmftSf <^c,* 


1. Let w utmost araouHt7)f the stress in cwts., I the length 
of the gudgeon in inches ^rom the shoulder to the extreme 
point of bearing, d the dmmeter of the gudgeon in inches; 
then 

0-42 (w/)^ = d. 

2. If a cylindrical shaft have no other lateral stress to 
sustain than its own weight, then the rule is a/(- 007/^) r: d, 
diameter of the shaft in inches. 


3. Let the stress, supposed to be at the middle, be n 
times the weight of the shaft; then 

v'(’012/%) = d, in inches. 

4. For hollow cylindrical shafts of cast iron, to resist la¬ 
teral stress, let d, the exterior diameter, and nd, the interior 
one ; then w beijpig, as before, in cwts. 


\ 




w/® 


2(1 - n") 


J == D, diameter in inches. 


5. If the hollow shaft support n times its own weight; 
then 


/-012P» 

J l + N^* 


6. For wrought iron shafts, find the adequate diameter 
for cast iron, and multiply by *935. 

7. For oak shafts, multiply the adequate ‘dimension for 

iron by 1-83. «i 


* These are selected, for their obvious utility, from Tredgold’s 
additions to Buchanan’s Essays on Millwork, &c. See farther 
the rules and examples at pa. 345. vol. iii. of this Course. 
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8. For^r shafts, multiply the requisite dimension for cad 
iron by 1*716. 


9. For cylindrical shafts of cast iron to resisfi torsion, let 

H be the number of horses' power, n the revoliyions of the 
shaft in a minute; then, ^ 

3 /240ji j , 

\ / ■ — ' =: a, in inches. 

• I**." 

10. For wrought iron multiply the preceding‘result by 
0*963. 


11. For oah^ the multiplier is S'S38. 

12. 'Fovjir, the multiplier is 2*06. * 

13. If a shaft have to sustain both lateral stress and tor¬ 
sion, the sum of the straining forces must be taken. The 
practical rule to be then eraployeii^ for ccbst iron, is 


/240h . w/®\^ 


V 


N 




2 


i\T 

■J = d, in i 


inches. 


EXAMPLES. . 


1. Let the length of a cast iron shaft be 12 feet, the lateral 
stress double its own weight. Required the diameter. 

Ans. 6 44 inches. 


2. Suppling the length the same, and the lateral stress 
quadruple its own weight. Required the diameter. 

^ ^Ans. 9*1 inches. 

3. Required the corresponding diameters of shafts i f oak, 
and of fir, in both cases. 

Ans. in the first, for oak 11 *7^, for fir 11*05. 

In the second, for oak 16*65, for fir 15*62. 

4. Let the interior diameter of a hollow cast iron shaft, of 

12 feet long, be six-tenths of the exterior diameter, and the 
stress four times the weight of the shaft: required both dia¬ 
meters. Ans. exterior 7*9 )• i 

interior 4*7 j 


5. Let the poving force be equal to 7 horses, the number 
of turas per minutb ll^: required the diameter of the shaft 
to resist the tordon. both for cast iron and fir. * 

Ans. cast iron 5*267 
fi^r 10*850 


^ inches. 


6. Supj^se that a cylindrical shaft of cast iron is to make 
34 revolutions per minute, the power of the first iri^er being 





m 


e^ual to three horseSy tlie lexigtii of the, shaft 3 feet, and. >he 
lateral stress S cwts. when reduced to the middle po^U 
Required the diameter of the shaft. 

f =V(2M8 -f 96) = 4*893 inches. 



ON MODELS. 

• 

From an experim<?n^made to ascertain the firmness of the 
model of a machine, or iif*Qn edifice, certain precautions are 
necessary before we can iiwcr the firmness of the structure 
itself } 

o ft 

The classes of forces must be distinguished; as, whether 
they tend to draw asunder the parts, to breaJc them trans¬ 
versely, or to critsh them W compression. To the first class 
belongs the stretching suffered by key-stones, or bonds of 
vaults, &c.; to the second, the load which tends to bend or 
break horizontal or inclined beams; to the third, the weight 
which presses vertically upon walls and colunios* 

Prop. 1. If the side of a model be to the corresponding 
side of the structure as 1 to n, the stress which tends to draw 
asunder, or to break transversely ^ the parts, increases frqpi 
the smaller to the greater scale as 1 to w®; while the resist¬ 
ance to those ruptures increases only as 1 to ^ 

The^tructure, therefore, will have so much less firmness 
than tffi model, as n ilb greater.- 

If w^e the greatest weight which one of the beams of the 
model can bear, and w the weight or stress which it actually 

sustains, then the limit of n will be w = —. * 

w 

Prop, SI. The side of a^nodel being to the corresponding 
• side Bf the structure as 1 to w, the stress which tends to crush 
the parts by compression, increases from the smaller to the 
greater scale, as 1 to while the resistance increases only 
in the ratio of€ to w. * 

Hence, if w were the greatest load which a modular wall, 
or colftmn, could carry, and W) ^e wei^t with which it is 
actually loaded; then the greatestHmit of increased dimen- 

• w 

sions would be found from the expression n = —. 
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MODELS. 


If, retaining Uie length or height and the breadth ni , 
we wished to give to the solid such a thickjness .tt, as that it 
should not break in consequence of its increased dimensions, 

we ^lould have x 

w 


In the case of a pilaster with a square base, or of a 
eylin(h-ical column, if the dimension of the model were d, 
and of the largest pillar, which should not cru'-t’ • Tvltli its 
own weight when ii times as high, xd, we should have 


X 


rd^- 


w* 


These theorems will often fii d their application in the 
profession of an engineer, whetlu. civil or military. 


EMI or VOI. II. 


LONIION: 

PKtNTED BY THOMAS DAVISON, WfllTCl (OARS. 








